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DAE aspects of multibody system dynamics

Martin Arnold

Abstract The dynamical simulation of mechanical multibody systems has stimu-

lated the development of theory and numerical methods for higher index differential-

algebraic equations (DAEs) for more than three decades. The equations of motion

are linearly implicit second order differential equations. For constrained systems,

they form an index-3 DAE with a specific structure that is exploited in theoretical

investigations as well as in the numerical solution. In the present survey paper, we

give an introduction to this field of research with focus on classical and more recent

solution techniques for the time integration of constrained mechanical systems in

multibody system dynamics. Part of the material is devoted to topics of current re-

search like multibody system models with nonlinear configuration spaces or systems

with redundant constraints.

1 Introduction

Multibody system dynamics is a branch of technical mechanics that considers the

dynamical interaction of rigid and flexible bodies in complex engineering sys-

tems [74]. Multibody system models are frequently used in such diverse fields of

application like robotics, vehicle system dynamics, biomechanics, aerospace engi-

neering and wind turbine design. They are composed of a finite number of rigid

or flexible bodies and their connecting elements that are assumed to be massless

[74, 75].

In engineering, the modelling of mechanical multibody systems follows a generic

network approach [52] with basic elements like rigid bodies, flexible bodies, force

elements and joints being available in model libraries. The interaction of these basic

elements is described by equations of motion resulting from the principles of clas-
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sical mechanics [76]. The separate modelling of system components in this network

approach is attractive from the viewpoint of model setup but results systematically

in a redundant system description [52]. Constraints have to be added to guarantee a

consistent state of the overall multibody system model.

Formally, these constrained systems could always be transformed to an ana-

lytically equivalent ordinary differential equation (ODE) introducing appropriate

generalized coordinates [17]. The progress in analysis and numerical solution of

differential-algebraic equations (DAEs) allows, however, to solve the constrained

systems directly in terms of the original redundant coordinates which proves to be

much more efficient than (semi-)analytical solution techniques being based on a

minimum set of independent coordinates. A short historical review of these devel-

opments has recently been published in [83, Section 2.4].

Constrained multibody system models are challenging from the viewpoint of

DAE theory since their index is three and index reduction techniques are manda-

tory for a numerically stable time integration by error controlled variable step size

solvers. These index reduction techniques rely on time derivatives of the constrained

equations that have a direct physical interpretation as hidden constraints at the level

of velocity or acceleration coordinates [40]. Classical approaches like Baumgarte

stabilization [21] or the stabilized index-2 formulation of the equations of motion

in the sense of Gear, Gupta and Leimkuhler [44] have been developed a long time

before the “boom days” of DAE theory [83] that started in the late 1980’s.

There is a rich literature on numerical methods in multibody dynamics [36, 88],

in particular on time integration methods for constrained systems. The comprehen-

sive survey in [50, Chapter VII] is an excellent reference in this field.

System-
dynamics

Structural
dynamics

N-body
simulations

Multibody
system

dynamics

Fig. 1 Multibody system dynamics and related fields of dynamical analysis.

Multibody system dynamics is, however, much more than just the simulation of

constrained N-body systems, see Fig. 1. In engineering, the methods and software

tools of multibody system dynamics are used as integration platform for multidis-

ciplinary simulation in nonlinear system dynamics [16]. The analysis of flexible
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bodies provides a close link to structural mechanics. Specific aspects of such flex-

ible multibody systems have been discussed recently from a mathematical view-

point [82] and from the viewpoint of engineering [20]. The monograph of Géradin

and Cardona [45] was an early attempt to bridge the gap between both disciplines.

The present paper considers some DAE aspects of multibody numerics being

relevant to applications in engineering. It starts in Section 2 with an introduction

to constrained systems studying systematically conditions for the existence and

uniqueness of solutions for a large problem class of practical interest including sys-

tems with rank-deficient mass matrix and redundant constraints.

In Section 3, we consider systems with nonlinear configuration spaces represent-

ing the orientation of (rigid or flexible) bodies in space. The resulting model equa-

tions are substantially more complex than the ones that are typically discussed in the

mathematical literature on multibody numerics. This section ends with a compact

introduction to multibody formalisms that exploit the model topology for an effi-

cient evaluation of the equations of motion in large scale engineering applications.

Section 4 provides a consistent introduction to DAE time integration methods in

multibody dynamics that covers ODE based solution techniques like Runge-Kutta or

linear multi-step methods [50] as well as Newmark type integrators from structural

dynamics [45]. There is a special focus on the stabilized index-2 formulation of

the equations of motion that may be considered as a quasi-standard in industrial

multibody system simulation [11].

2 Constrained mechanical systems

In Lagrangian mechanics, the motion of a conservative mechanical system is char-

acterized by a variational principle that takes into account the potential energy U(qqq)
and the kinetic energy

T (qqq, q̇qq) :=
1

2
q̇qq�M(qqq)q̇qq .

The potential energy results in potential forces −∇U(qqq). It is formulated in terms

of position coordinates qqq(t) ∈ Rnqqq that describe the configuration of the system and

define velocity coordinates q̇qq(t) := (dqqq/dt)(t). Mass and inertia terms are summa-

rized in the symmetric, positive semi-definite mass matrix M(qqq) ∈ Rnqqq×nqqq .

In the present section, we consider constrained systems and derive in Section 2.1

their equations of motion. These are classical results that may be found in any text-

book on mechanics like, e.g., [17]. Sufficient conditions for the unique solvability

of initial value problems are discussed in Section 2.2, see also [50, Section VII.1].

A more refined analysis is necessary for systems with rank-deficient mass matrix or

rank-deficient constraint matrix that have recently found new interest in the litera-

ture [42] and will be studied in Section 2.3.
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2.1 Equations of motion

The motion of a mechanical system may be subject to constraints in form of equa-

tions (bilateral constraints) or inequalities (unilateral constraints). In the present

section, we consider holonomic constraints

ggg(t,qqq(t)) = 000 , ( t ∈ [t0, tend] ) (1)

that have to be satisfied in the whole time interval of interest. For more general types

of constraints, we refer to Section 3.2 below.

To derive the equations of motion from a variational principle, we summarize

kinetic and potential energy in the Lagrangian

L(qqq, q̇qq) := T (qqq, q̇qq)−U(qqq) .

In the constrained case, we introduce Lagrange multipliers λλλ (t) ∈ Rnλλλ to couple

nλλλ ≤ nqqq holonomic constraints (1) to L(qqq, q̇qq) and consider the augmented action

integral ∫ tend

t0

(
L(qqq(t), q̇qq(t))− (

ggg(t,qqq(t))
)�λλλ (t)

)
d t .

According to Hamilton’s principle of least action, the extremals of this functional

coincide with the motion of the mechanical system. The Euler equations for this

variational problem are given by

d

d t

( ∂L
∂ q̇k

(qqq, q̇qq)
)
− ∂L

∂qk
(qqq, q̇qq)+

( ∂ggg
∂qk

(qqq)
)�

λλλ = 000 , (k = 1, . . . ,nqqq ) (2)

with ggg(t,qqq(t)) = 000, see (1). In vector form, they may be summarized to

M(qqq
)
q̈qq = fff (qqq, q̇qq)−G�(t,qqq)λλλ , (3a)

000 = ggg(t,qqq) (3b)

with the constraint matrix G(t,qqq) := (∂ggg/∂qqq)(t,qqq) ∈ Rnλλλ×nqqq and the force vector

fff (qqq, q̇qq) :=−∇qqq U(qqq)+∇qqq T (qqq, q̇qq)−
( ∂

∂ q̇qq

(
∇qqq T (qqq, q̇qq)

))�
q̇qq . (4)

For systems with constant mass matrix M, we just have fff (qqq, q̇qq) =−∇qqq U(qqq) since

∇qqq T (qqq, q̇qq)≡ 000.

Example 1. The mathematical pendulum is a rather simple model problem that has

been used already in the 1980’s to study constrained mechanical systems from the

viewpoint of DAE theory [40, 47]. It consists of a point mass m > 0 that moves

under the influence of gravity and is forced by a massless rod of length l > 0 to

keep a fixed distance to the origin, see Fig. 2.

The pendulum has one degree of freedom that is given by the angle α between

rod and y-axis with α∗ = 0 denoting the equilibrium position, see Fig. 2. Taking
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Mathematical pendulum

Fig. 2 Configuration and phase plot of the mathematical pendulum, Cartesian coordinates.

into account that x = l sinα , y =−l cosα implies ẋ =−lα̇ cosα and ẏ =−lα̇ sinα ,

we may express the kinetic energy T = m(ẋ2 + ẏ2)/2 and the potential energy

U = mggrav y in terms of α and α̇:

T (α, α̇) =
ml2

2
α̇2 , U(α) =−mggrav l cosα

with ggrav denoting the gravitational acceleration constant. The equations of mo-

tion (3) are given by the second order ordinary differential equation (ODE)

ml2α̈ =−mggrav l sinα ⇒ α̈ =− ggrav

l
sinα (5)

since the position coordinates qqq = α ∈ R are not subject to constraints. All solutions

of (5) are periodic. As a typical example, we show in Fig. 2 the phase plot (x, ẋ)
for initial values α0 = 5◦, α̇0 = 0rad/s that are marked in the diagram by the dot

at x0 = l sin(5π/180), ẋ0 = 0m/s. The physical model parameters are m = 1.0kg,

l = 1.0m and ggrav = 9.81m/s2.

An analytically equivalent description of the mathematical pendulum is given by

the Cartesian coordinates qqq = (x,y)� ∈ R2 that are redundant and have to satisfy

x2 + y2 = l2 (Pythagorean theorem). Scaling this holonomic constraint by a factor

of 1/2, we get the equations of motion

mẍ = − xλ , (6a)

mÿ =−mggrav − yλ , (6b)

0 =
1

2
(x2 + y2 − l2) , (6c)

see (3). The mass matrix M = mI2 is a constant multiple of the identity matrix

I2 ∈ R2×2. Force vector and constraint matrix are given by fff (qqq, q̇qq) = (0,−mggrav )
�

and G(qqq) = (x, y) ∈ R1×2.

Example 1 illustrates that one and the same mechanical system may be repre-

sented by different sets of coordinates resulting in unconstrained systems like (5)
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or constrained systems like (6). Obviously, the mathematical structure of the con-

strained equations (6) is more complex. On the other hand, the Cartesian coordinate

approach is more flexible in the modelling of more complex systems as can be seen

already from the model of a chain of N ≥ 2 mathematical pendulums:

Example 2. Consider a chain of N ≥ 2 point masses m being connected by massless

rods of length l and attach the first point mass by another massless rod of length l to

the origin (x0,y0) = (0,0). This chain of mathematical pendulums moves under the

influence of gravity.

In the special case N = 2 we obtain the double pendulum that is depicted by the

left plot of Fig. 3. Phase plots (x1, ẋ1) and (x2, ẋ2) illustrate the complex dynamical

behaviour that is known to be chaotic. We started with zero initial velocities q̇qq0 = 000

and an initial position qqq0 = (x1(t0),y1(t0),x2(t0),y2(t0))� that is defined by initial

values for the angles αi between rod “i” and the y-axis, ( i = 1,2), see Fig. 3. The

physical parameter values are the same as in Example 1 and the initial values are set

to α1(t0) = 5◦, α2(t0) = 0◦.

α1
x

y

ggrav

(x1,y1)

α2

(x2,y2)

−0.15 −0.1 −0.05 0 0.05 0.1 0.15
−0.4

−0.2

0

0.2

0.4

x1  [m]

dx
1/d

t  
[m

/s
]

Double pendulum

−0.15 −0.1 −0.05 0 0.05 0.1 0.15
−0.4

−0.2

0

0.2

0.4

x2  [m]

dx
2/d

t  
[m

/s
]

Fig. 3 Configuration and phase plots of a double pendulum, Cartesian coordinates.

To setup the equations of motion in the general case, we consider N ≥ 2 point

masses with Cartesian coordinates qqqi = (xi,yi)
�, ( i = 1, . . . ,N ), and obtain a con-

strained system in nqqq = 2N position coordinates qqq = (qqq�1 , . . . ,qqq
�
N )

� that are sub-

ject to nλλλ = N constraints (xi − xi−1)
2 +(yi − yi−1)

2 = l2, ( i = 1, . . . ,N ). Follow-

ing step-by-step the analysis in Example 1, we get the kinetic energy T (qqq, q̇qq) =
∑i m(ẋ2

i + ẏ2
i )/2, the potential energy U(qqq) = ∑i mggrav yi and the equations of mo-

tion
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mẍi = − (xi − xi−1)λi + (xi+1 − xi)λi+1 , ( i = 1, . . . ,N −1) , (7a)

mẍN = − (xN − xN−1)λN , (7b)

mÿi =−mggrav − (yi − yi−1)λi + (yi+1 − yi)λi+1 , ( i = 1, . . . ,N −1) , (7c)

mÿN =−mggrav − (yN − yN−1)λN , (7d)

0 =
1

2

(
(xi − xi−1)

2 +(yi − yi−1)
2 − l2

)
, ( i = 1, . . . ,N ) (7e)

with Lagrange multipliers λλλ = (λ1, . . . ,λN)
� ∈ RN . Comparing (7) with the equa-

tions of motion in compact form (3), we see that the constraints (7e) define a vec-

tor valued function ggg = (g1, . . . ,gN)
� in (3b) that yields a sparse constraint matrix

G(qqq) =
(
Gi j(qqq)

)
i, j ∈ RN×2N with non-zero elements

Gi,2i−1(qqq) = xi − xi−1 , Gi,2i(qqq) = yi − yi−1 , ( i = 1, . . . ,N ) ,

Gi,2i+1(qqq) =−(xi+1 − xi) , Gi,2i+2(qqq) =−(yi+1 − yi) , ( i = 1, . . . ,N −1) .

The mass matrix M(qqq) and the force vector fff (qqq, q̇qq) in the dynamical equations (3a)

are given by M = blockdiag(M1, . . . , MN ), fff = ( fff�1 , . . . , fff�N )� with Mi = mI2

and fff i(qqq, q̇qq) = (0,−mggrav )
�, ( i = 1, . . . ,N ).

Cartesian coordinates are favourable to derive the equations of motion (7) since

kinetic energy and potential energy are given in terms of (xi,yi, ẋi, ẏi), ( i = 1, . . . ,N ).

Mass matrix and constraint matrix are sparse. Furthermore, the mass matrix M is

constant and block-diagonal. The sparsity pattern of the constraint matrix G(qqq) cor-

responds to the coordinates of direct neighbours in the chain.

Example 2 illustrates that redundant position coordinates qqq may help to speed-

up the modelling process of complex systems. In principle such redundant coor-

dinates qqq and the corresponding constraints ggg(t,qqq) = 000 in (3) could be avoided

choosing appropriate generalized coordinates. For larger systems, the use of such

generalized coordinates is, however, often technically much more complicated than

for simple model problems like the mathematical pendulum with equations of mo-

tion (5). As a typical example, we consider the double pendulum with the configu-

ration being depicted in Fig. 3.

Example 3. Let αi, ( i = 1,2), denote the angle between rod “i” and the y-axis and

use position coordinates qqq = (α1,α2)
� ∈ R2. We get

xi = xi−1 + l sinαi , yi = yi−1 − l cosαi , ( i = 1,2) .

with (x0,y0) = (0,0) and may express the kinetic and potential energy in terms of

qqq, q̇qq using ẋ1 = lα̇1 cosα1, ẋ2 = ∑i lα̇i cosαi, ẏ1 =−lα̇1 sinα1, ẏ2 =−∑i lα̇i sinαi :

T (qqq, q̇qq) =
2

∑
i=1

m
2
(ẋ2

i + ẏ2
i ) =

ml2

2

(
α̇2

1 +2cos(α2 −α1)α̇1α̇2 + α̇2
2

)
,

U(qqq) =
2

∑
i=1

mggrav yi =−mggrav l (2cosα1 + cosα2) .
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Evaluating the force vector according to (4), we have to take into account the state

dependent mass matrix M(qqq) that results in ∇qqqT (qqq, q̇qq) 
= 000. Then, the equations of

motion are obtained in form of a linearly implicit second order system of ordinary

differential equations with state dependent mass matrix M(qqq):(
2 cos(α2 −α1)

cos(α2 −α1) 1

)(
α̈1

α̈2

)
=

(
−2

ggrav

l sinα1 + sin(α2 −α1)α̇2
2

− ggrav

l sinα2 − sin(α2 −α1)α̇2
1

)
.

For the double pendulum, these algebraic manipulations may still be performed

by hand but for larger systems the use of computer algebra programs becomes

mandatory. As an alternative, we will consider in Section 3.3 below a mixed co-

ordinate formulation that allows to evaluate the accelerations q̈qq(t) numerically by a

block Gauss elimination for a large sparse system of linear equations.

2.2 Existence and uniqueness

Holonomic constraints (1) restrict the configuration space at the level of position

coordinates. They imply hidden constraints at the level of velocity coordinates q̇qq
that are obtained by differentiation of (1) w.r.t. t :

000 =
d

d t
ggg(t,qqq(t)) =

∂ggg
∂ t

(t,qqq(t))+
∂ggg
∂qqq

(t,qqq(t)) q̇qq(t) = gggt(t,qqq)+G(t,qqq)q̇qq . (8)

The second time derivative of the holonomic constraints (1) defines hidden con-

straints at the level of acceleration coordinates q̈qq :

000 =
d2

d t2
ggg(t,qqq(t)) = gggtt(t,qqq)+2gggtqqq(t,qqq)q̇qq+G(t,qqq)q̈qq+gggqqqqqq(t,qqq)(q̇qq, q̇qq) (9)

with gggtqqq(t,qqq) = Gt(t,qqq). The curvature term gggqqqqqq(t,qqq)(q̇qq, q̇qq) represents the second

partial derivatives of the vector valued function ggg(t,qqq) w.r.t. its vector valued argu-

ment qqq in the sense that

gggqqqqqq(t,qqq)(www,zzz) =
∂

∂qqq

(
G(t,qqq)www

)
zzz , (www,zzz ∈ Rnqqq ) . (10)

Here we assume tacitly that the constraint function ggg is as often continuously

differentiable as it is necessary to define the constraint matrix G(t,qqq) and to de-

rive the hidden constraints (8) and (9). Appropriate smoothness assumptions will be

specified in Theorem 1 below.

The hidden constraints (8) are part of the derivative array of DAE (3), see [26].

But they are not just the result of an abstract mathematical transformation but have a

reasonable physical interpretation as well [40]. To discuss this aspect in more detail,

we focus on scleronomic constraints
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M= {qqq : ggg(qqq) = 000}

Tqqq(t)M

qqq(t)

q̇qq(t)

Fig. 4 Constraint manifold M := {qqq : ggg(qqq) = 000} with tangent space TqqqM.

ggg(qqq) = 000 (11)

that do not depend explicitly on time t and restrict the configuration of the con-

strained system to the manifold

M := {qqq : ggg(qqq) = 000} . (12)

For scleronomic constraints, the hidden constraints (8) and (9) are simplified be-

cause the partial derivatives w.r.t. t vanish identically:

000 = G(qqq)q̇qq , (13)

000 = G(qqq)q̈qq+gggqqqqqq(qqq)(q̇qq, q̇qq) . (14)

Since ker G(qqq) spans the tangent space TqqqM of the manifold at point qqq ∈M, the

hidden constraints (13) indicate that the velocity vector q̇qq(t) is in the tangent space

Tqqq(t)M, see Fig. 4. Therefore, the solution qqq(t) remains in manifold M for all

t ∈ [t0, tend], see [71, 72].

Example 4. The mathematical pendulum is a model in the (x,y)-plane with a point

mass moving in the one-dimensional manifold M= {qqq = (x,y)� : x2 + y2 = l2 },

see Example 1. Manifold M is a circle and its tangent space TqqqM⊂ R2 consists of

all vectors being orthogonal to qqq.

The trajectory qqq(t) will follow the circle iff q̇qq(t) ∈ Tqqq(t)M, i.e., iff 0 = (qqq(t))�q̇qq(t)
= x(t)ẋ(t)+ y(t)ẏ(t) . This is exactly the hidden constraint (13) at the level of veloc-

ity coordinates that results from formal differentiation of constraint (6c). A second

differentiation step yields the hidden constraint (14) at the level of acceleration co-

ordinates:

0 =
d

d t
(xẋ+ yẏ) = xẍ+ yÿ+ ẋ2 + ẏ2 .

This equation may be solved w.r.t. the Lagrange multiplier λ since ẍ =−xλ/m,

ÿ =−ggrav − yλ/m, see (6a,b):

λ = λ (x, ẋ,y, ẏ) := m
−ggrav y+ ẋ2 + ẏ2

x2 + y2
= m

−ggrav y+ ẋ2 + ẏ2

l2
. (15)
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The dynamical equations (6a,b) with λ being substituted by λ (x, ẋ,y, ẏ) according

to (15) define a system of second order ODEs for variables x and y that is analytically

equivalent to the constrained system.

Initial values (x0, ẋ0,y0, ẏ0,λ0) for the constrained system (6) have to be consis-

tent with the constraint (6c) at position level and with its counterparts (13) and (14)

at the level of velocity and acceleration coordinates:

x2
0 + y2

0 = l2 , x0ẋ0 + y0ẏ0 = 0 , λ0 = λ (x0, ẋ0,y0, ẏ0) .

Example 4 shows that holonomic constraints (1) and the corresponding hid-

den constraints (8), (9) define conditions on initial values qqq0 = qqq(t0), q̇qq0 = q̇qq(t0),
λλλ 0 = λλλ (t0). We will discuss these conditions for constrained systems

M(t,qqq
)
q̈qq = fff (t,qqq, q̇qq)−G�(t,qqq)λλλ , (16a)

000 = ggg(t,qqq) (16b)

with G(t,qqq) = (∂ggg/∂qqq)(t,qqq). This problem class is slightly more general than (3)

and covers time dependent force terms fff as well as condensed mass matrices M(t,qqq)
that result from the application of multibody formalisms to systems with rheonomic

joint equations, see Section 3.3.

Remark 1. In some textbooks, the argument t in the equations of motion (3) and (16)

is omitted to keep the notation compact. In the ODE case, this is justified by the

observation that any second order system ẍxx = fff (t,xxx, ẋxx) in Rk is equivalent to an

autonomous system ¨̄xxx = f̄ff (x̄xx, ˙̄xxx) in Rk+1 with x̄xx := ( t, xxx�)�, f̄ff := (0, fff�)�, x̄xx0 :=
( t0, xxx�0 )

�, ˙̄xxx0 := (1, ẋxx�0 )
�, see. e.g., [49, Section II.2] for the corresponding trans-

formation in the case of first order ODEs.

Applying this transformation formally to constrained systems (16) with rheo-
nomic constraints 000 = ggg(t,qqq), we obtain q̄qq = ( t, qqq�)�, scleronomic constraints 000 =
ḡgg(q̄qq) := ggg(t,qqq) and a constraint Jacobian (∂ ḡgg/∂ q̄qq)(q̄qq) that is composed of the con-

straint matrix G(t,qqq) = (∂ggg/∂qqq)(t,qqq) and the partial derivatives (∂ggg/∂ t)(t,qqq) that

do not appear in (16). Therefore, the structure of the equations of motion (16) gets

lost by the transformation to an autonomous system in coordinates q̄qq = ( t, qqq�)� if

∂ggg/∂ t 
≡ 000. That’s why we will consider the equations of motion in their original

non-autonomous form (16).

The dynamical equations (16a) and the hidden constraints (9) may be summa-

rized to a system of nqqq +nλλλ linear equations in q̈qq and λλλ :(
M(t,qqq) G�(t,qqq)
G(t,qqq) 000

)(
q̈qq
λλλ

)
=

(
fff (t,qqq, q̇qq)

−gggqqqqqq(t,qqq)(q̇qq, q̇qq)−2gggtqqq(t,qqq)q̇qq−gggtt(t,qqq)

)
. (17)

For any given arguments t, qqq, q̇qq the Lagrange multipliers λλλ = λλλ (t,qqq, q̇qq) are uniquely

defined by this block structured system if the 2×2 block matrix at the left hand side

of (17) is non-singular.
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Lemma 1. Consider a symmetric, positive semi-definite matrix M ∈ Rk×k and a ma-
trix G ∈ Rm×k with rank G = m ≤ k. If M is positive definite at the null space of G
then matrix (

M G�
G 000

)
(18)

is non-singular.

Proof. The terms ξξξ�Mξξξ and ‖Gξξξ‖2
2 are non-negative for all vectors ξξξ ∈ Rk since

matrix M is positive semi-definite and ‖Gξξξ‖2 ≥ 0. Furthermore, ‖Gξξξ‖2 = 0 im-

plies Gξξξ = 000 and ξξξ ∈ ker G, i.e., ξξξ = 000 or ξξξ�Mξξξ > 0 because M is positive defi-

nite at ker G. Taking into account that

ξξξ�Mξξξ +‖Gξξξ‖2
2 = ξξξ�

(M+G�G)ξξξ

we see that the symmetric matrix M+G�G ∈ Rk×k is positive definite. Therefore,

its inverse is well defined and matrix G(M+G�G)−1G� ∈ Rm×m is symmetric,

positive definite for any matrix G of full rank m ≤ k. The assertion of the lemma

follows from a block factorization of the 2×2 block matrix in three non-singular

factors:(
M G�
G 000

)
=

(
I −G�
000 I

)(
M+G�G 000

G −I

)(
I (M+G�G)−1G�
000 G(M+G�G)−1G�

)
.

Theorem 1. Consider vectors qqq0, q̇qq0 ∈ Rnqqq that satisfy at t = t0 the (hidden) con-
straints at the levels of position and velocity coordinates:

000 = ggg(t0,qqq0) = G(t0,qqq0)q̇qq0 +gggt(t0,qqq0) . (19)

We assume that functions M(t,qqq), fff (t,qqq, q̇qq) and ggg(t,qqq) are well-defined and con-
tinuous in a neighbourhood of (t0,qqq0, q̇qq0) with ggg(t,qqq) being two times continuously
differentiable. Furthermore, functions M, fff and the second (partial) derivatives of ggg
are assumed to satisfy Lipschitz conditions w.r.t. arguments qqq and q̇qq.

If the constraint matrix G(t0,qqq0) has full rank nλλλ and the mass matrix M(t0,qqq0)
is symmetric, positive semi-definite and positive definite at ker G(t0,qqq0) then there
is a uniquely defined vector λλλ 0 ∈ Rnλλλ such that the initial value problem

qqq(t0) = qqq0 , q̇qq(t0) = q̇qq0 , λλλ (t0) = λλλ 0 (20)

for the constrained system (16) is locally uniquely solvable.

Proof. The assumptions on M(t0,qqq0) and G(t0,qqq0) imply that the 2×2 block ma-

trix at the left hand side of (17) is non-singular for arguments t = t0, qqq = qqq0, see

Lemma 1. Therefore, this block matrix is non-singular for any arguments (t,qqq) in

a neighbourhood of (t0,qqq0) since functions M and G are continuous w.r.t. t and qqq,

see [46, Lemma 2.3.3]. In this neighbourhood, the system of linear equations (17) is

uniquely solvable w.r.t. q̈qq and λλλ and defines continuous functions aaa and λλλ such that
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q̈qq = aaa(t,qqq, q̇qq) , λλλ = λλλ (t,qqq, q̇qq) .

The initial value problem qqq(t0) = qqq0, q̇qq(t0) = q̇qq0 for the second order ODE

q̈qq(t) = aaa(t,qqq(t), q̇qq(t)) is locally uniquely solvable since the right hand side aaa satisfies

a Lipschitz condition w.r.t. qqq and q̇qq. The solution qqq(t) of this ODE initial value prob-

lem satisfies the dynamical equations (16a) with λλλ := λλλ (t,qqq(t), q̇qq(t)) since these

equations are represented by the first block row in (17). The initial value for the

Lagrange multipliers is uniquely defined by λλλ 0 := λλλ (t0,qqq0, q̇qq0).
To verify the constraint equations (16b), we consider the constraint residual

γγγ(t) := ggg(t,qqq(t)) and its time derivatives

γ̇γγ(t) = gggt
(
t,qqq(t)

)
+G

(
t,qqq(t)

)
q̇qq(t) ,

γ̈γγ(t) = gggtt
(
t,qqq(t)

)
+2gggtqqq

(
t,qqq(t)

)
q̇qq(t)+G

(
t,qqq(t)

)
q̈qq(t)+gggqqqqqq

(
t,qqq(t)

)(
q̇qq(t), q̇qq(t)

)
,

see (1), (8), (9). The second block row of (17) shows that the residual γ̈γγ(t) in

the hidden constraints (9) at the level of acceleration coordinates vanishes iden-

tically. Hence, γγγ(t) solves the second order ODE γ̈γγ(t) = 000 with initial values

γγγ(t0) = ggg(t0,qqq0) = 000 and γ̇γγ(t0) = G(t0,qqq0)q̇qq0 +gggt(t0,qqq0) = 000, see (19). Since this

solution is unique, we get γγγ(t)≡ 000 and therefore also ggg(t,qqq(t))≡ 000. I.e., the con-

straint equations (16b) are satisfied in the whole time interval of interest and func-

tions qqq(t), λλλ (t,qqq(t), q̇qq(t)) solve the initial value problem qqq(t0) = qqq0, q̇qq(t0) = q̇qq0,

λλλ (t0) = λλλ 0 = λλλ (t0,qqq0, q̇qq0) for the constrained system (16).

Definition 1. Initial values qqq0, q̇qq0 ∈ Rnqqq , λλλ 0 ∈ Rnλλλ are consistent with the equations

of motion (16) if qqq0 and q̇qq0 satisfy the (hidden) constraints at the levels of position

and velocity coordinates, see (19), and there is a vector q̈qq0 such that q̈qq = q̈qq0, λλλ = λλλ 0

solve the system of linear equations (17) with t := t0, qqq := qqq0, q̇qq := q̇qq0.

Remark 2. a) For any consistent initial values qqq0, q̇qq0, λλλ 0, the initial value prob-

lem qqq(t0) = qqq0, q̇qq(t0) = q̇qq0, λλλ (t0) = λλλ 0 for DAE (16) is locally uniquely solvable

if rank G(t0,qqq0) = nλλλ , M(t0,qqq0) is symmetric positive semi-definite and positive

definite at ker G(t0,qqq0) and functions M, fff and ggg satisfy appropriate smoothness

assumptions, see Theorem 1.

b) Following a coordinate partitioning approach [89], consistent initial values

qqq0, q̇qq0, λλλ 0 may be obtained from any pair of vectors q̄qq0, ¯̇qqq0 ∈ Rnqqq provided that

‖ggg(t0, q̄qq0)‖ ≤ δ with a sufficiently small constant δ > 0: The full rank assumption

on the constraint matrix G allows to select in a first step nλλλ linearly independent

column vectors of G(t0, q̄qq0). There is a matrix P̂ ∈ Rnqqq×nλλλ being composed of nλλλ
unit vectors such that G(t0, q̄qq0) P̂ ∈ Rnλλλ×nλλλ is non-singular.

In the second step, vector qqq0 ∈ Rnqqq is decomposed into nqqq −nλλλ independent co-

ordinates P̄�qqq0 ∈ Rnqqq−nλλλ and nλλλ dependent coordinates q̂qq0 := P̂�qqq0 ∈ Rnλλλ with a

matrix P̄ ∈ Rnqqq×(nqqq−nλλλ ) that is defined such that P :=
(

P̄ P̂
) ∈ Rnqqq×nqqq forms a per-

mutation matrix, i.e., Inqqq = PP� = P̄ P̄�+ P̂ P̂�. Finally, we fix P̄�qqq0 := P̄�q̄qq0 and

get consistent position coordinates qqq0 = PP�qqq0 := P̄ P̄�q̄qq0 + P̂ q̂qq0 solving

000 = ggg(t0, P̄ P̄�q̄qq0 + P̂ q̂qq0) (21)
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w.r.t. q̂qq0 ∈ Rnλλλ . According to the Implicit function theorem, Eqs. (21) are locally

uniquely solvable if ‖ggg(t0, q̄qq0)‖ ≤ δ 
 1 since

∂ggg
∂ q̂qq0

(t0, q̄qq0) =
∂ggg
∂qqq

(t0, q̄qq0)
∂qqq0

∂ q̂qq0

(q̄qq0) = G(t0, q̄qq0) P̂

is non-singular by construction.

In the same way, consistent initial values q̇qq0 = P̄ P̄� ¯̇qqq0 + P̂ ˆ̇qqq0 with ˆ̇qqq0 ∈ Rnλλλ are

obtained from the system of nλλλ linear equations

000 = G(t0,qqq0)q̇qq0 +gggt(t0,qqq0) = G(t0,qqq0)P̄ P̄� ¯̇qqq0 +G(t0,qqq0)P̂ ˆ̇qqq0 +gggt(t0,qqq0)

provided that G(t0,qqq0)P̂ is non-singular as well. At the end, the 2×2 block sys-

tem (17) yields consistent initial values λλλ 0 for the Lagrange multipliers.

Remark 3. a) For the index analysis, the equations of motion (16) are transformed to

an equivalent first order DAE introducing velocity coordinates vvv(t) := q̇qq(t) and sub-

stituting q̇qq → vvv, q̈qq → v̇vv. With the assumptions of Theorem 1, functions v̇vv(t) = q̈qq(t)
and λλλ (t) are obtained from the system of linear equations (17) that contains the sec-

ond time derivative of the holonomic constraints (16b).

The 2×2 block matrix in (17) is non-singular and does not depend on vvv, v̇vv and λλλ .

Therefore, the time derivative of (17) may be solved w.r.t. v̈vv and λ̇λλ providing an

explicit expression for λ̇λλ that utilizes the third time derivative of (16b). Conse-

quently, the differentiation index of the equivalent first order system is (at most)

three [47, 60].

b) For positive definite mass matrices M(t,qqq), the dynamical equations (16a)

may formally be solved w.r.t. q̈qq = v̇vv resulting in the first order DAE

q̇qq = vvv , (22a)

v̇vv = [M−1 fff ](t,qqq,vvv)− [M−1G�](t,qqq)λλλ , (22b)

000 = ggg(t,qqq) (22c)

that is of Hessenberg form [26]. For full rank matrices G and symmetric, positive

definite matrices M, matrix GM−1G� is non-singular and (22b) implies

λλλ = fff 0(t,qqq,vvv)− [(GM−1G�)−1](t,qqq) ·G(t,qqq)v̇vv (23)

with an appropriate function fff 0 . The time derivative of (23) shows that λ̇λλ (t) is com-

posed of functions depending on t, qqq, vvv and v̇vv = [M−1 fff ]− [M−1G�]λλλ and of the

vector G(t,q)v̈vv that is pre-multiplied by the non-singular matrix −(GM−1G�)−1.

Since G(t,q)v̈vv can not be obtained from DAE (22) and its first two time deriva-

tives, the differentiation index of DAE (22) is larger than two. Taking into account

the upper bound from part a) of this remark, we see that the equations of motion (16)

form an index-3 DAE if M(t,qqq) is symmetric and positive definite. Note, that dif-

ferentiation index and perturbation index of (16) coincide since the equivalent first

order system is of Hessenberg form [30, 47].
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The analytical transformation of the equations of motion (16) to the Hessenberg

form index-3 DAE (22) is a common approach in DAE theory. This transforma-

tion is essentially based on the assumption that the mass matrix M is symmetric,

positive definite [26, 50, 58]. However, the existence and uniqueness result in The-

orem 1 is not restricted to this problem class but applies as well to a class of model

equations (16) with rank-deficient mass matrix M. In this more general setting, the

structure of (16) is more complex and its index may be less than three [12]:

Example 5. A (pathological) example of problems with rank-deficient mass ma-

trix M are constrained systems (16) with M(t,qqq) = 000nqqq×nqqq . This matrix is positive

semi-definite and it is positive definite at ker G(t,qqq) if nqqq = nλλλ and G(t,qqq) is non-

singular. For such systems, there is no need to consider the 2×2 block system (17)

since the Lagrange multipliers λλλ (t) = [G−� fff ]
(
t,qqq(t), q̇qq(t)

)
are directly defined by

the dynamical equations (16a).

The differentiation index of the corresponding first order system in variables qqq,

vvv := q̇qq and λλλ is two [12]. If G is non-singular, M ≡ 000 and fff is independent of q̇qq,

then (16) defines even an index-1 DAE (in variables qqq and λλλ ):

000 = fff (t,qqq)−G�(t,qqq)λλλ , 000 = ggg(t,qqq) .

2.3 Positive semi-definite mass matrices, rank deficient constraint
matrices

In engineering applications, there are certain types of position coordinates qqq that

result systematically in constrained systems (16) with rank-deficient mass matrix,

see [42, 64, 86] and the references therein. From the viewpoint of physics, the kinetic

energy T = 0.5 q̇qq�Mq̇qq should define a positive semi-definite quadratic form and any

non-zero velocity increment being compatible with the hidden constraints (8) should

result in a positive contribution to T , see [42]. Both properties of T are achieved by

the assumptions of Lemma 1 that considers symmetric, positive semi-definite mass

matrices M being positive definite at ker G.

These assumptions imply that the augmented matrix M+G�G with rank G = nλλλ
is symmetric, positive definite [45, Section 10.2] and the 2×2 block matrix in (18)

is non-singular, see Lemma 1. For a more detailed analysis, we decouple in the

present section the nullspace of M from its orthogonal complement and consider

furthermore systems with rank deficient constraint matrix G resulting from redun-

dant constraints (16b) that are typical of some algorithms for computer-aided setup

of complex, three dimensional multibody system models [39, 42].

Lötstedt [59] pointed out that equations of motion (16) with consistent, but re-

dundant constraints (16b) do not define unique Lagrange multipliers λλλ (t). Nev-

ertheless, the constraint forces −G�λλλ and the position coordinates qqq(t) are well

defined. Modeling aspects and analytical aspects of equations of motion (16) with

rank deficient mass matrix or rank deficient constraint matrix have recently been

studied in great detail by García de Jalón and Gutiérrez-López [42]. They also refer
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to the work of Frączek and Wojtyra [39] who have shown that the uniqueness of

qqq(t) can not longer be guaranteed if the dynamical equations (16a) depend nonlin-

early on λλλ (and the constraints (16b) are redundant), see also the more general and

more abstract analysis of overdetermined and underdetermined DAEs by Kunkel

and Mehrmann [58].

The internal structure of equations of motion (16) with rank deficient mass ma-

trix M or rank deficient constraint matrix G may be studied conveniently by a

decomposition of the 2×2 block matrix in (18) that takes into account nontrivial

nullspaces ker M and ker G :

Lemma 2. Consider matrices M ∈ Rk×k and G ∈ Rm×k with rankM = r ≤ k and
rankG = s ≤ m ≤ k. If M is symmetric, positive semi-definite and positive definite
at ker G then there are non-singular matrices U ∈ Rk×k and Q ∈ Rm×m such that

(
M G�

G 000

)
=

(
U 000

000 Q

)⎛⎜⎜⎜⎜⎜⎝
000 000 000 000 Ik−r

000 M̄ Ḡ� 000 000

000 Ḡ 000 000 000

000 000 000 000 000

Ik−r 000 000 000 000

⎞⎟⎟⎟⎟⎟⎠
(

U� 000

000 Q�

)
(24)

with a non-singular matrix M̄ ∈ Rr×r and a matrix Ḡ ∈ R(s−(k−r))×r that has full
rank s− (k− r) .

Proof. If r = rank M < k then the nullspace of M is non-trivial and there is an or-

thonormal basis {uuu1, . . . ,uuuk−r } of ker M. Summarizing these basis vectors in a

matrix ¯̄U :=
(

uuu1, . . . ,uuuk−r
) ∈ Rk×(k−r), we may define a matrix Ū ∈ Rk×r such that

Û :=
( ¯̄U Ū

) ∈ Rk×k is orthogonal. Since M ¯̄U = 000k×(k−r) and Û�MÛ is symmetric,

we get

Û�MÛ =

( ¯̄U�
Ū�

)(
000 MŪ

)
=

(
000 000

000 M̄

)
(25)

with the matrix M̄ := Ū�MŪ ∈ Rr×r that is non-singular because of rank M̄ =
rank Û�MÛ = rank M = r .

The column vectors of G ¯̄U ∈ Rm×(k−r) are linearly independent since other-

wise there would be a vector ζζζ ∈ Rk−r with ζζζ 
= 000 and 000 = (G ¯̄U)ζζζ = G( ¯̄Uζζζ ),
i.e., ξξξ := ¯̄Uζζζ ∈ ker G\{000}. Since M is positive definite at ker G, we would get

0 < ξξξ�Mξξξ = ζζζ� ¯̄U�M ¯̄Uζζζ which contradicts span ¯̄U = ker M.

Because of rankG ¯̄U = k− r ≤ m, there is a QR factorization

G ¯̄U = ¯̄Q
( ¯̄R

000

)
with an orthogonal matrix ¯̄Q ∈ Rm×m and a non-singular matrix ¯̄R ∈ R(k−r)×(k−r),

see, e.g., [46]. We get
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¯̄Q�GÛ =

(
¯̄R ¯̄G
000 Ĝ

)
=

(
000 ¯̄R

Im−(k−r) 000

)(
000 Ĝ

Ik−r 000

)(
Ik−r

¯̄R−1 ¯̄G
000 Ir

)
(26)

with matrices Ĝ ∈ R(m−(k−r))×r and ¯̄G ∈ R(k−r)×r. The right hand side of (26) is a

product of three block matrices. Since the first and the last factor are non-singular,

we get

rank Ĝ+ rank Ik−r = rank ¯̄Q�GÛ = rank G = s ,

i.e., rank Ĝ = s− (k− r)≤ m− (k− r). If matrix G has full rank m, then Ĝ has

full rank as well and we define Ḡ := Q̂Ĝ with the identity matrix Q̂ := Im−(k−r),

see [12]. Otherwise, matrix Ĝ is rank deficient and s− (k− r) linearly independent

row vectors may be selected by some pivoting strategy that results in a decomposi-

tion

Ĝ = Q̂
(

Ḡ
000

)
with non-singular Q̂ ∈ R(m−(k−r))×(m−(k−r)) and a matrix Ḡ ∈ R(s−(k−r))×r of full

rank s− (k− r). Inserting this expression in (26), we get

G = Q

⎛⎝ 000 Ḡ
000 000

Ik−r 000

⎞⎠U�

and non-singular transformation matrices

Q := ¯̄Q

(
000 ¯̄R
Q̂ 000

)
∈ Rm×m , U := Û

(
Ik−r 000

( ¯̄R−1 ¯̄G)� Ir

)
∈ Rk×k .

To complete the proof, we observe that (25) implies

M = Û
(

000 000

000 M̄

)
Û� = U

(
000 000

000 M̄

)
U�

since the second factor in the definition of U is block lower triangular and satisfies(
Ik−r 000

( ¯̄R−1 ¯̄G)� Ir

)(
000 000

000 M̄

)(
Ik−r

¯̄R−1 ¯̄G
000 Ir

)
=

(
000 000

000 M̄

)
.

Remark 4. Consider equations of motion (16) with linear holonomic constraints

000 = Gqqq− zzz(t) and constant matrices M, G that satisfy the assumptions of Lemma 2

with k = nqqq, m = nλλλ . The matrix factorization (24) suggests to multiply the dynami-

cal equations (16a) and the constraint equations (16b) by U−1 and Q−1, respectively,

to decompose the 2×2 block system (17) into
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¯̄λλλ = ¯̄fff , (27a)(
M̄ Ḡ�

Ḡ 000

)(
¨̄qqq
λ̄λλ

)
=

(
f̄ff

−ḡggqqqqqq(q̇qq, q̇qq)−2ḡggtqqqq̇qq− ḡggtt

)
=

(
f̄ff
¨̄zzz

)
, (27b)

000 =−ĝggqqqqqq(q̇qq, q̇qq)−2ĝggtqqqq̇qq− ĝggtt = ¨̂zzz , (27c)

¨̄̄qqq =− ¯̄gggqqqqqq(q̇qq, q̇qq)−2 ¯̄gggtqqqq̇qq− ¯̄gggtt =
¨̄̄zzz (27d)

with

U−1 fff =

(
¯̄fff
f̄ff

)
, Q−1ggg=

⎛⎝ ḡgg
ĝgg
¯̄ggg

⎞⎠ , Q−1zzz=

⎛⎝ z̄zz
ẑzz
¯̄zzz

⎞⎠ , U�qqq=
(

¯̄qqq
q̄qq

)
, Q�λλλ =

⎛⎜⎝ λ̄λλ
λ̂λλ
¯̄λλλ

⎞⎟⎠ ,

functions q̄qq, f̄ff ∈ Rr, functions ¯̄qqq, ¯̄λλλ , ¯̄fff , ¯̄ggg, ¯̄zzz ∈ Rk−r, functions λ̄λλ , ḡgg, z̄zz ∈ Rs−(k−r),

functions λ̂λλ , ĝgg, ẑzz ∈ Rm−s and r = rank M, s = rank G.

If the mass matrix M is symmetric, positive definite and G has full rank, then

we have qqq = q̄qq, λλλ = λ̄λλ and the 2×2 block system (17) coincides with (27b). If M
is rank deficient, then k− r components of the Lagrange multipliers λλλ are explicitly

defined by the k− r algebraic equations (27a) that do not depend on any derivatives

of the constraint function ggg, see Example 5. Furthermore, there are k− r second

order ODEs (27d) for k− r components of qqq. The solution components q̄qq ∈ Rr and

λ̄λλ ∈ Rs−(k−r) are defined by the 2×2 block system (27b) with the symmetric, posi-

tive definite reduced mass matrix M̄ and a reduced constraint matrix Ḡ that has full

rank s− (k− r).
A rank deficient constraint matrix G indicates holonomic constraints (16b) that

are either redundant or inconsistent. In (27), this fact is reflected by m− s equations
¨̂zzz(t) = 000, see (27c). If the compatibility conditions (27c) are violated, then there is no

solution of the equations of motion since the holonomic constraints 000 = Gqqq− zzz(t)
are not consistent.

For redundant constraints, the position coordinates qqq are uniquely defined by

the solution ( q̄qq, ¯̄qqq) of (27b,d) and the compatibility conditions (27c) are satisfied

in the whole time interval of interest. Eqs. (27a,b) define s = rank G components

of the Lagrange multipliers λλλ ∈ Rm with m = nλλλ . The remaining m− s components

are summarized in the vector λ̂λλ ∈ Rm−s that does not at all appear in the decoupled

equations of motion (27).

In the nonlinear case, the characterization of (consistent) redundant constraints

(16b) is technically more challenging than in the linear setting of Remark 4. To avoid

state dependent transformation matrices U(t,qqq), Q(t,qqq), we follow a local approach

that is tailored to the existence and uniqueness result in Theorem 2 below:

Definition 2. Consider equations of motion (16) with nλλλ holonomic constraints

ggg(t,qqq) = 000 and a constraint matrix G(t,qqq) := (∂ggg/∂qqq)(t,qqq) ∈ Rnλλλ×nqqq that has con-

stant rank in a neighbourhood U (t∗,qqq∗) of a given point (t∗,qqq∗) ∈ [t0, tend]×Rnqqq :

rank G(t,qqq) = s ≤ nλλλ ≤ nqqq , ((t,qqq) ∈ U (t∗,qqq∗)) .
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The constraints ggg(t,qqq) = 000 are said to be redundant (in U (t∗,qqq∗) ) if Q̃ggg(t,qqq) = 000

implies ggg(t,qqq) = 000 for any constant matrix Q̃ ∈ Rs×nλλλ with rank
(
Q̃G(t∗,qqq∗)

)
= s.

Theorem 2. Consider equations of motion (16) with functions M, fff , ggg satisfying all
assumptions of Theorem 1 except the full rank assumption on G(t0,q0).

a) If the holonomic constraints (16b) are redundant in a neighbourhood U0 of
(t0,qqq0) then there is a vector λλλ 0 ∈ Rnλλλ such that the initial value problem (20) for
the constrained system (16) is locally solvable. The solution qqq(t) is locally uniquely
defined and independent of the choice of λλλ 0.

b) With these assumptions, the differentiation index and the perturbation in-
dex of (16) are bounded by three. For symmetric, positive definite mass matrices
M(t0,qqq0), the variables qqq and q̇qq are solutions of an equivalent index-3 DAE in Hes-
senberg form.

Proof. Applying Lemma 2 with (constant) matrices M := M(t0,qqq0), G := G(t0,qqq0),
we get the matrix decomposition (24) and (constant) non-singular transformation

matrices U and Q.

The idea of the proof is to delete in (16) all terms corresponding to the 4th block

row and to the 4th block column of the 5×5 block matrix in (24) and to show that

the solution of this reduced system solves the original equations of motion (16) as

well. We define

Q̃ :=

(
Is−(k−r) 000 000

000 000 Ik−r

)
Q−1 ∈ Rs×m , g̃gg(t,qqq) := Q̃ggg(t,qqq)

with k = nqqq, m = nλλλ , r = rank M(t0,qqq0), s = rank G(t0,qqq0) and get

G̃(t0,qqq0) :=
∂ g̃gg
∂qqq

(t0,qqq0) = Q̃G(t0,qqq0) =

(
000 Ḡ(t0,qqq0)

Ik−r 000

)
U� (28)

with a matrix Ḡ(t0,qqq0) ∈ R(s−(k−r))×(k−r) of full rank s− (k− r), see Lemma 2.

Eq. (28) shows that the left multiplication by Q̃ selects s = rank G linearly inde-

pendent row vectors of G(t0,qqq0), i.e., all m = nλλλ row vectors of G(t0,qqq0) may be

represented by a linear combination of the row vectors of matrix G̃(t0,qqq0) ∈ Rs×k

and there is a matrix ˜̃Q(t0,qqq0) ∈ Rm×s such that

G(t0,qqq0) =
˜̃Q(t0,qqq0)G̃(t0,qqq0) . (29)

The continuity of the matrix valued functions G(t,qqq) and G̃(t,qqq) implies that

there is a (sufficiently small) neighbourhood U0 of (t0,qqq0) such that rank G̃(t,qqq) =
rank G(t,qqq) = s and

G(t,qqq) = ˜̃Q(t,qqq)G̃(t,qqq) (30)

with ˜̃Q(t,qqq) ∈ Rm×s for all (t,qqq) ∈ U0. This matrix ˜̃Q(t,qqq) has to have full rank s
since the left multiplication of (30) by Q̃ results in a matrix of rank s.

The matrix factorization (30) allows to express the constraint forces −G�(t,qqq)λλλ
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in terms of −G̃�(t,qqq) λ̃λλ with λ̃λλ = ˜̃Q�(t,qqq)λλλ ∈ Rs. On the other hand, we have

−G�(t,qqq)λλλ =−G̃�(t,qqq) λ̃λλ for all λλλ ∈ Rm satisfying

λλλ = [ ˜̃Q( ˜̃Q� ˜̃Q)−1](t,qqq) λ̃λλ + λ̂λλ (31)

with some λ̂λλ ∈ ker ˜̃Q�(t,qqq). The nullspace of ˜̃Q�(t,qqq) has dimension m− s. It is

non-trivial if the constraint matrix G(t,qqq) is rank deficient. In that case, the vari-

ables λ̂λλ are left undefined by the constrained system (16), see also the correspond-

ing discussion for systems with constant matrices M and G in Remark 4.

Because of (29), we have ker G̃(t0,qqq0)⊂ ker G(t0,qqq0) and the mass mass matrix

M(t0,qqq0) is positive definite at the nullspace of G̃(t0,qqq0). Furthermore, function

g̃gg(t,qqq) satisfies the smoothness assumptions of Theorem 1 since the matrix decom-

position (24) was evaluated for matrices M, G with fixed arguments t = t0, qqq = qqq0.

Therefore, we may apply Theorem 1 to the reduced system

M(t,qqq
)
q̈qq = fff (t,qqq, q̇qq)− G̃�(t,qqq) λ̃λλ , (32a)

000 = g̃gg(t,qqq) (32b)

and get a locally uniquely defined solution qqq(t) with initial values qqq(t0) = qqq0,

q̇qq(t0) = q̇qq0. In U0, the s linearly independent constraints (32b) of the reduced system

imply the m ≥ s redundant constraints (16b) of the original equations of motion, see

Definition 2. Furthermore, the reduced system (32) defines unique Lagrange multi-

pliers λ̃λλ (t) ∈ Rs and the set of all solutions λλλ (t) ∈ Rm according to (31).

To prove part b) of the Theorem, we apply the index analysis of Remark 3 to the

reduced system (32).

3 From constrained mechanical systems to multibody system
dynamics

Mechanical multibody systems are composed of a finite number of rigid or flexible

bodies being connected by joints that restrict the relative motion of bodies w.r.t.

each other and by force elements like springs, dampers or actuators that cause forces

and momenta acting on the interconnected bodies but do not restrict the degrees of

freedom of their relative motion. The mass of a multibody system is concentrated

in the bodies and the connecting elements are idealized to be massless. After space

discretization of the flexible components, the mechanical state of the system may be

characterized by elements of a finite dimensional configuration space that describe

the position and orientation of all bodies and the elastic deformation of the flexible

parts.

The equations of motion follow systematically from principles of classical me-

chanics that result in linearly implicit systems of second order differential equations.

Efficient time integration methods in multibody numerics are essentially based on
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the specific mathematical structure of these model equations. Discussing this struc-

ture, we started in Section 2 at a rather basic level with constrained systems of point

masses. The modelling of rigid body systems is substantially more complex since

the orientation of the bodies in 2-D or 3-D has to be taken into account which may

result in nonlinear configuration spaces, see Section 3.1. There is a rich literature

on the general structure of model equations in multibody system dynamics that is

shortly summarized in Section 3.2. Finally, we consider in Section 3.3 some specific

algorithms of multibody dynamics that exploit the topology of a multibody system

model to speed-up the evaluation of the model equations.

3.1 Configuration of rigid body systems

The configuration of rigid bodies is characterized by their position and orientation

in space. For simplicity, we restrict ourselves in the present section to the discus-

sion of systems in R3 (spatial systems). Planar systems may be considered as a

special case of this general setting with position coordinates being restricted to a

two-dimensional subspace.

In R3, the position of body (•)(i) is described by coordinates xxx(i) ∈ R3 and its

orientation may be represented conveniently by a rotation matrix

R(i) ∈ SO(3) = {R ∈ R3×3 : R�R = I3 , det R =+1} .

The special orthogonal group SO(3) is a subgroup of the general linear group

GL(3) = {A : A ∈ R3×3 : det A 
= 0} and forms a three-dimensional differentiable

manifold in R9. Lie group theory provides the analytical framework for differential

equations on such manifolds with group structure. The interested reader is referred

to [48, Chapter IV] for a compact introduction and to [53] for a comprehensive

survey of analytical and numerical aspects of differential equations on finite dimen-

sional Lie groups.

Remark 5. a) The Lie group structure of configuration spaces may be exploited ex-

plicitly in the time integration of the equations of motion, see, e.g., [23, 28, 32, 85].

Position vector xxx ∈ R3 and rotation matrix R ∈ SO(3) are either combined in the

direct product G = SO(3)×R3 with group operation

(Ra,xxxa)◦ (Rb,xxxb) = (RaRb,xxxa + xxxb)

or in the semi-direct product G = SE(3) := SO(3)�R3 with group operation

(Ra,xxxa)◦ (Rb,xxxb) = (RaRb,Raxxxb + xxxa) ,

see [27] and the more detailed discussions in [13] and [65]. With these notations,

the configuration space of a rigid N-body system is given by the direct products

(SO(3)×R3)N or (SE(3))N , respectively.
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b) The inherent nonlinear structure of the configuration space results in nontriv-

ial kinematic relations that express the time derivatives of the position coordinates

q = (xxx,R) ∈ G in terms of velocity coordinates vvv. The Lie group structure of G
implies q̇(t) ∈ Tq(t)G with TqG denoting the tangent space. Taking into account the

linear structure of TqG, the velocity coordinates vvv are defined by elements of a linear
space Rk. For a single rigid body, we get

ẋxx(t) = uuu(t) = R(t)U(t) (33a)

with uuu(t) and U(t) denoting the translation velocity w.r.t. an inertial and a body-

attached frame, respectively. The corresponding angular velocities ωωω (inertial frame)

and ΩΩΩ (body-attached frame) are related by

ω̃ωω(t) = R(t)Ω̃ΩΩ(t)R�(t)

with (̃•) : R3 → so(3) = {A ∈ R3×3 : A+A� = 000} denoting the tilde operator
that maps ΩΩΩ ∈ R3 to the skew-symmetric matrix

Ω̃ΩΩ :=

⎛⎝ 0 −Ω 3 Ω 2

Ω 3 0 −Ω 1

−Ω 2 Ω 1 0

⎞⎠
and represents the vector product ppp×qqq in R3 in the sense that p̃ppqqq = ppp×qqq for any

vectors ppp, qqq ∈ R3. The kinematic relations for R are given by

Ṙ(t) = ω̃ωω(t)R(t) = R(t)Ω̃ΩΩ(t) . (33b)

Eqs. (33) allow to represent the time derivative of q = (xxx,R) ∈ G by a velocity vec-

tor vvv ∈ R6 being composed of translation velocity and angular velocity (either in the

inertial or in the body-attached frame).

The structural difference between the kinematic relations (33) and the more

classical setting q̇qq(t) = vvv(t) in linear spaces, see (22a), is given by the Lie group

ODE (33b) on SO(3). In the following, we will discuss analytical and numerical

aspects of these equations and will assume that the angular velocities are defined in

the body-attached frame. As a typical model problem, we consider a slowly rotating

heavy top with its tip being fixed to the origin:

Example 6. In the gravity field, the kinetic and potential energy of a spinning top of

mass m are given by [27]

T =
1

2
mẋxx�ẋxx+

1

2
ΩΩΩ�JΩΩΩ , U =−xxx�mγγγ with γγγ =

⎛⎝ 0

0

−ggrav

⎞⎠
and the gravitational acceleration constant ggrav. Here, the tensor of inertia J is de-

fined w.r.t. the center of mass in the body-attached frame. If this center of mass has
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Fig. 5 Configuration and angular velocity of a slowly rotating heavy top [28], see also [45].

position X ∈ R3 for the reference configuration R = I3 then its current position in

the inertial frame is given by xxx(t) = R(t)X since the tip of the top is fixed at the ori-

gin, see Fig. 5. This constraint implies ẋxx(t) = Ṙ(t)X = R(t)Ω̃ΩΩ(t)X, see (33b), and

we get ẋxx =−RX̃ΩΩΩ , ẋxx� =−ΩΩΩ�X̃�R� = ΩΩΩ�X̃R� and

T =
1

2
ΩΩΩ�(J−mX̃X̃)ΩΩΩ , U =−X�R�mγγγ .

In Section 2.1, we discussed the derivation of the equations of motion in lin-

ear configuration spaces using Hamilton’s principle of least action. For nonlinear

configuration spaces, the nonlinear kinematic relations (33b) have to be taken into

account [27]. For the heavy top problem we obtain equations of motion

Ṙ = RΩ̃ΩΩ , (34a)

J̄Ω̇ΩΩ +ΩΩΩ × J̄ΩΩΩ = X×R�mγγγ (34b)

with J̄ := J−mX̃X̃ denoting the moment of inertia w.r.t. the origin [28]. The right

plot of Fig. 5 shows the angular velocity ΩΩΩ(t) for model parameters m = 15.0kg,

J̄ = diag(15.234375, 0.46875, 15.234375)kg ·m2, ggrav = 9.81m/s2 and initial val-

ues

R(0) =

⎛⎝ 0 0 1

0 1 0

−1 0 0

⎞⎠ , ΩΩΩ(0) =

⎛⎝ 0

1.5
−0.0461538

⎞⎠ rad

s
.

The direct time discretization of Lie group ODEs by Lie group integrators is

a challenging topic of active research. In practical applications it is, however, more

common to use parametrizations of the rotation matrix by elements of a linear space.

Remark 6. a) There is no global parametrization of SO(3) by elements of R3 but

small deviations from a nominal state may be described very efficiently by three

Euler angles [75]. Euler angles define a decomposition of the rotation matrix into

a sequence of three elementary rotations about axes of coordinates. A common se-

quence of such elementary rotations is given by
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R(qqqR) =

⎛⎝ cosψ −sinψ 0

sinψ cosψ 0

0 0 1

⎞⎠⎛⎝ cosθ 0 sinθ
0 1 0

−sinθ 0 cosθ

⎞⎠⎛⎝ cosφ −sinφ 0

sinφ cosφ 0

0 0 1

⎞⎠
with angles φ (precession), θ (nutation) and ψ (spin) that are summarized in a pa-

rameter vector qqqR = (φ ,θ ,ψ)� ∈ R3.

For θ = θ ∗ = 0, this parametrization gets singular since only the sum φ +ψ is

well defined in this case and there is a continuum of parameter vectors qqqR yielding

one and the same rotation matrix R(qqqR). In engineering applications, such singular

configurations are avoided switching to an alternative sequence of elementary rota-

tions whenever |θ | gets too small [75].

b) Beyond the singularities, we may insert the parametrization R(qqqR(t)) into the

kinematic relations (33b) to get a linear relation between q̇qqR and the angular veloc-

ity ΩΩΩ :
3

∑
j=1

∂R
∂qR, j

(
qqqR(t)

)
q̇R, j(t) =

d

dt
R
(
qqqR(t)

)
= R

(
qqqR(t)

)
Ω̃ΩΩ(t) .

This equation be summarized in matrix-vector form

H0

(
qqqR(t)

)
q̇qqR(t) = ΩΩΩ(t) (35)

using the matrix valued function H0(qqqR) = (hi j(qqqR))i, j ∈ R3×3 that is defined by

its elements

hi j(qqqR) :=
1

2

((
R�(qqqR)

∂R
∂qR, j

(qqqR)
)

li+2,li+1
− (

R�(qqqR)
∂R

∂qR, j
(qqqR)

)
li+1,li+2

)
with indices l1 = l4 = 1, l2 = l5 = 2, l3 = 3. Straightforward computations yield

[75]

H0(qqqR) = H0(φ ,θ ,ψ) =

⎛⎝ −cosφ sinθ sinφ 0

sinφ sinθ cosφ 0

cosθ 0 1

⎞⎠ ∈ R3×3.

c) The linear relation H0(qqqR)q̇qqR = ΩΩΩ , see (35), may be used to eliminate for all

bodies (•)(i) the angular velocity ΩΩΩ (i) and its time derivative in the equations of

motion resulting in a second order system (3) with configuration variables qqq ∈ R6N

being composed of the position coordinates xxx(i) and the vectors of Euler angles qqq(i)R
for all N bodies in the rigid body system.

d) Alternatively, the kinematic relations (33b) may be substituted by

q̇qqR(t) = H−1
0

(
qqqR(t)

)
ΩΩΩ(t) (36)

resulting in a system of first order differential equations in terms of position coordi-

nates qqq ∈ Rnqqq and velocity coordinates vvv ∈ Rnvvv .

For the heavy top model of Example 6, these coordinates are given by qqq = qqqR,

vvv = ΩΩΩ with nqqq = nvvv = 3 and position coordinates qqq = qqqR = (φ ,θ ,ψ)� that are



24 Martin Arnold

0 0.5 1 1.5 2
−4

−2

0

2

4

t  [s]

q R
Heavy top: Euler angles

0 0.5 1 1.5 2
−30

−15

0

15

30

t  [s]

dq
R
/d

t

Heavy top: Euler angles

Fig. 6 Parametrization of the heavy top model by Euler angles: precession φ (dashed line), nuta-
tion θ (dotted line), spin ψ (solid line).

shown in the left plot of Fig. 6. The nutation θ(t) has its minimum value θ(t∗) =
0.059rad = 3.4◦ at t = t∗ ≈ 1.1s without reaching the singular configuration at

θ ∗ = 0. The rapid changes of φ and ψ in a neighbourhood of t = t∗ may, however,

result in (very) small time step sizes in an error controlled variable step size solver.

The right plots of Figs. 5 and 6 illustrate that maxt ‖q̇qqR(t)‖ is larger by a factor of 10

than the corresponding maximum value maxt ‖ΩΩΩ(t)‖ of the angular velocity ΩΩΩ .

e) For a rigid body system with N bodies, the kinematic equations (33a) and (36)

may be summarized to q̇qq = H(qqq)vvv with position coordinates qqq being defined by xxx(i),
qqq(i)R , ( i = 1, . . . ,N ), and velocity coordinates vvv that summarize the corresponding

velocity terms U(i) and ΩΩΩ (i) (or their counterparts uuu(i), ωωω(i) in the inertial frame).

The equations of motion get the form (22) with (22a) being substituted by

q̇qq = H(qqq)vvv . (37)

The parametrization by Euler angles is quite popular in multibody dynamics but

fails systematically for systems with large rotations. In that case, parametrizations

without singularities prove to be favourable. According to [85], “ . . . it is now well

established that the optimal singularity free parametrization is defined in terms of

the (four) unit quaternion parameters.”

Remark 7. a) Unit quaternions may be interpreted as normalized elements of R4:

Q= {p= (p0, p1, p2, p3)
� ∈ R4 : ‖p‖2 = 1}.

Identifiying the scalar part p0 of quaternion p with the quaternion (p0,0,0,0)
�

and its vector part ppp = (p1, p2, p3)
� with the quaternion (0, p1, p2, p3)

�, we get

p= p0 + ppp and its conjugate p∗ := p0 − ppp.

b) The multiplication of two quaternions p= p0 + ppp and q= q0 +qqq is defined by

q∗p= q0 p0 −qqq · ppp+q0 ppp+ p0qqq+qqq× ppp
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and allows a very compact and computationally efficient representation of rotations

in terms of unit quaternions [75]. Identifying a given vector www ∈ R3 with the quater-

nion 0+www, we get wwwp := R(p)www by(
0

wwwp

)
=

(
0

www

)p

:= p∗
(

0

www

)
∗p∗

and the parametrization

R(p) =

⎛⎝ p2
0 + p2

1 − p2
2 − p2

3 2p1 p2 −2p0 p3 2p1 p3 +2p0 p2

2p1 p2 +2p0 p3 p2
0 − p2

1 + p2
2 − p2

3 2p2 p3 −2p0 p1

2p1 p3 −2p0 p2 2p2 p3 +2p0 p1 p2
0 − p2

1 − p2
2 + p2

3

⎞⎠
of rotation matrices R(p) in terms of unit quaternions p= (p0, p1, p2, p3)

� ∈Q.

c) As in Remark 6b), we may express the angular velocity ΩΩΩ in terms of the time

derivative of the parameter vector, see (35):

ΩΩΩ = H0(p)ṗ with H0(p) = H0(p0, ppp) = (−2ppp, 2p0I−2 p̃pp) ∈ R3×4. (38)

In that way, the equations of motion are obtained as second order system (3) with

configuration variables qqq ∈ R7N being composed of the position coordinates xxx(i)

and the vectors of unit quaternions p(i) for all N bodies in the rigid body system,

see also Remark 6c). The normalization of the unit quaternions may be guaranteed

by N constraints (3b) with gi(qqq) := ‖p(i)‖2
2 −1, ( i = 1, . . . ,N ).

d) The normalization condition for a unit quaternion p implies a hidden constraint

0 =
d

dt

(
(p(t))�p(t)−1

)
= 2(p(t))�ṗ(t) = 2p0(t)ṗ0(t)+2(ppp(t))� ṗpp(t)

that may be combined with (38) to(
2p0 2ppp�
−2ppp 2p0I−2 p̃pp

)
ṗ=

(
0

ΩΩΩ

)
.

These 4 linear equations in terms of ṗ= ( ṗ0, ṗ1, ṗ2, ṗ3)
� yield kinematic relations

ṗ(t) = H
(
p(t)

)
ΩΩΩ(t) with H(p) :=

1

2

( −ppp�
p0I+ p̃pp

)
∈ R4×3, (39)

position coordinates p ∈ R4 and velocity coordinates ΩΩΩ ∈ R3, see [75].

Fig. 7 shows simulation results for the heavy top model of Example 6. The com-

ponents of p vary smoothly and without singularities in time. The comparison of

the right plots in Figs. 5 and 7 shows that the maximum amplitude of ṗ is of the

same size as the one of ΩΩΩ . In time integration, the normalization condition ‖p‖2 = 1

may be enforced conveniently re-normalizing the numerical solution pn ≈ p(tn) af-

ter each successful time step.

e) For a rigid body system with N bodies, the kinematic equations (33a) and (39)



26 Martin Arnold

0 0.5 1 1.5 2
−1.5

−1
−0.5

0
0.5

1
1.5

t  [s]

p
Heavy top: Unit quaternions

0 0.5 1 1.5 2
−2

−1

0

1

2

t  [s]

dp
/d

t

Heavy top: Unit quaternions

Fig. 7 Parametrization of the heavy top model by unit quaternions. Left plot: p(t), right plot ṗ(t).

are again summarized in compact form: q̇qq = H(qqq)vvv. Note, that the different dimen-

sions of p and ΩΩΩ result in a rectangular matrix H(qqq) ∈ R7N×6N since the position

coordinates qqq are defined by xxx(i), p(i), ( i = 1, . . . ,N ), and the velocity coordinates vvv
are composed of the velocity terms U(i) and ΩΩΩ (i) (or their counterparts uuu(i), ωωω(i) in

the inertial frame). As in Remark 6e), we get equations of motion of the form (22)

with (22a) being substituted by q̇qq = H(qqq)vvv, see (37).

The mathematical structure of the configuration space for flexible bodies is very

similar to the one for rigid body systems if the flexible body is discretized in space

by finite elements (or finite differences). Following the finite element approach to

flexible multibody dynamics [45], the configuration variables describe the nodal

translations and rotations.

An alternative approach is based on (modal) model reduction and considers small

elastic deformations w.r.t. a floating frame of reference that describes large transla-

tions and rotations of the flexible body in space [77, 78]. Here, the configuration

variables of each flexible body are composed of coordinates describing the position

and orientation of its (floating) frame of reference and modal coordinates describing

the (small) deformations w.r.t. this reference frame. As before, the basic mathemati-

cal structure of configuration space and equations of motion is the one that is known

from rigid body systems.

For a more detailed discussion of flexible multibody systems we refer to the rich

literature in this field including monographs like [20, 45, 77, 79, 82].

3.2 Model equations in multibody system dynamics

The state variables of a mechanical multibody system model describe the position

and orientation of all bodies, the elastic deformation of the flexible components and

the internal state of all force elements. Parametrizing the rotation matrices by ele-

ments of a linear space we get position coordinates qqq ∈ Rnqqq with time derivatives

that depend linearly on velocity coordinates vvv ∈ Rnvvv , see Section 3.1. Position and
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velocity coordinates have either one and the same dimension nqqq = nvvv or the dimen-

sion of qqq exceeds the one of vvv and the position coordinates are subject to nqqq −nvvv > 0

invariants

000 = γγγ(qqq) (40)

representing, e.g., the normalization of unit quaternions.

The internal state of force elements is characterized by continuous state variables

ccc(t) ∈ Rnccc and by time-discrete state variables rrr j ∈ Rnrrr that remain constant in each

sampling interval [Tj,Tj+1) ∈ [t0, tend]. The state variables represent, e.g., hydraulic

and electronic system components or control structures [11, 36]. They are subject to

changes according to first order ODEs

ċcc = ddd(t,qqq,sss,vvv,ccc,rrr j,www,λλλ ,ηηη)

and (time-)discrete state equations

rrr j+1 = aaa(rrr j,rrr j−1, . . . ,Tj+1,qqq,sss,vvv,ccc,www,λλλ ,ηηη) . (41)

The right hand sides ddd and aaa depend on t, qqq, vvv, ccc, rrr j and on Lagrange multipliers λλλ
and ηηη that correspond to holonomic and to non-holonomic constraints, respectively.

They may depend furthermore on additional algebraic variables sss and www that are

introduced for a more convenient model setup in industrial applications [11, 73, 84].

Contact point coordinates sss ∈ Rnsss are used in the modelling of contact conditions to

determine the position of contact points on the surfaces of contacting bodies. They

are implicitly defined by a system of nsss nonlinear equations

000 = hhh(t,qqq,sss) (42a)

with non-singular Jacobian ∂hhh/∂ sss. In the same way, coordinates www ∈ Rnwww are im-

plicitly defined by a system of nwww nonlinear equations

000 = bbb(t,qqq,sss,vvv,ccc,rrr j,www,λλλ ,ηηη) (42b)

with non-singular Jacobian ∂bbb/∂www. Variables of this type are used, e.g., in the mod-

elling of joint friction that results in force vectors fff depending nonlinearly on the

constraint forces [73].

If there are bodies in the multibody system model that are permanently in contact

then their relative motion is restricted by contact conditions that contribute to the

holonomic constraints

000 = ggg(t,qqq,sss) , (43)

see [11, 84]. The structure of these constraint equations is slightly more complex

than in the classical setting of Section 2.1, see (1). Formally, the contact point coor-

dinates sss in (43) could be eliminated applying the implicit function theorem to (42a)

resulting in

000 = ḡgg(t,qqq) := ggg
(
t,qqq,sss(t,qqq)

)
with sss = sss(t,qqq) being implicitly defined by
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000 = hhh
(
t,qqq,sss(t,qqq)

)
.

Implicit differentiation yields

000 =
∂hhh
∂qqq

(t,qqq,sss)+
∂hhh
∂ sss

(t,qqq,sss)
∂ sss
∂qqq

(t,qqq)

and

000 =
∂hhh
∂ t

(t,qqq,sss)+
∂hhh
∂qqq

(t,qqq,sss) q̇qq(t)+
∂hhh
∂ sss

(t,qqq,sss) ṡss(t) .

Therefore, the constraint matrix is given by

G(t,qqq,sss) = Ḡ(t,qqq) =
∂ ḡgg
∂qqq

(t,qqq) =
Dggg
Dqqq

(
t,qqq,sss(t,qqq)

)
=

∂ggg
∂qqq

(t,qqq,sss)+
∂ggg
∂ sss

(t,qqq,sss)
∂ sss
∂qqq

(t,qqq) =
[∂ggg

∂qqq
− ∂ggg

∂ sss

(∂hhh
∂ sss

)−1 ∂hhh
∂qqq

]
(t,qqq,sss)

and the hidden constraints at the level of velocity coordinates get the form

000 =
d

dt
ggg(t,qqq(t),sss(t)) =

∂ggg
∂ t

(t,qqq,sss)+
∂ggg
∂qqq

(t,qqq,sss) q̇qq(t)+
∂ggg
∂ sss

(t,qqq,sss) ṡss(t)

=
[∂ggg

∂ t
− ∂ggg

∂ sss

(∂hhh
∂ sss

)−1 ∂hhh
∂ t

]
(t,qqq,sss)+

[∂ggg
∂qqq

− ∂ggg
∂ sss

(∂hhh
∂ sss

)−1 ∂hhh
∂qqq

]
(t,qqq,sss) q̇qq(t) ,

= ggg(I)(t,qqq,sss)+G(t,qqq,sss) q̇qq(t) = ḡgg(I)(t,qqq,sss)+G(t,qqq,sss)H(qqq)vvv ,

with ggg(I) summarizing the partial derivatives of ggg and hhh w.r.t. t, see (8) and (37). In

the dynamical equations, the holonomic constraints (43) result in constraint forces

−H�(qqq)G�(t,qqq,sss)λλλ with Lagrange multipliers λλλ ∈ Rnλλλ . Additional constraint

forces −K�(t,qqq,sss)ηηη with Lagrange multipliers ηηη ∈ Rnkkk correspond to nkkk non-

holonomic constraints that are assumed to be in Pfaffian form 000 = K(t,qqq,sss)vvv+
kkk0(t,qqq,sss), see [20].

With all these notations, the multibody system model equations may be summa-

rized in a hybrid system of discrete state equations (41) and differential-algebraic

equations

q̇qq = H(qqq)vvv , (44a)

M(t,qqq)v̇vv = fff (t,qqq,sss,vvv,ccc,rrr j,www,λλλ ,ηηη)−H�(qqq)G�(t,qqq,sss)λλλ −K�(t,qqq,sss)ηηη , (44b)

ċcc = ddd(t,qqq,sss,vvv,ccc,rrr j,www,λλλ ,ηηη) , (44c)

000 = bbb(t,qqq,sss,vvv,ccc,rrr j,www,λλλ ,ηηη) , (44d)

000 = hhh(t,qqq,sss) , (44e)

000 = ggg(t,qqq,sss) , (44f)

000 = K(t,qqq,sss)vvv+ kkk0(t,qqq,sss) (44g)

that describe the evolution of all time-continuous state variables for t ∈ [Tj,Tj+1).
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Existence and uniqueness of solutions for DAE (44) may be studied along the

lines of the analysis in Section 2.2 provided that the terms

∂ fff
∂λλλ

− ∂ fff
∂www

( ∂bbb
∂www

)−1 ∂bbb
∂λλλ

and
∂ fff
∂ηηη

− ∂ fff
∂www

( ∂bbb
∂www

)−1 ∂bbb
∂ηηη

are sufficiently small [61]. Essential assumptions for the existence of a locally

uniquely defined solution are known from Theorem 1: The symmetric, positive

semi-definite mass matrix M(t,qqq) is assumed to have full rank at the nullspace of

the extended constraint matrix (
G(t,qqq,sss)H(qqq)

K(t,qqq,sss)

)
and this matrix has to have full rank. With these assumptions, the index of DAE (44)

is bounded by three, see Remark 3a.

Note, that the full rank assumption on G(t,qqq,sss)H(qqq) would be violated if

the invariants (40) would be considered in the holonomic constraints (44f) since

000 ≡ γγγ(qqq(t)) and the kinematic equations q̇qq = H(qqq)vvv, see (44a), imply

000nqqq−nvvv =
d

dt
γγγ
(
qqq(t)

)
=

∂γγγ
∂qqq

(
qqq(t)

)
q̇qq(t) =

∂γγγ
∂qqq

(qqq)H(qqq)vvv

for any velocity coordinates vvv ∈ Rnvvv , i.e., (∂γγγ/∂qqq)(qqq)H(qqq)≡ 000(nqqq−nvvv)×nvvv .

As an alternative, nqqq −nvvv linearly independent invariants (40) with a Jacobian

(∂γγγ/∂qqq)(qqq) of full rank could be enforced in time integration substituting the kine-

matic equations (44a) by

q̇qq = H(qqq)vvv−
(∂γγγ

∂qqq
(qqq)

)�
μμμ , (45a)

000 = γγγ(qqq) (45b)

with artificial multipliers μμμ ∈ Rnqqq−nvvv , see [43]. These new variables vanish identi-

cally for the analytical solution since (∂γγγ/∂qqq)(qqq)H(qqq) = 000 implies

000 =
d

dt
γγγ
(
qqq(t)

)
=

∂γγγ
∂qqq

(
qqq(t)

)
q̇qq(t) =

∂γγγ
∂qqq

(qqq)
(

H(qqq)vvv−
(∂γγγ

∂qqq
(qqq)

)�
μμμ
)

=− ∂γγγ
∂qqq

(qqq)
(∂γγγ

∂qqq
(qqq)

)�
μμμ .

and (∂γγγ/∂qqq)(∂γγγ/∂qqq)� is non-singular by assumption. For the numerical solution,

the correction term −(∂γγγ/∂qqq)�μμμ in (45a) remains typically in the size of the dis-

cretization error [43].
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3.3 Multibody formalisms and topological solvers

In Section 2.1, we considered conservative systems being characterized by potential

forces −∇U(qqq) and used Hamilton’s principle of least action to derive the equa-

tions of motion (3). Formally, this approach may be generalized to non-conservative

systems including, e.g., dissipative terms and actuator forces. In engineering ap-

plications it is, however, more common to use equilibrium conditions for forces

and momenta for deriving the equations of motion of complex multibody systems

[75, 76].

These Newton-Euler equations are formulated most conveniently in an inertial

frame using absolute coordinates. To simplify the notation, we restrict ourselves in

the present section to linear configuration spaces and consider (absolute) position

coordinates pppi(t) ∈ Rdi , ( i = 1, . . . ,N ), for the N bodies of the multibody system.

Position and orientation of a rigid body (•)(i) are described by pppi ∈ R6 for 3-D

models (di = 6, see Section 3.1) and by pppi ∈ R3 in the 2-D case. For point masses,

the (absolute) position may be characterized by Cartesian coordinates pppi ∈ Rdi with

di = 3 in 3-D and di = 2 in 2-D, see, e.g., Example 1.

In this body-oriented modelling framework, the interaction of bodies may be

described by force elements and by joints [52, 76]. Force elements represent, e.g.,

spring-damper elements and actuators and contribute in the mathematical model to

the force vector fff .

(•)(0)

(•)(1)

(•)(2)

(•)(3)

(•)(4)

(•)(5)

0

1

2

5 3

4

Fig. 8 Topology and labelled graph of a multibody system model with N = 5 bodies, see [6].

Joints restrict the relative motion of (two) bodies w.r.t. each other and result

in (holonomic) constraints (1). Therefore, the basic internal structure of the DAE

model equations (3) is characterized by the topology of the multibody system in

terms of bodies and joints. The topology of a system with N bodies is represented
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by a labelled graph with N +1 vertices for the (rigid or flexible) bodies (•)(i),
( i = 1, . . . ,N ), and an extra (virtual) body (•)(0) that is inertially fixed and stands

for the inertial system. Two vertices of the graph are connected by an edge if and

only if the corresponding bodies in the multibody system model are connected by a

joint restricting their relative motion, see Fig. 8.

In dynamical simulation, the topology of the multibody system model is ex-

ploited to evaluate the equations of motion efficiently. An early reference in this

field is the work of Featherstone who developed an algorithm to evaluate the equa-

tions of motion for a tree structured system of N bodies with O(N) complexity [38],

see also [24]. Such multibody formalisms may be interpreted as a block Gauss elim-

ination for an augmented set of equations of motion, see, e.g., [62, 90] and the

references therein. From the viewpoint of numerical linear algebra, these algorithms

define topological solvers [88] for large systems of linear equations (17) with sparse

matrices M and G.

As a typical example, we consider in the present section a multibody formal-

ism for tree structured systems that is based on a mixed coordinate formulation.

The equations of motion are reduced to a second order ODE in joint coordinates qqq
with a right hand side that may be evaluated with O(N) complexity. These results

have recently been published in a slightly more general setting in [6, 7]. They are

essentially based on the work of Lubich et al. [62] and Eich-Soellner, Führer [36].

The graph of a tree structured multibody system is acyclic, i.e., it is free of loops.

Furthermore, it is connected and may be ordered such that there is a root vertex and

all vertices except this root vertex have a uniquely defined predecessor. It is assumed

that the root vertex corresponds to the (inertially fixed) root body (•)(0) and that the

other vertices are labelled such that the labels are monotonically increasing along

each branch of the kinematic tree.

With these assumptions, all bodies (•)(i), ( i = 1, . . . ,N ), have a uniquely defined

predecessor (•)(πi) and the labels satisfy πi < i. Each body (•)(i) may have (di-

rect) successors (•)( j) being characterized by π j = i or, equivalently, by j ∈ Ii :=
{k : πk = i} with an index set Ii that represents the set of all successors of a given

body (•)(i) in the multibody system model. Bodies without successors (Ii = /0) cor-

respond to leafs of the kinematic tree and are therefore called “leaf bodies”. The

tree structured system in Fig. 8 has the two leaf bodies (•)(4) and (•)(5) and we have

I1 = {2}, I2 = {3, 5}, I3 = {4} since π1 = 0, π2 = 1, π3 = π5 = 2 and π4 = 3.

Position and orientation of body (•)(i) are characterized by the (absolute) position

coordinates pppi(t) ∈ Rdi . The relative position and orientation of body (•)(i) w.r.t. its

predecessor (•)(πi) is characterized by joint coordinates qqqi(t) ∈ Rni representing the

ni degrees of freedom of the joint connecting (•)(i) with (•)(πi):

000 = kkki(pppi, pppπi
,qqqi, t) . (46)

Here and in the following we assume that (46) is locally uniquely solvable w.r.t. pppi
and that the Jacobian Ki = ∂kkki/∂ pppi is non-singular along the solution. In its most

simple form, Eq. (46) defines pppi explicitly by pppi(t) = rrri(pppπi
(t),qqqi(t), t) resulting in

Ki = Idi .
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The kinematic relations (46) at the level of position coordinates imply relations

at the level of velocity and acceleration coordinates that may formally be obtained

by (total) differentiation of (46) w.r.t. time t, see (8) and (9):

000 =
d

dt
kkki(pppi(t), pppπi

(t),qqqi(t), t) = Ki ṗppi +Hi ṗppπi
+Jiq̇qqi + kkk(I)i (ppp0, ppp,qqq, t) , (47)

000 = Ki p̈ppi +Hi p̈ppπi
+Jiq̈qqi + kkk(II)i (ppp0, ṗpp0, ppp, ṗpp,qqq, q̇qq, t) (48)

with

Ki :=
∂kkki

∂ pppi
∈ Rdi×di , Hi :=

∂kkki

∂ pppπi

∈ Rdi×di , Ji :=
∂kkki

∂qqqi
∈ Rdi×ni . (49)

It is assumed that the joint coordinates qqqi(t) are defined such that all Jacobians Ji

have full column rank: rankJi = ni ≤ di. Functions kkk(I)i := ∂kkki/∂ t and kkk(II)i summa-

rize partial time derivatives and all lower order terms in the first and second time

derivative of (46), respectively. They may depend on the (absolute) coordinates ppp0

of the root body, on the absolute coordinates ppp := (ppp1, . . . , pppN) of the remaining N
bodies in the system, on the corresponding joint coordinates qqq := (qqq1, . . . ,qqqN) and

on ṗpp0, ṗpp and q̇qq.

In recursive multibody formalisms, the position and velocity of the root body

(ppp0(t), ṗpp0(t)) as well as all joint coordinates qqqi(t), q̇qqi(t), ( i = 1, . . . ,N ), at a current

time t are assumed to be given. Starting from the root body, the absolute position

and velocity coordinates pppi(t), ṗppi(t) of all N bodies (•)(i), ( i = 1, . . . ,N ), may then

be computed recursively using (46) and (47), respectively, (forward recursion).

The equilibrium conditions for forces and momenta are formulated for each in-

dividual body (•)(i) using its absolute coordinates pppi :

Mi p̈ppi +K�
i μμμ i + ∑

j∈Ii

H�
j μμμ j = fff i , ( i = 1, . . . ,N ) . (50)

They contain the reaction forces of the joints connecting body (•)(i) with its pre-

decessor (K�
i μμμ i) and with its successors in the kinematic tree (H�

j μμμ j, j ∈ Ii). All

remaining forces and momenta acting on body (•)(i) are summarized in the force

vector fff i = fff i(ppp, ṗpp,qqq, q̇qq, t) ∈ Rdi . The body mass matrix Mi ∈ Rdi×di contains mass

and inertia tensor of body (•)(i) and is assumed to be symmetric, positive definite.

For a discussion of rank-deficient body mass matrices Mi we refer to [7].

The specific structure of the joint reaction forces with Lagrange multipliers

μμμ i(t) ∈ Rdi that satisfy

J�i μμμ i = 000 , ( i = 1, . . . ,N ) , (51)

results from the joint equations (46) and from d’Alembert’s principle since the vir-

tual work of constraint forces vanishes for all (virtual) displacements being compat-

ible with (46). In (51), matrix Ji denotes the Jacobian of the constraint function kkki
w.r.t. joint coordinates qqqi ∈ Rni , see (49).
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Eqs. (48), (51) and the equilibrium conditions (50) are linear in p̈pp, q̈qq and μμμ .

They may be summarized in a large sparse system of the form (17) with ( q̈qq, λλλ )
being substituted by

(
(p̈pp�, q̈qq�)�, μμμ

)
. The block diagonal mass matrix M is of size

(nppp +nqqq)× (nppp +nqqq). It has rank nppp since the non-zero blocks on the main diagonal

are given by the symmetric, positive definite body mass matrices Mi, ( i = 1, . . . ,N ).

The non-zero blocks of the constraint matrix G result from the Jacobians Ki, Hi, Ji,

( i = 1, . . . ,N ), see (49).
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Re−ordering of rows and columns

Fig. 9 Sparsity pattern of matrix (18) for a mixed coordinate formulation of the tree structured
system of Fig. 8. Left plot: Original structure (18). Right plot: Structure after re-ordering of rows
and columns according to the system’s topology, see Example 7.

Example 7. The left plot of Fig. 9 shows the sparsity pattern of matrix (18) for a 3-D

version of the tree structured system in Fig. 8 with N = 5 rigid bodies (di = 6) and

joint coordinates qqqi of dimension n1 = 4, n2 = 2, n3 = 5, n4 = 1, n5 = 2. The body

mass matrices are given by Mi = blockdiag(miI3,ΘΘΘ i ) with mi ∈ R and ΘΘΘ i ∈ R3×3

denoting mass and inertia tensor of body (•)(i), ( i = 1, . . . ,N ). With kinematic rela-

tions pppi(t) = rrri(pppπi
(t),qqqi(t), t), we get Jacobians Ki = I6, ( i = 1, . . . ,N ).

To reduce the bandwidth of this sparse symmetric matrix, rows and columns

are re-ordered according to the system’s topology. This may be achieved by the

vector of unknowns xxx = (xxx�N , xxx�N−1, . . . , xxx�1 )� with xxxi ∈ R12+ni summarizing the

unknowns p̈ppi, q̈qqi and μμμ i that correspond to body (•)(i). Then we obtain an N ×N
block structured system with non-singular diagonal blocks Ai ∈ R(12+ni)×(12+ni),

( i = N,N −1, . . . ,1):

xxxi :=

⎛⎝ p̈ppi
q̈qqi
μμμ i

⎞⎠ , Ai :=

⎛⎝ Mi 000 K�
i

000 000 J�i
Ki Ji 000

⎞⎠ .
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For chain structured systems, this re-ordered matrix is block-tridiagonal. In a

tree structured system, each ramification yields an extra non-zero block below this

block-tridiagonal band (accompanied by its transposed in the upper triangle).

This sparsity structure is illustrated by the right plot of Fig. 9 that shows a

5×5 block structure with diagonal blocks of dimension 14×14, 13×13, 17×17,

14×14 and 16×16. The non-zero off-diagonal blocks in block row 4, block col-

umn 1 and in block row 1, block column 4 correspond to the ramification of the

kinematic tree at body (•)(2) that has two successors (•)(3) and (•)(5). (Note, that

block column i is multiplied by vector xxxN+1−i since xxx = (xxx�N , xxx�N−1, . . . , xxx�1 )� ).

The mixed coordinate formulation results in sparse systems (17) for the accel-

erations p̈pp, q̈qq and the Lagrange multipliers μμμ . Example 7 shows how to re-arrange

rows and columns of matrix (18) to get a sparse N ×N block structure reflecting

the system’s topology. Lubich et al. [62] combine this approach with a block Gauss

elimination to compute p̈pp, q̈qq and μμμ with O(N) complexity.

In engineering, such structure exploiting algorithms have been formulated such

that all intermediate results have a straightforward physical interpretation (O(N)-
formalisms): We start with the observation that the equilibrium conditions (50) get

a simpler form for leaf bodies (•)(i) since Ii = { j : π j = i}= /0 in that case. We

obtain

M̄iKi p̈ppi +μμμ i = f̄ff i (52)

with f̄ff i := K−�
i fff i, K−�

i := (K�
i )

−1 and the symmetric, positive definite mass ma-

trix M̄i := K−�
i MiK−1

i . Eqs. (48), (51) and (52) define a system of 2di +ni linear

equations that may be solved w.r.t. p̈ppi, q̈qqi and μμμ i:

Lemma 3. Consider the system of linear equations

M̄iKi p̈ppi +μμμ i = f̄ff i , (53a)

J�i μμμ i = 000 , (53b)

Ki p̈ppi +Hi p̈ppπi
+Jiq̈qqi + kkk(II)i = 000 (53c)

with matrices M̄i,Ki,Hi ∈ Rd×d, Ji ∈ Rd×n and vectors p̈ppi,μμμ i, f̄ff i, p̈ppπi
,kkk(II)i ∈ Rd,

q̈qqi ∈ Rn. If M̄i is symmetric, positive definite, Ki is non-singular and Ji has full
rank n ≤ d then (53) may be solved w.r.t. p̈ppi, μμμ i, q̈qqi resulting in

q̈qqi =−(J�i M̄iJi)
−1J�i f̄ff i − (J�i M̄iJi)

−1J�i M̄i(Hi p̈ppπi
+ kkk(II)i ) , (54a)

p̈ppi =−K−1
i (H̄i p̈ppπi

+ k̄kk(II)i ) , (54b)

μμμ i = f̄ff i +M̄iH̄i p̈ppπi
+M̄ik̄kk

(II)
i (54c)

with
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H̄i :=
(
Id −Ji(J�i M̄iJi)

−1J�i M̄i
)
Hi , (55a)

k̄kk(II)i :=
(
Id −Ji(J�i M̄iJi)

−1J�i M̄i
)
kkk(II)i −Ji(J�i M̄iJi)

−1J�i f̄ff i . (55b)

Proof. If M̄i ∈ Rd×d is symmetric, positive definite and Ji ∈ Rd×n has full rank then

matrix J�i M̄iJi ∈ Rn×n is symmetric, positive definite as well and left multiplication

of (53c) by (J�i M̄iJi)
−1J�i M̄i yields

q̈qqi =−(J�i M̄iJi)
−1J�i M̄iKi p̈ppi − (J�i M̄iJi)

−1J�i M̄i(Hi p̈ppπi
+ kkk(II)i ) . (56)

Taking into account that left multiplication of (53a) by J�i results in

J�i f̄ff i = J�i M̄iKi p̈ppi +J�i μμμ i = J�i M̄iKi p̈ppi ,

see (53b), we may substitute the first term in the right hand side of (56) by

−(J�i M̄iJi)
−1J�i f̄ff i and get the explicit expression (54a) for q̈qqi. This explicit ex-

pression is used to obtain assertion (54b) multiplying (53c) from the left by matrix

K−1
i . Finally, assertion (54c) is seen to be a straightforward consequence of (53a)

and (54b).

For leaf bodies (•)(i), the equilibrium conditions (50) were transformed straight-

forwardly to the simpler form (52). Lemma 3 allows to get by induction these con-

densed equilibrium conditions with suitable M̄i, f̄ff i for all bodies (•)(i) of the tree

structured system: Let us assume that the equilibrium conditions of all direct suc-

cessors (•)( j) of body (•)(i) are given in form (52), i.e.,

M̄ jK j p̈pp j +μμμ j = f̄ff j , ( j ∈ Ii ) .

Applying Lemma 3 to body (•)( j) we obtain

μμμ j = f̄ff j +M̄ jH̄ j p̈ppi +M̄ j k̄kk
(II)
j

since π j = i if (•)( j) is a direct successor of (•)(i), see (54c). Inserting this expres-

sion in (50), we get after left-multiplication by K−�
i the condensed equilibrium

conditions (52) with

M̄i := K−�
i MiK−1

i + ∑
j∈Ii

K−�
i H�

j M̄ jH̄ jK−1
i

= K−�
i MiK−1

i + ∑
j∈Ii

K−�
i H�

j
(
M̄ j −M̄ jJ j(J�j M̄ jJ j)

−1J�j M̄ j
)
H jK−1

i , (57a)

f̄ff i := K−�
i fff i + ∑

j∈Ii

K−�
i H�

j ( f̄ff j +M̄ jkkk
(II)
j )

= K−�
i fff i − ∑

j∈Ii

K−�
i H�

j
(
Idi −M̄ jJ j(J�j M̄ jJ j)

−1J�j
)
( f̄ff j +M̄ jkkk

(II)
j ) . (57b)
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The condensed mass matrix M̄i in (57a) is symmetric, positive definite since it is

composed of the symmetric, positive definite matrix K−�
i MiK−1

i and a finite sum

of symmetric, positive semi-definite matrices [7, Lemma 1]. Starting from the leaf

bodies and following all branches of the kinematic tree to the root, the compact

form (52) of the equilibrium conditions may be obtained recursively for all N bod-

ies (•)(i) of the multibody system (backward recursion).

From the viewpoint of numerical linear algebra we may interpret the transforma-

tion of the equilibrium conditions (50) to their condensed form (52) as a block Gauss

elimination that transforms sparse block structured matrices like the one in the right

plot of Fig. 9 to upper block triangular form. From the viewpoint of physics, we

observe that the condensed mass matrix M̄i in (52) summarizes in compact form the

mass and inertia terms of body (•)(i) and all its successors in the kinematic tree. The

condensed force vector f̄ff i represents the corresponding forces and momenta.

Since the backward recursion results in condensed equilibrium conditions (52)

for all N bodies of the multibody system, we may use Lemma 3 to verify that

p̈ppi = aaai, ( i = 1, . . . ,N ), with vector valued functions aaai that are recursively defined

by

aaa0 := p̈pp0 = 000 , (58a)

aaai :=−K−1
i (H̄iaaaπi + k̄kk(II)i ) , ( i = 1, . . . ,N) , (58b)

see (54b). This 2nd forward recursion exploits the assumption that the root body

(•)(0) is inertially fixed such that the sequence (aaai)i may be initialized by (58a).

The recursive multibody formalism is completed using the explicit expres-

sion (54a) for the accelerations q̈qqi, ( i = 1, . . . ,N ), from Lemma 3:

q̈qqi =−(J�i M̄iJi)
−1J�i f̄ff i − (J�i M̄iJi)

−1J�i M̄i(Hiaaaπi + kkk(II)i ) . (59)

The recursive multibody formalism is summarized in Table 1. It is an explicit
O(N)-formalism since the right hand side of an explicit 2nd order ODE

q̈qq(t) = ϕϕϕ(t,qqq(t), q̇qq(t)) (60)

for the joint coordinates qqq(t) is evaluated with a complexity that grows linearly with

the number N of bodies in the tree structured multibody system.

Alternatively, the equations of motion may be evaluated in residual form

rrr(t,qqq(t), q̇qq(t), q̈qq(t)) = 000

with

rrr(t,qqq, q̇qq, q̈qq) := M(t,qqq)q̈qq− fff (t,qqq, q̇qq) . (61)

Residual formalisms [37] evaluate the residual rrr(t,qqq, q̇qq, q̈qq) for given arguments

t, qqq, q̇qq and for a given estimate of q̈qq more efficiently than the explicit formalism

of Table 1. In time integration, they have to be combined with implicit integrators



DAE aspects of multibody system dynamics 37

Table 1 Explicit O(N)-formalism.

Data: t, qqq(t), q̇qq(t), ppp0(t), ṗpp0(t)

Result: q̈qq = q̈qq(t,qqq, q̇qq, ppp0, ṗpp0)

Step 1: First forward recursion.
Start at the root body (•)(0) and follow the branches of the kinematic tree to evalu-
ate recursively the absolute position and velocity coordinates pppi = pppi(t,qqqi, pppπi

) and
ṗppi = ṗppi(t,qqqi, q̇qqi, pppπi

, ṗppπi
), ( i = 1, . . . ,N ), according to (46) and (47).

Step 2: Backward recursion.
Start at the leaf bodies and proceed along the branches of the kinematic tree to evalu-
ate recursively the condensed mass matrices M̄i and the condensed force vectors f̄ff i,
( i = N,N −1, . . . ,1), according to (57).

Step 3: Second forward recursion.
Set aaa0 := 000 and follow the branches of the kinematic tree to evaluate recursively the
acceleration terms aaai = aaai(t,qqq, q̇qq, ppp0, ṗpp0), ( i = 1, . . . ,N ), according to (58b).

Step 4: Function evaluation.
q̈qqi =−(J�i M̄iJi)

−1J�i f̄ff i − (J�i M̄iJi)
−1J�i M̄i(Hiaaaπi + kkk(II)i ), ( i = 1, . . . ,N ).

like DASSL [26] that are tailored to implicit differential equations in residual form.

Since the linearly implicit structure of the residual in (61) may result in frequent re-

evaluations of the iteration matrix in the implicit integrator, the overall performance

of explicit formalisms in time integration is, however, often superior [14, 73].

Explicit formalisms and residual formalisms are tailored to tree structured sys-

tems. Multibody system models with closed kinematical loops are beyond this prob-

lem class since the loops result in cycles in the corresponding graph. Formally, such

a more complex model may be transformed to tree structure cutting virtually the

loop-closing joints to get a simplified model with tree structure [19]. For this sim-

plified model, the right hand side ϕϕϕ in (60) and the residual rrr in (61) are evaluated

with O(N) complexity by multibody formalisms for tree structured systems. Finally,

the virtually cut joints are considered in the equations of motion (16) by holonomic

constraints (16b).

4 Time integration methods for constrained mechanical systems

The time integration of constrained mechanical systems was a topic of very active

research in the 1980’s and 1990’s. The interested reader may find a comprehensive

introduction to this subject in [50, Chapter VII].

Early approaches in this field were based on the direct application of ODE time

discretization methods to the constrained equations of motion (16), see [31, 67]. We

will discuss time integration methods of this type and their limitations and shortcom-

ings in Section 4.1. The robustness and numerical stability of numerical methods for

higher index DAEs may be improved substantially by an analytical index reduction
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before time discretization. In Section 4.2, we will consider index reduction and pro-

jection techniques for constrained mechanical systems.

To omit technical and implementation details we focus in the present section on

equations of motion of the form

M(qqq)q̈qq = fff (qqq, q̇qq)−G�(qqq)λλλ , (62a)

000 = ggg(qqq) (62b)

with a constraint matrix G(qqq) = (∂/∂qqq)ggg(qqq) of full rank and a symmetric, positive

semi-definite mass matrix M(qqq) that is positive definite on the nullspace of G(qqq).
With these assumptions, the index of (62) is less than or equal to three. For positive

definite mass matrices M(qqq), the system is analytically equivalent to an index-3

DAE in Hessenberg form, see Section 2.2.

4.1 Direct time discretization of the constrained equations of
motion

For time discretization, the equations of motion (62) may either be considered as a

second order DAE in terms of qqq and λλλ or as a first order DAE in terms of qqq, vvv and λλλ
with vvv(t) := q̇qq(t) denoting the velocity coordinates, see Section 2.2.

Time integration of second order systems by Newmark type methods

The numerical solution of unconstrained systems

M(qqq)q̈qq = fff (qqq, q̇qq) (63)

by Newmark type methods is quite popular in structural dynamics and flexible

multibody dynamics [45]. In its most general form this class of integrators is given

by the generalized-α method that was originally introduced for linear systems

Mq̈qq+Dq̇qq+Kqqq = rrr(t) with M, D, K denoting the (constant) mass, damping and

stiffness matrix [33].

For nonlinear systems (63) with state dependent mass matrix M(qqq), we fol-

low the approach of Brüls [8] who proposed to update the numerical solution

(qqqn, q̇qqn, q̈qqn)≈
(
qqq(tn), q̇qq(tn), q̈qq(tn)

)
in time step tn → tn+1 = tn +h by

qqqn+1 = qqqn +hq̇qqn +h2(0.5−β )aaan +h2βaaan+1 , (64a)

q̇qqn+1 = q̇qqn +h(1− γ)aaan +hγaaan+1 (64b)

with acceleration like vectors aaan that are defined by a weighted linear combination

(1−αm)aaan+1 +αmaaan = (1−α f )q̈qqn+1 +α f q̈qqn (64c)
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such that the equilibrium conditions

M(qqqn+1)q̈qqn+1 = fff (qqqn+1, q̇qqn+1) (65)

at t = tn+1 are satisfied.

The method is characterized by the algorithmic parameters α f , αm, β and γ . It has

local truncation errors of size O(h3) in the update formulae (64a,b) for position and

velocity coordinates if γ = 0.5− (αm −α f ). In structural dynamics, the remaining

free parameters α f , αm and β are adjusted such that the numerical solution for the

scalar linear test equation q̈+ω2q = 0 is stable for all time step sizes h > 0 and

a user prescribed damping ratio ρ∞ ∈ [0,1] is achieved in the limit case hω → ∞,

see [33].

An alternative definition of algorithmic parameters goes back to the work of

Hilber, Hughes and Taylor [51] who considered method (64), (65) for systems (63)

with constant mass matrix M. In these HHT-α methods, the parameters α f , αm are

given by α f =−α ∈ [0,1/3] and αm = 0 and the update of vectors aaan is simplified

to

Maaan+1 = (1+α) fff (qqqn+1, q̇qqn+1)−α fff (qqqn, q̇qqn) , (66)

see (64c) and (65). With parameters γ = 0.5−α , β = (1−α)2/4, the local trunca-

tion errors in (64a,b) are of size O(h3) and the method is unconditionally stable for

the linear test equation [45].

For the direct application of generalized-α methods to constrained systems (62),

the time-discrete equilibrium conditions (65) are substituted by

M(qqqn+1)q̈qqn+1 = fff (qqqn+1, q̇qqn+1)−G�(qqqn+1)λλλ n+1 , (67a)

000 = ggg(qqqn+1) , (67b)

see [8] and the earlier work of Cardona and Géradin [31] and Negrut et al. [66] who

applied HHT-α methods to constrained systems (62) with constant mass matrix M.

In each time step, the numerical solution is defined implicitly by linear update for-

mulae (64) and nonlinear equilibrium conditions (67). Taking into account the linear

equations (64), we may express qqqn+1, q̇qqn+1, q̈qqn+1 and aaan+1 in terms of the scaled

increment

ΔΔΔqqqn := q̇qqn +h(0.5−β )aaan +hβaaan+1 (68a)

in the position update (64a) and get

qqqn+1 = qqqn+1(ΔΔΔqqqn) = qqqn +hΔΔΔqqqn , (68b)

aaan+1 = aaan+1(ΔΔΔqqqn) =
1

βh
(ΔΔΔqqqn − q̇qqn − (0.5−β )haaan) , (68c)

q̇qqn+1 = q̇qqn+1(ΔΔΔqqqn) =
γ
β

ΔΔΔqqqn +(1− γ
β
)q̇qqn +h(1− γ

2β
)aaan , (68d)

q̈qqn+1 = q̈qqn+1(ΔΔΔqqqn) =
1−αm

β (1−α f )
(

ΔΔΔqqqn − q̇qqn

h
−0.5aaan)+

aaan −α f q̈qqn

1−α f
. (68e)
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In that way, the nonlinear system (64), (67) is condensed to nqqq +nλλλ nonlinear equa-

tions

000 = rrrn+1
h (ΔΔΔqqqn,hλλλ n+1) , (69a)

000 = gggn+1
h (ΔΔΔqqqn) (69b)

in terms of ΔΔΔqqqn and hλλλ n+1. The nonlinear functions

rrrn+1
h (ΔΔΔqqqn,hλλλ n+1) := M(qqqn+1(ΔΔΔqqqn))hq̈qqn+1(ΔΔΔqqqn)

−h fff (qqqn+1(ΔΔΔqqqn), q̇qqn+1(ΔΔΔqqqn))+G�(qqqn+1(ΔΔΔqqqn))hλλλ n+1 ,

gggn+1
h (ΔΔΔqqqn) :=

1

h
ggg(qqqn+1(ΔΔΔqqqn)) .

are defined by the constrained equilibrium conditions (67). They are scaled such

that the Jacobian⎛⎜⎜⎜⎝
∂ rrrn+1

h
∂ΔΔΔqqqn

∂ rrrn+1
h

∂ (hλλλ n+1)

∂gggn+1
h

∂ΔΔΔqqqn

∂gggn+1
h

∂ (hλλλ n+1)

⎞⎟⎟⎟⎠=

⎛⎜⎝ 1−αm

β (1−α f )
M(qqqn)+O(h) G�(qqqn)+O(h)

G(qqqn)+O(h) 000

⎞⎟⎠ (70)

and its inverse remain bounded for h → 0 for algorithmic parameters α f , αm, β
according to [33] or [51]. Scaling techniques are mandatory for the direct time dis-

cretization of higher index DAEs [70], see also [47]. For the application to con-

strained mechanical systems, they have been studied again more recently in [22].

Note, that the Jacobian in (70) has the characteristic 2×2 block structure that

was considered in Lemma 1 above. For sufficiently small time step sizes h > 0, it is

non-singular since the constraint matrix G(qqqn) was assumed to have full rank and

the positive semi-definite mass matrix M(qqqn) is positive definite on the null space

of G(qqqn).
Generalized-α and HHT-α methods for constrained systems have been used suc-

cessfully in large scale practical applications [45, 66]. They may, however, suffer

from a strange solution behaviour in transient phases after initialization and step

size changes:

Example 8 (see [9, Example 1]). We consider two different initial configurations

of the mathematical pendulum with equations of motion (6) and physical param-

eters m = 1.0, l = 1.0, ggrav = 9.81 (physical units are omitted). The consistent

initial values x0, y0, ẋ0, ẏ0, λ0 are defined such that the total mechanical energy

T +U = m(ẋ2 + ẏ2)/2+mggravy at t = t0 is given by T0 +U0 = m/2−mggravl. In

that way, all solution trajectories with initial values x0 ≥ 0, ẋ0 ≥ 0 coincide up to

a phase shift to the one with initial values x0 = 0.0, y0 =−1.0, ẋ0 = 1.0, ẏ0 = 0.0,

λ0 = 10.81.

Fig. 10 shows the global errors in the Lagrange multiplier λ for the generalized-α
method (64), (67) with a damping ratio ρ∞ = 0.9 and algorithmic parameters α f ,
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Fig. 10 Global error λ (tn)−λn of the generalized-α method (64), (67) for the equations of motion
(6) of the mathematical pendulum with initial values x0 = 0 (left plot) and x0 = 0.2 (right plot).

αm, β and γ according to [33]. The left plot shows λ (tn)−λn for simulations that

start at the equilibrium position (x0,y0) = (0,−l). Comparing the simulation results

for time step size h = h̄ := 0.02 (marked by “×”) and the ones for time step size

h = h̄/2 = 0.01 (marked by “◦”), we observe second order convergence since the

maximum amplitudes are reduced from 4.0×10−3 to 1.0×10−3, i.e., by a factor

of 22 = 4.

For simulations starting at x0 = 0.2, the global errors are two orders of magni-

tude larger than before. The right plot of Fig. 10 shows a first order error term with

maximum values that are reduced from 0.24 to 0.12 if the time step size is reduced

by a factor of 2. This large oscillating error term is damped out after about 100

time steps. The detailed error analysis in [9, Remark 3a] shows that |λ (tn)−λn| is

bounded by C1n2ρn
∞|ẏ0|h+C2h2 with suitable constants C1,C2 > 0.

The test results in Fig. 10 are not sensitive to the initialization of (64) by start-

ing values (qqq0, q̇qq0, q̈qq0,aaa0) with qqq0 = qqq(t0), q̇qq0 = q̇qq(t0), q̈qq0 = q̈qq(t0) and aaa0 = q̈qq(t0)+
O(h). In the numerical tests, we used starting values aaa0 = q̈qq(t0 +(αm −α f )h)+
O(h2) that are optimal in the sense that the local truncation error in (64c) is of

size O(h2) if (q̈qqn+ι ,aaan+ι) is substituted by
(
q̈qq(tn + ιh), q̈qq(tn +(ι +αm −α f )h)

)
,

( ι = 0,1), see, e.g., [55].

Example 8 illustrates that the direct application of generalized-α methods to con-

strained systems (62) may result in order reduction with a large transient oscillating

error term that depends in a nontrivial way on the initial values qqq(t0), q̇qq(t0). Mod-

ified starting values q̇qq0 = q̇qq(t0)+ΔΔΔ 0 with a correction term ΔΔΔ 0 of size O(h2) have

been proposed to eliminate this first order error term and to regain second order

convergence [9].

Newmark type integrators like the HHT-α method and the generalized-α method

are tailored to second order systems (62) and (63). They may, however, be extended

to models with additional first order differential equations [29, 54]. In multibody
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dynamics, such coupled systems of first and second order differential equations are

typical of systems with hydraulic components, see Section 3.2.

ODE and DAE time integration methods for first order systems

As an alternative to time integration methods for the second order differential equa-

tions from structural dynamics we introduce velocity coordinates vvv := q̇qq and con-

sider ODE and DAE time integration methods for first order systems that are applied

to the linearly implicit DAE

000 = F(t,xxx, ẋxx) :=

⎛⎝ q̇qq− vvv
M(qqq)v̇vv− fff (qqq,vvv)+G�(qqq)λλλ

ggg(qqq)

⎞⎠ with xxx :=

⎛⎝ qqq
vvv
λλλ

⎞⎠ (71)

that is equivalent to the constrained system (62), see Remark 3. Implicit Runge-

Kutta methods and implicit multi-step methods have originally been developed for

the time integration of first order ODEs

ẋxx = ϕϕϕ(t,xxx) (72)

but may (formally) be applied to DAE (71) as well:

Remark 8. a) An implicit Runge-Kutta method uses s stage vectors

Xni = xxxn +h
s

∑
j=1

ai jẊn j , ( i = 1, . . . ,s) (73a)

to update the numerical solution xxxn ≈ xxx(tn) in time step tn → tn+1 = tn +h according

to

xxxn+1 = xxxn +h
s

∑
i=1

biẊni (73b)

with stage vectors Ẋni ≈ ẋxx(tn + cih) that are connected to Xni ≈ xxx(tn + cih) by

Ẋni = ϕϕϕ(tn + cih,Xni) , ( i = 1, . . . ,s) (73c)

in the ODE case and by

000 = F(tn + cih,Xni, Ẋni) , ( i = 1, . . . ,s) (73d)

in the application to DAE (71). The method is characterized by nodes ci, weights bi
and Runge-Kutta parameters ai j, ( i, j = 1, . . . ,s ). The application of implicit Runge-

Kutta methods to higher index DAEs was studied, e.g., in [69] and [47].

b) For linear k-step methods with parameters α j, β j, ( j = 0,1, . . . ,k ), we have
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1

h

k

∑
j=0

α jxxxn+1− j =
k

∑
j=0

β j ẋxxn+1− j . (74a)

In time step tn → tn+1 = tn +h, the vectors xxxn+1− j ≈ xxx(tn − ( j−1)h), ẋxxn+1− j ≈
ẋxx(tn − ( j−1)h), ( j = 1, . . . ,k ), are assumed to be known and the numerical solu-

tion xxxn+1 ≈ xxx(tn+1) is defined such that

ẋxxn+1 = ϕϕϕ(tn+1,xxxn+1) (74b)

for ODEs and

000 = F(tn+1,xxxn+1, ẋxxn+1) (74c)

in the application to DAEs (71). Considering k-step methods (74) with parameters

β0 = 1, β j = 0, ( j = 1, . . . ,k ), we may eliminate ẋxxn+1 and get the k-step BDF meth-

ods

000 = F(tn+1,xxxn+1,
1

h

k

∑
j=0

α jxxxn+1− j) . (75)

BDF are the most frequently used DAE time integration methods in technical sim-

ulation since they may be combined with very efficient step size and order control

strategies [26].

For constrained mechanical systems (71), fixed step size BDF (75) define the

update of position coordinates qqqn explicitly in terms of vvvn+1:

qqqn+1 = qqqn+1(vvvn+1) =
h

α0
vvvn+1 −

k

∑
j=1

α j

α0
qqqn+1− j .

Similar to generalized-α methods, we may use this expression to eliminate qqqn+1 in

the BDF definition (75) and get a condensed system of nqqq +nλλλ nonlinear equations

000 = rrrn+1
h (vvvn+1,hλλλ n+1) , (76a)

000 = gggn+1
h (vvvn+1) (76b)

with

rrrn+1
h (vvvn+1,hλλλ n+1) := M(qqqn+1(vvvn+1))

k

∑
j=0

α jvvvn+1− j

−h fff (qqqn+1(vvvn+1),vvvn+1)+G�(qqqn+1(vvvn+1))hλλλ n+1 ,

gggn+1
h (vvvn+1) :=

1

h
ggg(qqqn+1(vvvn+1)) ,

see (69). The Jacobian
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∂ rrrn+1

h
∂vvvn+1

∂ rrrn+1
h

∂ (hλλλ n+1)

∂gggn+1
h

∂vvvn+1

∂gggn+1
h

∂ (hλλλ n+1)

⎞⎟⎟⎟⎠=

⎛⎝ α0 M
(
qqqn+1(000)

)
+O(h) G�(qqqn+1(000)

)
+O(h)

G
(
qqqn+1(000)

)
+O(h) 000

⎞⎠
has the characteristic 2×2 block structure (18). The Jacobian and its inverse are

bounded for h → 0.

The direct application of implicit Runge-Kutta methods and BDF to the con-

strained system (71) may again result in order reduction [26, 47]. For variable time

step sizes, the numerical solution may even fail to converge [68]:

Example 9 (see [5, Section 5]). The backward Euler method is both a one-stage im-

plicit Runge-Kutta method (73) with parameters a11 = b1 = c1 = 1 and the one-step

BDF (75). For equations of motion (71) with mass matrix M = I, force vector fff = 000

and time dependent constraints 000 = ggg(t,qqq(t)) := Cqqq(t)− zzz(t), it is defined by

qqqn+1 −qqqn

hn
= vvvn+1 ,

vvvn+1 − vvvn

hn
=−C�λλλ n+1 ,

000 = Cqqqn+1 − zzz(tn+1)

with hn denoting the (variable) time step size of time step tn → tn+1 = tn +hn.

Straightforward computations show that

λλλ n+1 =−hn +hn−1

2hn
(CC�)−1z̈zz(tn+1)+O(hn)+O(

h2
n−1

hn
)

if zzz is three times continuously differentiable. For hn → 0 (and fixed time step

size hn−1), the numerical solution λλλ n+1 does not converge to the analytical so-

lution λλλ (tn+1) =−(CC�)−1z̈zz(tn+1) that is obtained differentiating the constraints

000 = Cqqq(t)− zzz(t) twice and inserting q̈qq =−C�λλλ (t) afterwards.

The direct application of implicit ODE time integration methods to DAEs (62)

and (71) is intuitive and may be extended straightforwardly to more complex model

equations including, e.g., non-holonomic constraints or additional algebraic equa-

tions 000 = hhh(qqq,sss) with non-singular Jacobian ∂hhh/∂ sss, see (44). Special care is needed

in the practical implementation of these methods to address ill-conditioning of iter-

ation matrices [22, 47, 70] and reliable estimation of local errors in step size control

algorithms [26, 50].

In Examples 8 and 9, we have verified by two trivial test problems that the di-

rect time discretization of the constrained equations of motion by ODE methods

results systematically in poor simulation results for the Lagrange multipliers λλλ . For

more realistic multibody system models from practical applications, these numeri-

cal problems may affect the result accuracy of position and velocity coordinates as

well.
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In [4], we discussed this numerical effect for test scenarios from railway dynam-

ics. The dynamical behaviour of rail vehicles is strongly influenced by the contact

and friction forces between wheel and rail. In a rigid body contact model, the per-

manent contact between wheel and rail is described by holonomic constraints [84].

In the constrained system (71), the friction forces are part of the force vector fff .

They depend nonlinearly on the wheel-rail contact forces −G�(qqq)λλλ , see [57, 84].

As a practical consequence, we get equations of motion (71) with fff = fff (qqq,vvv,λλλ ).
We present numerical test results for a rigid wheelset following a straight track,

see Fig. 11. These test results were published before in [5, Section 5]:
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Fig. 11 Lateral displacement y(t) of a rigid wheelset performing a hunting motion [5, Fig. 8].
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Fig. 12 Global error of the implicit Runge-Kutta solver RADAU5 being applied directly to DAE
(71): Hunting motion of a rigid wheelset [5, Fig. 9].

Example 10. We consider the multibody system model of a rigid wheelset with

conic wheels moving with constant speed along a straight track. It is a well known

phenomenon from railway dynamics that the central position of the wheelset on the

track gets unstable if the speed exceeds the so-called critical speed. Starting with
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a small initial lateral displacement y(t0) the wheelset oscillates in lateral direction

(hunting motion), see Fig. 11.

The rigid wheelset has six degrees of freedom and is described by position co-

ordinates qqq(t) ∈ R6. The permanent contact between the two wheels and the rails is

modelled by two holonomic constraints resulting in contact forces −G�(qqq)λλλ with

λλλ (t) ∈ R2.

Fig. 12 shows numerical test results for the implicit Runge-Kutta solver RADAU5

that adjusts its (variable) time step size hn automatically to meet user-defined error

bounds [50]. Practical experience in ODE applications shows that RADAU5 keeps

the global error of the numerical solution usually well below these user-defined error

tolerances TOL. But in the application to DAE (71), the relative errors remain even

for very small error bounds in the size of 0.1 . . .1.0%. As a typical example, the left

plot of Fig. 12 shows the error in the lateral displacement y for various values of

TOL.

To analyse these unsatisfactory results, we modify one of the internal solver pa-

rameters. BDF (75) and implicit Runge-Kutta methods (73) define xxxn+1 solving a

system of nonlinear equations. In the practical implementation this system is solved

iteratively by Newton’s method that is stopped if the residual is less than κ ·TOL. In

this stopping criterion the user-defined error tolerance for time integration (TOL) is

scaled by a constant κ ≤ 1 that is a free control parameter of the solver. Default val-

ues are κ = 0.33 in the BDF solver DASSL, see [26], and κ = 0.03 in the implicit

Runge-Kutta solver RADAU5, see [50].

The right plot of Fig. 12 shows that the error in time integration is reduced dras-

tically and remains now roughly in the size of the error bounds TOL if κ is set to

the very small value κ = 10−5. The comparison of left and right plot in Fig. 12 il-

lustrates that the direct application of RADAU5 to DAE (71) makes the solver very

sensitive to (small) iteration errors in Newton’s method. This practical observation

coincides with the results of a detailed perturbation analysis for analytical and nu-

merical solution [1].

4.2 Index reduction and projection

In the direct application of ODE time integation methods to DAE (71) the robustness

of the solvers may be improved substantially by small values of κ that result in

(very) small iteration errors in Newton’s method, see the right plot of Fig. 12. On

the other hand values of κ that are less than 10−3 increase the number of Newton

steps per time step substantially and may slow down the solver dramatically.

Instead of applying ODE time integration methods directly to (71) it proved to be

much more advantageous to transform the equations of motion analytically before

time integration. This index reduction is the key to the robust and efficient dynam-

ical simulation of constrained systems. It results in several analytically equivalent

DAE formulations of the constrained system that is originally given in its index-3
formulation [50]
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q̇qq = vvv , (77a)

M(qqq)v̇vv = fff (qqq,vvv)−G�(qqq)λλλ , (77b)

000 = ggg(qqq) (77c)

with position coordinates qqq, velocity coordinates vvv and Lagrange multipliers λλλ ,

see (71) and Remark 3. Note, that the index of (77) is three if the mass matrix M(qqq)
is positive definite but may be less than three for rank-deficient mass matrices, see

Example 5.

Index-2 formulation

Substituting the constraints (77c) by the corresponding hidden constraints

000 =
d

d t
ggg(qqq(t)) =

∂ggg
∂qqq

(qqq(t)) q̇qq(t) = G(qqq(t))vvv(t) (78)

at the level of velocity coordinates, see (8), we get the index-2 formulation [50]

q̇qq = vvv , (79a)

M(qqq)v̇vv = fff (qqq,vvv)−G�(qqq)λλλ , (79b)

000 = G(qqq)vvv (79c)

that is analytically equivalent to the original equations of motion (77) if the ini-

tial values qqq0 are consistent with the holonomic constraints (77c) since ggg(qqq0) = 000

implies

ggg(qqq(t)) = ggg(qqq(t0))︸ ︷︷ ︸
=ggg(qqq0)=000

+
∫ t

t0

d

d t
ggg(qqq(τ))︸ ︷︷ ︸
=000, see (78) and (79c)

dτ = 000 (80)

for all t ≥ t0. Following step by step the index analysis in Remark 3, we see that

DAEs (79) with positive definite mass matrices M(qqq) have differentiation index and

perturbation index two.

Example 11. The perturbation analysis for index-2 systems (79) shows that the nu-

merical solution is much less sensitive w.r.t. small constraint residuals than in the

index-3 case [1]. This is nicely illustrated by numerical test results for the wheelset

benchmark of Example 10. Applying the implicit Runge-Kutta solver RADAU5 to

the index-2 formulation (79) of the equations of motion, we get much smaller er-

rors than before, see Fig. 13. For default solver settings (left plot, κ = 0.03), the

error remains roughly in the size of the user prescribed error tolerances TOL with

some error saturation at the level of 10−6 for tolerances TOL ≤ 10−6. Further im-

provements are achieved by enforcing very small constraint residuals (right plot,

κ = 10−5) but these highly accurate simulation results require again much more

computing time than the simulation with standard solver settings.
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Fig. 13 Global error of the implicit Runge-Kutta solver RADAU5 being applied to the index-2
formulation (79) of the equations of motion: Hunting motion of a rigid wheelset [4, Fig. 2.1].

The time discretization of index-2 DAEs by implicit Runge-Kutta methods and

BDF is discussed in the monographs [26, 47, 50]. For generalized-α and HHT-α
methods, the combination of index reduction and time discretization is studied, e.g.,

in [55, 56, 63], see also the recent analysis for configuration spaces with Lie group

structure in [9]. The practical implementation of these implicit time integration

methods for the index-2 formulation (79) follows the implementation scheme that

was discussed in Section 4.1. In the systems of nonlinear equations (69) and (76),

equations 000 = gggn+1
h have to be substituted by

000 = ġggn+1
h (ΔΔΔqqqn) := G(qqqn+1(ΔΔΔqqqn))q̇qqn+1(ΔΔΔqqqn)

for the generalized-α method and by

000 = ġggn+1
h (vvvn+1) := G(qqqn+1(vvvn+1))vvvn+1

in the BDF case.

Remark 9. For non-stiff constrained systems, the use of half-explicit Runge-Kutta

methods for the index-2 formulation (79) of the equations of motion proves to be

favourable since these methods avoid the solution of systems of nonlinear equations.

The s stage half-explicit method has nodes ci, weights bi and Runge-Kutta parame-

ters ai j, ( i = 1, . . . ,s, j = 1, . . . , i−1). It updates the numerical solution (qqqn,vvvn,λλλ n)
in time step tn → tn+1 = tn +h using stage vectors

Qni ≈ qqq(tn + cih) , Vni ≈ vvv(tn + cih) , V̇ni ≈ v̇vv(tn + cih) , ΛΛΛ ni ≈ λλλ (tn + cih) ,

( i = 1, . . . ,s ), that are initialized by

Qn1 = qqqn , Vn1 = vvvn , V̇n1 = v̇vvn , ΛΛΛ n1 = λλλ n (81a)
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with v̇vvn satisfying the dynamical equations at t = tn:

M(qqqn)v̇vvn = fff (qqqn,vvvn)−G�(qqqn)λλλ n (81b)

The local error analysis shows that the method should start with an explicit stage

Qn2 = qqqn +ha21Vn1 = qqqn +ha21vvvn (81c)

to avoid order reduction [3, 15]. In the remaining s−1 stages, we may suppose

that the stage vectors Qni and (Vn j, V̇n j), ( j = 1, . . . , i−1), are known such that the

stage vectors

Vni = vvvn +h
i−1

∑
j=1

ai jV̇n j , Qn,i+1 = qqqn +h
i

∑
j=1

ai+1, jVn j (81d)

may be computed explicitly. (For i = s we use for simplicity as+1, j := b j.)

According to [25], a half-explicit Runge-Kutta stage for index-2 systems (79) is

defined by the dynamical equations (79b) at t = tn + cih and by the constraints (79c)

that are evaluated at t = tn + ci+1h using the stage vector Qn,i+1 from (81d):

M(Qni)V̇ni = fff (Qni,Vni)−G�(Qni)ΛΛΛ ni ,

000 = G(Qn,i+1)Vn,i+1 with Vn,i+1 = vvvn +h
i

∑
j=1

ai+1, jV̇n j .

These equations are linear in the unknown stage vectors V̇ni, ΛΛΛ ni and may be sum-

marized to a system of nqqq +nλλλ linear equations:

(
M(Qni) G�(Qni)

G(Qn,i+1) 000

)(
V̇ni

ΛΛΛ ni

)
=

⎛⎜⎝ fff (Qni,Vni)

− 1

hai+1,i
G(Qn,i+1)

(
vvvn +h

i−1

∑
j=1

ai+1, jV̇n j
)
⎞⎟⎠ .

(81e)

With (81d) and (81e) we compute stage by stage vectors Qn,i+1, Vni, V̇ni and ΛΛΛ ni
for i = 2, . . . ,s. Finally, the numerical solution at t = tn+1 is given by

qqqn+1 = qqqn +h
s

∑
i=1

biVni , vvvn+1 = vvvn +h
s

∑
i=1

biV̇ni , λλλ n+1 =
s

∑
i=1

diΛΛΛ ni (81f)

with new algorithmic parameters di, ( i = 1, . . . ,s ), being defined by order conditions

and by a contractivity condition that has to be satisfied to guarantee zero-stability

and convergence [3, 15], see also [50, Section VII.6].

The 5th order explicit Runge-Kutta method of Dormand and Prince [34] has

s = 6 stages and may be extended to a half-explicit Runge-Kutta method (81) of

order p = 5 with ŝ = 7 stages that was implemented in the solver HEDOP5 for non-

stiff constrained systems [3]. Numerical tests for a wheel suspension benchmark

problem [81] illustrate that half-explicit solvers like HEDOP5 are superior to the
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implicit BDF solver DASSL if the equations of motion (79) are non-stiff [3, 15]. On

the other hand, implicit solvers are more flexible and may, e.g., be applied as well

to systems with force vectors fff = fff (qqq,vvv,λλλ ) that contain friction forces depending

nonlinearly on the Lagrange multipliers λλλ .

Index-1 formulation

The index-2 formulation (79) was obtained substituting the holonomic constraints

(77c) by their first time derivative. For index reduction, the second time derivative

000 =
d2

d t2
ggg(qqq(t)) = G(qqq(t))v̇vv(t)+ggg(qqq(t))

(
vvv(t),vvv(t)

)
(82)

may be used at well. These hidden constraints at the level of acceleration coordi-

nates have been used in Section 2.2 to prove the unique solvability of initial value

problems for consistent initial values. They define the constraints in the index-1 for-
mulation of the equations of motion:

q̇qq = vvv , (83a)

M(qqq)v̇vv = fff (qqq,vvv)−G�(qqq)λλλ , (83b)

000 = G(qqq)v̇vv+gggqqqqqq(qqq)(vvv,vvv) . (83c)

Using similar arguments as in (80), we may verify that this index-1 formulation is

equivalent to the original equations of motion (77) for any consistent initial values

qqq0, vvv0 satisfying ggg(qqq0) = G(qqq0)vvv0 = 000.

The index-1 formulation is attractive from the numerical point of view since v̇vv(t)
and λλλ (t) may be eliminated from (83) solving a system of nqqq +nλλλ linear equations,

see (17). Therefore, position and velocity coordinates may be obtained from the first

order ODE

q̇qq = vvv , (84a)

v̇vv = aaa(qqq,vvv) (84b)

with the right hand side aaa(qqq,vvv) being defined by(
M(qqq) G�(qqq)
G(qqq) 000

)(
aaa
λλλ

)
=

(
fff (qqq,vvv)

−gggqqqqqq(qqq)(vvv,vvv)

)
. (84c)

Initial value problems for (84) can be solved straightforwardly by any ODE time

integration method including higher order explicit Runge-Kutta methods and pre-

dictor-corrector methods of Adams type.

Remark 10. Half-explicit Runge-Kutta methods for the index-1 formulation (83) of

the equations of motion compute a numerical solution (qqqn,vvvn) that is updated in

time step tn → tn+1 = tn +h by s half-explicit stages. A half-explicit stage for the
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index-1 formulation (83) combines the explicit update

Qni = qqqn +h
i−1

∑
j=1

ai jVn j , Vni = vvvn +h
i−1

∑
j=1

ai jV̇n j (85a)

with a system of nqqq +nλλλ linear equations in terms of V̇ni and ΛΛΛ ni:(
M(Qni) G�(Qni)
G(Qni) 000

)(
V̇ni
ΛΛΛ ni

)
=

(
fff (Qni,Vni)

−gggqqqqqq(Qni)(Vni,Vni)

)
. (85b)

With (85a) and (85b) we compute stage by stage vectors Qni, Vni, V̇ni and ΛΛΛ ni for

i = 1, . . . ,s. Finally, the numerical solution at t = tn+1 is given by

qqqn+1 = qqqn +h
s

∑
i=1

biVni , vvvn+1 = vvvn +h
s

∑
i=1

biV̇ni . (85c)

This solution strategy was implemented, e.g., in the half-explicit Runge-Kutta solver

MDOP5 [80] that is based on the 5th order explicit Runge-Kutta method of Dor-

mand and Prince [34]. For non-stiff problems, MDOP5 is as efficient as the half-

explicit solver HEDOP5, see Remark 9. Numerical tests have shown that MDOP5

is slightly more efficient than HEDOP5 if the curvature term gggqqqqqq(vvv,vvv) may be evalu-

ated with moderate numerical effort. On the other hand, the index-2 solver HEDOP5

is superior for problems with time consuming function evaluations gggqqqqqq(vvv,vvv) like the

wheel suspension benchmark [81], see [3, 4].

Drift-off effect

Index reduction by differentiation does not only improve the robustness of im-

plicit solvers substantially but offers additionally the chance to use explicit and

half-explicit methods as well. The main drawback of index reduced formulations

like (79) and (83) are large constraint residuals ggg(qqqn) in long-term simulations. This

drift-off effect is illustrated by the numerical test results in Fig. 14 that show lin-

early growing constraint residuals of size 10−6 for the index-2 formulation (79) and

quadratically growing constraint residuals of size 5.0×10−4 for the index-1 formu-

lation (83).

Because of (80), the analytical solution of the index-2 formulation satisfies the

original constraints ggg(qqq) = 000 exactly for all t ≥ t0. In the numerical solution the in-

tegrand (dggg/d t)(qqq(τ)) in (80) is still bounded by a small constant ε > 0 but because

of discretization and round-off errors it does not vanish identically. Therefore, the

error in (77c) may increase linearly in time t:

‖ggg(qqqn)‖ ≤ ‖ggg(qqq0)‖+
∫ tn

t0
ε d t = ε · (tn − t0) . (86)
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Fig. 14 Drift-off effect in the dynamical simulation of the rigid wheelset of Fig. 11 resulting in
an increasing distance gr(qqq) between the right wheel and the rail, i.e., in an increasing error in the
constraints 000 = ggg = (gl,gr)

� that are defined by the contact conditions for left and right wheel [5,
Fig. 10].

The numerical solution qqqn drifts off the manifold M= {ηηη : ggg(ηηη) = 000} that is de-

fined by the constraints (77c) on position level. The error bound ε summarizes dis-

cretization and round-off errors and the iteration errors of Newton’s method.

For the index-1 formulation (83) a quadratic error growth

‖ggg(qqqn)‖ ≤ ε · (tn − t0)2

has to be expected since the constraints (77c) on position level are substituted by

their second derivatives (83c). Practical experience shows that ε depends on the

solver and on the user-defined error tolerances TOL. In general, however, there is al-

ways a linear drift in the time integration of the index-2 formulation and a quadratic

drift for the index-1 formulation.

Projection techniques and Baumgarte stabilization

An early attempt to avoid both the numerical problems for the index-3 formula-

tion (77) and the drift-off effect in the index-2 and index-1 formulation goes back to

the work of Baumgarte [21] who substituted the constraints (77c) by a linear com-

bination of all three constraints (77c), (79c) and (83c). Because of the problems to

select suitable coefficients for this linear combination (Baumgarte coefficients) the

practical use of Baumgarte’s approach is restricted to small scale models, see also

the detailed analysis in [18].

A Baumgarte like method that substitutes the original constraints (77c) by a lin-

ear combination of (77c) and (79c) proved to be more favourable:



DAE aspects of multibody system dynamics 53

q̇qq = vvv , (87a)

M(qqq)v̇vv = fff (qqq,vvv)−G�(qqq)λλλ , (87b)

000 = α0 ggg(qqq)+G(qqq)vvv . (87c)

This index-2 Baumgarte approach is used successfully for fixed step size compu-

tations in real-time applications. Here, the Baumgarte parameter should be set to

α0 =C/h with a suitable constant C > 0, see [10, 87].

…

Fig. 15 Time integration with projection steps [5, Fig. 11].

In off-line simulation, it is state-of-the-art to avoid the drift-off effect by projec-
tion techniques [35, 61]. During the time integration of index reduced formulations

like (79) and (83), the residual ‖ggg(qqqn)‖ in the constraints ggg(qqq) = 000 is monitored. If

the residual exceeds at t = tn some user-defined small error bound εggg > 0 then qqqn
is projected onto the manifold M= {ηηη : ggg(ηηη) = 000} resulting in projected position

coordinates q̂qqn, see Fig. 15. In a second stage, the velocity coordinates vvvn are pro-

jected to the tangent space TqqqM at qqq = q̂qqn. Finally, the position and velocity coordi-

nates (qqqn,vvvn) are substituted by their projections (q̂qqn, v̂vvn) and the time integration is

continued with the next time step.

For nonlinear constraints ggg(qqq) = 000, the projected position coordinates q̂qqn have to

be computed iteratively. Following the approach of [61], we study the constrained

minimization problem

min{ 1

2
‖ηηη −qqqn‖2

M(qqqn)
: ggg(ηηη) = 000} (88)

with the semi-norm ‖ηηη‖M(qqqn)
:= (ηηη�M(qqqn)ηηη)1/2 that considers the mass distribu-

tion in the multibody system model. The constraints ggg(ηηη) = 000 are coupled to the

objective function by Lagrange multipliers μμμ resulting in

L (ηηη ,μμμ) :=
1

2
(ηηη −qqqn)

�M(qqqn)(ηηη −qqqn)+μμμ�ggg(ηηη) .

The necessary conditions
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000 = ∇ηηηL (ηηη ,μμμ) = M(qqqn)(ηηη −qqqn)+G�(ηηη)μμμ ,

000 = ∇μμμL (ηηη ,μμμ) = ggg(ηηη)

for a local minimum of (88) motivate a projection step qqqn �→ q̂qqn with q̂qqn being de-

fined by the nonlinear system

000 = M(qqqn)(q̂qqn −qqqn)+G�(qqqn)μμμ ,

000 = ggg(q̂qqn)

that may be solved iteratively by a simplified Newton method without re-evaluating

the constraint matrix G. The iteration matrix has the characteristic 2×2 block struc-

ture (18), see [61]:(
M(qqqn) G�(qqqn)
G(qqqn) 000

)(
q̂qq(k+1)

n − q̂qq(k)n

μμμ(k+1)

)
=−

(
M(qqqn)(q̂qq

(k)
n −qqqn)

ggg(q̂qq(k)n )

)
. (89)

The method is initialized by q̂qq(0)n := qqqn and needs typically only a few simplified

Newton steps (89) to get an iterate q̂qqn = q̂qq(k)n satisfying ‖ggg(q̂qqn)‖ ≤ εggg, see [61].

The projection of vvvn to the tangent space TqqqM at qqq = q̂qqn does not require the

iterative solution of nonlinear equations because the hidden constraints G(q̂qqn)vvv = 000

are linear in the velocity coordinates vvv. The constrained minimization problem

min{ 1

2
‖ηηη − vvvn‖2

M(q̂qqn)
: G(q̂qqn)ηηη = 000} (90)

may be solved directly and defines the projected velocity coordinates v̂vvn by(
M(q̂qqn) G�(q̂qqn)
G(q̂qqn) 000

)(
v̂vvn − vvvn

μ̄μμ

)
=

(
000

−G(q̂qqn)vvvn

)
. (91)

Stabilized index-2 formulation

In complex applications, the use of classical projection methods like (89) and (91)

is restricted to Runge-Kutta, generalized-α and other one-step methods since the

efficient implementation of projection steps in advanced BDF solvers with order

and step size control is non-trivial.

Instead of implementing explicit projection steps in the solver, the index reduced

formulations of the equations of motion are reformulated in a way that contains

implicitly the projection onto the constraint manifold M= {qqq : ggg(qqq) = 000} and its

tangent space TqM. For the index-2 formulation (79), this approach goes back to the

work of Gear, Gupta and Leimkuhler [44] who proposed to consider the (hidden)

constraints (77c) and (79c) on position and velocity level simultaneously:
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q̇qq = vvv−G�(qqq)μμμ , (92a)

M(qqq)v̇vv = fff (qqq,vvv)−G�(qqq)λλλ , (92b)

000 = ggg(qqq) , (92c)

000 = G(qqq)vvv . (92d)

The increasing number of equations in this stabilized index-2 formulation [26] of the

equations of motion is compensated by a correction term −G�(qqq)μμμ with auxiliary

variables μμμ(t) ∈ Rnλλλ . The correction term vanishes identically for the analytical

solution since (92a,d) and the time derivative of (92c) imply

000 =
d

d t
ggg(qqq(t)) =

∂ggg
∂qqq

(qqq) q̇qq = G(qqq)
(
vvv−G�(qqq)μμμ

)
=−[GG�](qqq)μμμ

and the matrix product [GG�](qqq) is non-singular for any full rank matrix G(qqq).
Therefore, μμμ(t)≡ 000. For the numerical solution, the correction term remains in the

size of the user-defined error tolerances TOL.

Eqs. (92) form an index-2 DAE that may be solved robustly and efficiently by

BDF [44] and implicit Runge-Kutta methods [50]. However, the error estimates in

classical ODE solvers tend to overestimate the local errors in the algebraic compo-

nents λλλ , μμμ of DAE (92), see [68]. Therefore the components λλλ and μμμ should not

be considered in the automatic step size control of BDF solvers [70]. For implicit

Runge-Kutta solvers the error estimates for λλλ and μμμ are scaled by the small factor h,

see [50].

In implicit methods, the correction term −G�(qqq)μμμ may be evaluated efficiently

taking into account the block structure of the iteration matrix in the corrector it-

eration [5, Section 5]. This implementation scheme goes back to the work of

Führer [40] who considered furthermore a stabilized index-1 formulation in BDF

time integration [41].

The stabilized index-2 formulation may be defined as well for the more complex

model equations (44) with additional algebraic equations 000 = hhh(qqq,sss) but the struc-

ture of the correction term needs to be adapted carefully [2, 5]. This generalization

of the classical approach of Gear, Gupta and Leimkuhler is closely related to the

first index reduction step in the index reduction algorithm according to Kunkel and

Mehrmann [58].

Stabilized index reduced formulations have also been investigated in the context

of generalized-α and HHT-α methods [9, 55, 56, 63, 91]. Here, we consider the

generalized-α method (64) for the stabilized index-2 formulation (92) of the equa-

tions of motion [9]. The constrained equilibrium conditions

M(qqqn+1)q̈qqn+1 = fff (qqqn+1, q̇qqn+1)−G�(qqqn+1)λλλ n+1 , (93a)

000 = ggg(qqqn+1) , (93b)

000 = G(qqqn+1)vvvn+1 (93c)
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define a numerical solution (qqqn+1,vvvn+1) that satisfies both the holonomic constraints

at the level of position coordinates and the hidden constraints at the level of velocity

coordinates. A correction term −G�(qqqn)μμμn is added to the update formula (64a) of

the position coordinates, i.e., we get qqqn+1 = qqqn +hΔΔΔqqqn with the scaled increment

ΔΔΔqqqn := q̇qqn −G�(qqqn)μμμn +h(0.5−β )aaan +hβaaan+1 , (94a)

see (68a). Using again the functions qqqn+1(ΔΔΔqqqn), . . . that were introduced in (68b-e),

we may express qqqn+1, aaan+1, q̇qqn+1 and q̈qqn+1 in terms of ΔΔΔqqqn and μμμn:

qqqn+1 = qqqn+1(ΔΔΔqqqn) , (94b)

aaan+1 = aaan+1(ΔΔΔqqqn +G�(qqqn)μμμn) , (94c)

q̇qqn+1 = q̇qqn+1(ΔΔΔqqqn +G�(qqqn)μμμn) , (94d)

q̈qqn+1 = q̈qqn+1(ΔΔΔqqqn +G�(qqqn)μμμn) . (94e)

In each time step, the numerical solution is obtained solving the system of nqqq +2nλλλ
nonlinear equations

000 = rrrn+1
h (ΔΔΔqqqn,hλλλ n+1,μμμn) ,

000 = gggn+1
h (ΔΔΔqqqn) ,

000 = ġggn+1
h (ΔΔΔqqqn,μμμn)

with

rrrn+1
h (ΔΔΔqqqn,hλλλ n+1,μμμn) := M(qqqn+1(ΔΔΔqqqn))hq̈qqn+1(ΔΔΔqqqn +G�(qqqn)μμμn)

−h fff (qqqn+1(ΔΔΔqqqn), q̇qqn+1(ΔΔΔqqqn +G�(qqqn)μμμn))

+G�(qqqn+1(ΔΔΔqqqn))hλλλ n+1 ,

gggn+1
h (ΔΔΔqqqn) :=

1

h
ggg(qqqn+1(ΔΔΔqqqn)) ,

ġggn+1
h (ΔΔΔqqqn) := G(qqqn+1(ΔΔΔqqqn)) q̇qqn+1(ΔΔΔqqqn +G�(qqqn)μμμn) .

These equations are scaled again such that the Jacobian⎛⎜⎜⎜⎜⎜⎜⎝

1−αm

β (1−α f )
M(qqqn)+O(h) G�(qqqn)+O(h)

1−αm

β (1−α f )
[MG�](qqqn)+O(h)

G(qqqn)+O(h) 000 000

γ
β

G(qqqn)+O(h) 000
γ
β
[GG�](qqqn)+O(h)

⎞⎟⎟⎟⎟⎟⎟⎠
and its inverse remain bounded for h → 0.

The generalized-α method (93), (94) converges with order p = 2 for all solu-

tion components if the starting values qqq0, q̇qq0 and q̈qq0 are second order accurate and
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Fig. 16 Global error λ (tn)−λn of the generalized-α method (93), (94) for the stabilized index-2
formulation of the equations of motion for the mathematical pendulum with initial values x0 = 0
(left plot) and x0 = 0.2 (right plot).

aaa0 = q̈qq(t0 +(αm −α f )h)+O(h2), see [9]. In Fig. 16 this second order convergence

result is illustrated for the application to the equations of motion of the mathemat-

ical pendulum, see Example 8. For the stabilized index-2 formulation, the global

error λ (tn)−λn remains in the size of 2.0×10−3 for both initial configurations. A

step size reduction by a factor of two results approximately in a reduction of global

errors by the factor of 22 = 4.

The stabilized index-2 formulation of the equations of motion may be extended

straightforwardly to model equations with more complex structure including, e.g.,

nonholonomic constraints or additional differential or algebraic equations. In that

sense it is considered to be the most flexible general purpose approach to time inte-

gration in multibody dynamics that combines robustness with numerical efficiency.

In a practical implementation, the stabilized index-2 formulation is discretized by

BDF, by implicit Runge-Kutta methods or by Newmark type methods resulting in

nonlinear corrector equations that have to be solved in each time step.

5 Summary

Analysis and numerical solution of constrained mechanical systems have been an

important subject of DAE theory for more than 25 years. The well structured higher

index model equations have inspired the development of very efficient index re-

duction and time integration methods. These DAE solution techniques offer much

flexibility to multibody system dynamics w.r.t. model setup and choice of coordi-

nates. Model equations with redundant coordinates resulting from a generic network

approach for model setup or from kinematically closed loops in the multibody sys-

tem model may be solved efficiently by a combination of index reduction techniques
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with time integration methods from nonlinear system dynamics (BDF, Runge-Kutta

methods) or structural dynamics (generalized-α and HHT-α methods).

Half-explicit methods prove to be efficient in the non-stiff case but are typically

restricted to the simulation of N-body systems. The model equations in multibody

system dynamics may have a substantially more complex structure including non-

linear configuration spaces, additional differential and algebraic equations, rank-

deficient mass matrices and redundant constraints. Often, they may be solved more

efficiently by implicit methods. The combination of BDF, implicit Runge-Kutta

methods or generalized-α methods with the stabilized index-2 formulation of the

equations of motion is the method of choice in industrial multibody system simula-

tion.
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