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Exponential peer methods with variable step sizes

Tamer El-Azab* Riidiger Weiner'

Abstract

This paper is concerned with the generalization of the exponential peer method derived in
[18] to variable step sizes. Conditions for stiff order p are derived. The zero-stability of the
methods is investigated. For a special subclass of methods with only two different arguments
of the p-functions bounds for the step size ratio are given, which ensure zero stability. These
bounds are fairly large for practical computations. Different strategies for error estimation and
step size control are considered. Numerical tests show that the step size control works reliably
and that for special problem classes the methods are superior to classical integrators.

Key words: Exponential peer methods, variable step size, zero-stability.

1 Introduction

Exponential integrators are a well-known class of numerical integration methods for stiff systems
of ordinary differential equations, which involve exponential functions (or related functions) of the
Jacobian or an approximation to it [4]. Since the first paper about exponential integrators by
Certaine [3], there has been a considerable amount of research on methods of this type. Until now
the emphasis has been on the development of new methods, see e.g. [9, 2, 11].

Exponential integrators are especially useful for differential equations coming from the spatial
discretization of partial differential equations, where the problem often splits into a linear (stiff)
and a nonlinear (nonstiff) part.

Linearly-implicit peer methods have been studied e.g. in [12, 13, 14]. They are characterized by a
high stage order what makes them attractive for very stiff systems.

Exponential peer methods [18] are based on explicit peer methods, which were introduced by Weiner
et al. [16, 17]. They have been derived and investigated in [18] for constant step sizes. A special
subclass was identified there, which is optimal zero-stable for constant step sizes and solves linear
problems ¢y’ = Ty exactly. Order conditions for a stiff order, i.e. the bounds are independent on the
stiffness, were given. Due to the high stage order no order reduction occurs, which was illustrated
by extensive numerical tests with constant step size.

In this paper we generalize the investigations in [18] for variable step sizes. We derive order
conditions for the coefficients which now will depend on the step size ratio. Due to the variable
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step size, zero stability now leads to restrictions of the step size ratio in general. We present one
subclass which is optimally zero stable for all step size sequences. For another special class of
methods with only two different arguments in the p-functions we prove stiff order p = s — 1, s the
number of stages. For this class we compute bounds on the step size ratio which guarantee zero
stability. These bounds are fairly large for practical computations.

Furthermore, for the implementation of exponential peer methods an error estimation is included.
Two techniques are considered. One technique uses interpolation at s — 1 solution points and the
other is embedding in different ways. The constructed methods are then tested for problems from

[1].
The outline of this paper is as follow: In Section 2 a short overview on exponential peer methods
and the formulation for variable step sizes are given.

In Section 3 we derive order conditions for variable step sizes. We show that for all stage numbers
s methods of stiff order p = s — 1 exist and can be constructed easily. Two special subclasses are
discussed. The zero stability of the methods, necessary for convergence, is proved. For a class with
only two different arguments in the ¢-functions bounds for the step size ratio are derived which
guarantee zero-stability. These bounds are sufficiently large for practical computations.

In Section 4 various aspects of the implementation are discussed, especially possibilities of error
estimation and step size control. The constructed methods are tested on problems of the Expint
package [1]. For comparison we include the results for odel5s and ode45. For special problem types
the exponential peer methods turn out to be comparable and superior, but for others the classical
codes are more efficient.

2 Exponential Peer Methods

For the initial value problem (IVP) governed by systems of ordinary differential equations

% = f(t:y) =Ty +9(t,y), 1t [to;tend] (1)

y(to) = yo € R",

where g(t,y) = f(t,y) — Ty, y : [to,tend) — R™ and f : [to, teng) X R™ +— R™, we consider the class
of exponential peer methods

Yii = gO()(Oéihme) Z bz‘ij—l,j + I Z Aij (aihme)[fm—l,j B TmYm_Lj]

j=1 j=1
i—1

+hm Y Rij(@ihmT)[fmg — TnYmy), =12, .s. (2)
j=1

Here we assume «; > 0. The values Y,,; approximate the exact solution y(t,, + ¢;h,,) at points
tmi = tym +cihpm, where the nodes ¢; are assumed to be pairwise distinct. They are chosen such that
cs = 1 and the other nodes satisfy 0 < ¢; < 1,7 =1,...,s—1. Further we denote fy, j = f(tmj, Ym;)-
The s stage values Y;,; have the same characteristics so we call them ‘peer’ [14]. By setting T}, = 0
we obtain explicit peer methods, which have been proved to be very efficient for nonstiff systems
[17]. In this paper we will consider T,,, =T



The coefficients b;; € R will depend on the step size ratio

hm,
Om = hm—17 (3)

the matrix functions A;j (hy,Ty,) and R;j (hyTh,) are linear combinations of the well known ¢-
functions and depend on the step size ratio as well.

The ¢-functions are defined as follows (e.g. [11]): For integers [ > 0 and complex numbers z € C,
we define ¢; (z) through

z

@o (2) = €,

1 (1-6) 01—1
= —0)2 > 1.
i (2) /0 e (e

The @-functions are related by the recurrence relation

— 1
o (1) = 2 A0 100 it (0) = 1 (1)
z .

Several methods have been proposed for evaluating these function [10]. We will use the Expint pack-
age [1] relying on Padé approximations combined with scaling-and-squaring. For large dimensions,
however, Krylov techniques may be advantageous, e.g. [5, 7, 15].

3 Consistency and convergence

In this section we will derive order conditions for (2) for variable step sizes and prove zero-stability.

We will assume that the stiffness in (1) is due to the linear part Ty and that the nonlinear part
satisfies a global Lipschitz condition

lg(t,u) — gt v)[| < Lyllu —v]| (5)
with Lipschitz constant L, of moderate size. We assume that 7" has a bounded logarithmic norm
w(T) < w. (6)

Often system (1) results from semidiscretization of partial differential equations and this condition
is usually satisfied. Assumption (6) implies

leo(AT) | = [le"T]| < e*, (7)

see e.g. [8].

Remark 1 A consequence of (6) is that ||@;(hmTm)|| and ||~y Tmpi(hmTm) || are uniformly bounded
for 1 > 1. This also holds for the matriz coefficients A;j(cihmTm) and Rij(aihmTry) which we
always choose as linear combinations of the ¢;(a;hy,Tp,), 1 > 1.

For our investigations of the order of consistency we always assume that the right hand side is
sufficiently smooth.



The local residual errors are defined by inserting the exact solution into the numerical method:

Am,i = y(tmi) — po(@ihmTm) mey m—1;) hmZAij(aihme)[y,(tmfl,j)*Tmy(tmfl,j)]

Jj=1 j=1
i—1

— hm Z Rij(aihme)[y’(tmj) — Tmy(tmj)}, ;= 1, ceey S, (8)
7j=1

Definition 1 The exponential peer method (2) is consistent of nonstiff order p if there are constants
ho,C > 0 such that

| Al < Chﬁjl for all hy, < hg, and for all 1 <i < s.

The method is consistent of stiff order p, if C and ho may depend onw, Lg and bounds for derivatives
of the exact solution, but are independent of ||T|.

Note that for peer methods all stage values are of order p, i.e. the order of consistency is equal to
the stage order.

To determine the coefficients of the method

B = (bij)f,j:h A= (Aij)f,j:h R = (Rij)f,jzla c=(¢i)i=1, o= ()i,

such that the method has high order, it is advantageous to consider the linear case first.

Theorem 1 If the exponential peer method satisfies the conditions
S
ci —1
>
=1 om

then it is of stiff order of consistency p = q for the linear equation y' = Ty.

l
> = (Ci_ai)la 120717"'7(]) (9)

Proof. From (8), for the equation ' = T'y the local residual errors will be

Am,i = y(tm + czhm) - SOO(OthTm) Z bijy(tm + (Cj - 1)hm—1)

j=1
— (e _ , SN ACER)
- SDO(Czhme)y(tm) @O(azhme) Z bzy@O o hme y(tm)
j=1 "
Using the relation
q
2
ZT + 27 0011(2),
1=0
which follows from (4), we obtain
q s Uyl ol
c;j—1 h,Ir,
=0 7j=1

S ci —1 q+1 ci — 1 1
— bij (Oéi + -2 > Pg+1 <<Ozi + -2 ) hme> }Tg{i_ Y(tm)-
1 Om Om



With ngzﬂy(tm) = y(‘””(tm) the second term is (’)(hgﬁH), where the constants are independent of
! 1
| Trn||- For the coefficients of hml,TMy

I u C'_ll 1 i : l ci—1 klk
zb( ):ci— DARIC=SRE

(ty,) for 1 =0,...,q we have
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The method is therefore of stiff order p=¢q fory/ =Ty. N

Writing (9) for ¢ = s — 1 as matrix equation and solving for B we obtain

Corollary 1 Let

where

S = diag(1,0pm,---,057Y), 1=(1,.,1)T
Va:(]l, c—ao, ..., (c—a)s_l), Vlz(]l, c—1, ..., (c—]l)s_l).

Then the exponential peer method has stiff order p = s — 1 for the equation y' = Ty.
Corollary 2 Let a = ¢, c¢s = 1. Then with (10) we have B = lel, e, = (0,0,...,1)T, and
s l
ci—1
Zbij< ! > :(Cs_l)l-
- Om
J=1

Therefore (9) is satisfied for alll, the exponential peer method solves the system y' = Ty with exact
starting values ezxactly.

In the following we will always assume B to be defined by (10), the coefficients b;; are therefore
determined by ¢ and a. We now will consider the general case (1) to obtain conditions for the
matrix coefficients A;;(o;hT) and R;;j(oyhT).

Theorem 2 Let the conditions (9) be satisfied for 1 =0, ...,q. Let further

ZA” aihmTh) ( ) —l—ZR” aihmT) c —Zl‘ l+1<> —ai)rfltle(aihme)
(11)

forr=0,...,q. Then the exponential peer method is at least of stiff order p = q for (1).



Proof. By Taylor expansion of the exact solution in (8) and using g(t,y) = v’ — T'y we have

q i r S r—1
. c;j—1 c;j—1
Amﬂ' = E CiI — gOo(OéZ'hme> E bij < J ) - T E Aij(aihme) < J )
r=0 7=1

Om — Om
7j=1

S r i—1
=1
+hpmTm Z Aij(aihme) <C] > -7 Z Rij(aihme)c’;_l

- Om -
7j=1 7j=1
i—1 hr
r m _(r +1
j=

The coefficients of 4" (t,,) should be equal to zero for r =0, ...,q. For r = 0 using (9) and (11) we
obtain

s s i—1
I = @o(ihmTm) > bij + hanTon Y Aij (il Ton) + hin T > Rij(tihmTrn)
j=1 j=1 j=1

=TI — go(aihmTn) + aihm D1 (aihy,Tn) =0 by (4).
For r =1, ..., ¢ holds for the coefficients

s 1 r s 1 r—1
T — po(aihmTn) > by <cﬂa ) —r Y Ayj(aihun ) < )

ag
j=1 j=1 "

S T i—1 i—1
—1
+ hn T Y Aj (i Ton) <CJ ) =7 Rij(@ihnTn)c; ™ + hanTon Y Rij(ihin T )

(ox
j=1 m j=1 j=1

r—1
-1
=ci I — po(aihmTm)(ci — ;)" —r E ozé“ (T ) )(cl — ai)r_l_ll!cle(aihme)
1=0

+ hp T Z ai“ (;) (ci — ai)T*ll!golH(aihme) by (11)
=0

- ~1
=ci I — po(aihmTm)(ci — o) —r Z ol (; 1> (ci — o))" "Y1 — D)y (ashm Tin)
=1

+ ; Oéé (;) (Ci — ai)r_l(l!cpl(aihme) — [) by (4)

=c; I — wo(aihmTm)(ci —a;)" — Z al <§) (ci — )" " V(i Tin)
=1

+ Z aé <;> (c; — ai)’"_llkpl(ozihme) —cl=0. [ |
1=0

Corollary 3 Let o« = ¢, ¢s =1 and B given by (10). Let

S T i—1
—1
E Aij(cihme) (C] > + E Rij(cihme)C; = T!C:JrlgDrJrl(Cihme) (13)
Om "
j=1 j=1

forr=20,...,q. Then the exponential peer method is consistent of stiff order at least p = q.



Note that for ¢ = s — 1 for any given strictly lower triangular matrix R we can solve (11) for A,
due to the regularity of Vi. Therefore we can construct exponential peer methods of any order.

If we allow the bounds to depend on T},,y(%+) (nonstiff order), then the order of the methods will
bep=q+1,

Theorem 3 Let the solution y(t) be (q + 2)-times continuously differentiable. Let the conditions
(9) be satisfied for 1l =0,...,q+ 1, and (11) for 1 = 0,...,q. Then the method is of nonstiff order
p=gq-+1.

Proof. Considering one more term in (12) gives for the term with h%/"

q+1 : Cj—l gt1 i Cj—l a
T — po(aibmTin) Y bi —(q+ 1)) Aij(aihmTm)

; Om : Om
Jj=1 j=1
i—1 i—1
*(q + 1) Z Rij (azhme)C;] + hme Z Rij (aihme)C?Jrl
=1 =1
s L q+1 g+1
ha T 3 Aiy (ko T) (2 ) (4,,)
= I Om (g+1)!
= {er i = utaitn ) (e - 0
q q hq+1
—(g+1) Z Ilalt! (l) (ci — ai)qlel(aihme)} e Z 1)'y(q+1> (tm) + O (%)
1=0 )
{1 (it T) e =
g+1 +1
q+1 B hi,
- ZZ: l!aﬁ( ! >(Cz — a)It! l@l(aihme)}My(qH) (tm) + O (hgf)
-1

L q+1 g+ 1 hq+1 ( )
=ty o RPN ES B BT m a+1 g+2
{cZ ;l az< I >(c@ a;) oi(aihm, m)} at 1)!3/ (tm) + O (hm )

With ¢y(aihmTm) = i Tni1 (ihmT) + %1 we finally obtain

L q+1 g+ 1 hq—i—l
= {Ciﬁ I- ZO‘£< ! >(Ci - ai)qH_l} g+ 1)|y(q+1) (tm) + O (hE?)
1=0 q ’

=0 (h&F?).

So Ay =0 <h?,f2> and the method is of nonstiff order p = g + 1. |

Remark 2 Note that |1,y 91| can be of moderate size although ||T},|| is very large, for instance
for autonomous problems with sufficiently smooth function g(y) or for special semidiscretized partial
differential equations with homogeneous Dirichlet boundary conditions. Order conditions for explicit
exponential Runge-Kutta methods for parabolic problems are studied in [6].



Due to the two-step character, for convergence of the method, we have in addition to show zero-
stability.

Definition 2 The exponential peer method (2) is called stable (zero stable) if
| BmtiBm+i—1---Bm|| < K for allm,1 > 0. (14)

In general By, depends on the step ratio o, (i.e. By, = B(oy,)). Therefore, condition (14) will
usually lead to restrictions on the step size ratio. The proof of zero-stability and the computation
of corresponding intervals for the step size ratio is in general a difficult task for linear multistep
and general linear methods. Here we will consider two special classes of exponential peer methods.
The first is given with the choice of Corollary 2:

Theorem 4 Let a = ¢, ¢ = 1 and B given by (10). Then the exponential peer method is stable
for all step size sequences.

Proof. From B,, = ]168T we have By, 11 Bm4i—1.--Bm = ]leST. |

The choice a = ¢ is optimal with respect to stability. However, this class of methods requires the
computation of ¢-functions with s different arguments whenever the step size changes. Because
this is in general the most time consuming part in these methods we are interested in methods with
a smaller number of different arguments. An efficient class with only two different arguments was
proposed in [18] for constant step sizes. We will consider here the stability of this class for variable
step sizes.

Theorem 5 Let a = (a*,....,a*, 1)T and ¢; = (s —i)(a; — 1) +1,i=1,...,s. Let B given by (10).
Then there exist constants omin < 1 < Omaz S0 that the exponential peer method is stable for all
step size sequences satisfying omin < 0 < Omaz-

Proof. In [18] it was shown that all ¢; are distinct with ¢, = 1 and that the matrix B(1) for
constant step sizes has the form

01 0 0

0 1 0
B(1) = esel + F] =

o0 .-+ 0 1

o0 .- 0 1

with Fy = (d;—1,j). B(1) is optimally zero stable, i.e. one eigenvalue is one and all other eigenvalues
are zero. The matrix
Q=1lel + FIA

with A = diag(0, 1, ¢, ..., 2), with a parameter 0 < ¢ < 1, transforms B(1) to Jordan canonical
form

1 00 0 0
0 0 € ... 00
QT'BLQ=v=|: : : .. 1| (15)
0 0 O 0 €
0O 0 0 . 0 0



This follows from
B(1)Q =1el + FIFIA  and
Q= 1el + eFIAFT = 1T + FTFTA.
We now apply this transformation to B(o). The first column of @ is 1, leading to

Q'B(0)Qe; = e1.

Because the last row of Q is el we obtain

e1Q7'B(0)Q =e; B(0)Q =€, Q =e7.

This results in

1 0 0
QB - ||
g — . ~ 9

: B(o)

0
where |B(1)|| = ||| < 1 for 0 < € < 1. This means, that for an interval [Tymin, Tmaz] around 1 we
have R

1Q~' B(0)Q|| = max(|| B(o)|], 1)

for instance for the norms || - ||;, { = 1,2, co. This implies that for all o; € [omin, Omaz] We have

| Btk Bmk—1+* Bmt1Bm| < 1Q] - Q7

for all m,k > 0, i.e. zero stability. W

For s = 3,4,5 we have computed the following bounds for ¢, and o with MAPLE:

1. s=3:||Blo)|i1 <lfore=1/4and0<o <2.
2. s=4:|B(0)|lsc <1lfore=1/5and 0 <o < 1.5.

3. s=5:|B(0o)]s <1fore=1/2and 0 < o < 1.3313.
These bounds are sufficiently large for practical computations.

Remark 3 By considering the special case of increasing h in each step by opmaer we found numeri-

cally omar = % So, we suppose that there exists some norm such that

~ -1
1Bl <1 for O<U§$72.

Remark 4 If we perform s — 1 consecutive steps with constant step size, then [B(1)]*~! = lel.
and because of B(o)1 = 1 all further products will be uniformly bounded independent of o. Thus,
by trying to keep the step size constant for some steps the stability of the exponential peer methods
18 strongly improved. This strategy is used in our implementation.



4 Implementation issues and numerical tests

We constructed exponential peer methods with variable step size due to Theorems 1 and 2 with
s = 3,4,5 stages of stiff order p = s — 1. The nodes ¢; are determined by Theorem 5 with

s—1
s

o

For simplicity the free parameters are chosen so that R is strictly lower triangular and A is upper
triangular. For constant step sizes these methods reduce to those used in [18].

For error estimation we consider 2 possibilities

1. By interpolation using Y,,;, 2 = 1,...,s — 1, we compute a solution ffms of order p = s — 2.
2. We compute an embedded solution )N/ms. Here we consider two cases.

(a) We use an (s — 1)-stage method with same o* and ¢ = (ca, ..., ¢s) and compute Yy, of
order s — 2.

(b) We solve the equations (11) for i = s up to r = s. Because for i = s (9) is also satisfied
for [ = 0,...,s we have ?ms of local order p = s. We use ?ms for error estimation and
continue with Y1, ..., Yo -1, lems.

In our tests we denote the corresponding s-stage methods by epmsi if interpolation is used and by
epmsea or epmseb if embedding of type (a) or (b) is used, resp.

The error is estimated by

_ 1 HYms_YmHQ
err = —— — .
V1 atol + rtol - max (|| Yoms||2, [|Vins||2)

We then compute fac = err~ Y (=1 With respect to Remark 4 the new step size is computed as
follows
h, 1< fac < Omaz
hnew = Umamha fac > Omax
max (0.2, fac)h, fac <1,

with opmer = (s —1)/(s — 2). In the last case the step is repeated.

We use the framework of Expint [1] to test our methods. We have adapted our methods to the
structure required and we use the computation of the ¢-functions implemented in Expint. Expint
contains several semidiscretized PDEs as test problems and a collection of well-known exponential
integrators implemented with constant step size. In contrast to [18] we compare our exponential
peer methods with odel5s and ode45 at these test problems. By N the number of Fourier nodes
or the number of inner points in a finite difference discretization is denoted. We give only a short
overview about the problems here, for more detailed information we refer to [1] and the description
in the package.

1. 1D Gray-Scott equation
wup = Dittgy — uv® + a(l —u)
vy = Dyvge + uv® — (a +b)v, t€0,10]
a=0.035, b=0.065, D;=2.e—5, Dy=1e—5,

10



with periodic boundary conditions and scaled Gauss curves as initial conditions, see [1].
Fourier space discretization gives a diagonal matrix 7' of dimension 128.

2. Allen-Cahn equation

up = 0.001upe +u —u®, x€[-1,1], te][0,10],
u(0,2) = 0.53x + 0.47sin(—1.57x), wu(t,—1)= -1, w(t,1)=1.

The linear part 0.001u,, is discretized using a Chebyshev differentiation matrix resulting in
a full matrix T of dimension 64.

3. Kuramoto-Sivashinsky equation
Up = —Ugy — Ugzgr — WUy, « € [0,327], ¢ € [0,10].
Spectral discretization with periodic boundary conditions and dimension N = 128 is used.
4. Nonlinear Schrédinger equation

iy = —Ugg + (V(x) + Nu[P)u, 2z € [—m,x], te][0,10].

Periodic boundary conditions and the initial condition u(0,z) = e*m(2?) are considered. We
used A =1, V(z) = m and a spectral semi-discretization with N = 128.

5. Schrodinger type equation

iU = Ugy — uuy + ¢(t,x), x€[0,1], te]0,10].

6. Hyperbolic test equation (cf. [11])

1

T2 tote), we01], t€]0,10].

U = Upy —

In the problems (5) and (6) ¢(t,z) is chosen to give the exact solution u(t,z) = z(1 — x)e™.

Standard finite differences with N = 64, Dirichlet boundary conditions and exact initial
conditions are used. T is defined by the space discretization of ..

The s starting values for the exponential peer methods are computed with odel5s.

In the following figures we present the accuracy of the numerical solution Y at te,q versus the
computing time. The error is computed by

Y — Yreflloo

max; maX(|Yref,i’7 1) 7

error =

where Y,..r is a reference solution which is computed with odel5s and high accuracy.

11
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Figure 2: Results for the Allen-Cahn equation
5 Conclusions

The results of the exponential peer methods show that the proposed kinds of error estimation
and step size control work reliably. For crude jtplerances the 3- and 4-stage methods are more



T T T
107 F -
10 F g
_10° 1 -
e
v
10° | -
—x—odel5s
_1o| | B> ode4s
10 1| —=—epm3eb 7
—H—epmdea
—O—epmdi
10721 —%—epmbea i
—5— epmsi
1 1 1
107" 10° 10"
Time
Figure 3: Results for the Kuramoto-Sivashinsky equation
T T T T
10° | -
10° | -
107 | -
s
107" F -
10° | -
—*—odel5s
—P>>—ode45
10" | —==— epm3eb B
—H—epmdea
—O—epmdi
10 °}f —k—epm5ea -
—5— epmsi
1 1 1 1
10° 10" 10° 10°
Time

Figure 4: Results for the Nonlinear Schrédinger equation

efficient than the 5-stage methods which may be due to the larger value of 0y,4,. 0dedb is the

13
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Figure 5: Results for the Schrédinger type equation
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Figure 6: Results for the hyperbolic test equation

most efficient code for the nonstiff Gray-Scott problem, for Allen-Cahn and Kuramoto-Sivashinski
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odelbs is superior. The exponential peer methods seem to be the method of choice if the Jacobian
has eigenvalues with large imaginary part. Here they are more efficient than the classical codes,
especially for sharper tolerances.

The computing time of the exponential peer methods is in general determined by the computation
of the (-functions, which require a large number of squaring for problems with a large norm of
the Jacobian. Here the strategy of trying to keep the step size constant pays off. The situation
may change for large scale problems where Krylov methods are used to approximate products of
p-functions times a vector. This will be the topic of future research.
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