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Abstract

Let Gp(x,y) be the Green’s function of the unit ball in R? and T'g(z,y) =
J5 GB(x,2)GB(z,y)dz the iterated Green’s function.

I'p(x,
EY = B(7,y)
GB (.’17, y)
is the expectation of the lifetime of a Brownian motion in B. The aim of the paper is

to prove

sup Ey = sup By =FE" =2r—61,€0B
r€OB,yeB z,yeOB

and the maximum occurs if and only if x,, y, are diametrically opposite points on the
sphere.

1 Introduction

Let Gp(x,y) be the Green’s function of the Laplacian of the domain B with zero Dirichlet
boundary condition and

Tp(z,y) = /B Gz, 2)Cp(z y)dz (1)

the iterated Green’s function, which is one of the Green’s functions of the biharmonic
equation. The expectation of the lifetime of a Brownian motion in B, starting in =,
conditioned to converge to and to be stopped at y and to be killed on exiting B is known
to be equal [1, 3]
GB ($, y)

For simply connected plane domains B it was proven by Griffin, McConnell and Verchota
[7] there is no maximum of Ef if z € B and ¢ € 0B and in the case of the unit disk the
maximum occurs if and only if z and ¢ are diametrically opposite on 0B. For the unit disk
D it is proven by Dall’acqua, Grunau and Sweers [4] and later by the author [6] there is
no maximum for z,{ € D. For more details of this problem and closely related problems
compare [7, 8]. The purpose of this paper is to deal with the case of the ball B in R3.



Using a maximum principle Dall’acqua [5] proved that the maximum has been attained
for opposite boundary points. We will prove without any maximum principle

sup FEj= sup By =FE" =21—6=0283l.,1,€0B
r€IOB,yeB z,ye0B

and the maximum has been attained if and only if z and y are diametrically opposite
points on the sphere.

The author wishes to express his gratitude to Volker Pluschke for many calculations with
Mathematica.

2 Notations and preliminary material

As usual R? denotes Euclidean space, a typical point in this being x = (21,2, 23) with

z| = (22 + 22 + 22)Y/2. The standard basis of R® is ey, e, e3 where, for example e; =
1 2 3

(1,0,0). For two points z,y we use the notation z oy = Y3 x;y;. Let B, = {x € R®:

|z| < r} and for shortness we write B for the unit ball By. Furthermore we have

1 1 1 1

Gp(z,y) = —( -
At —yl |yl |z — ¥

) 3)

the Green’s function of B, where y* = y/|y|*.
We need the following versions of the well-known Poisson formula [9]

Lemma 1 For a harmonic function u inside of the ball B, with the boundary values
u(|z| = r) the following Poisson formula holds

2 1.2
_ 1/ ﬂu(z)dOz,

= 4r lz|=r 7| — 2|3
where |z| <.

An analogous Poisson formula holds for the exterior A, of the ball B, with A, = R3\ B,

Lemma 2 If u is a harmonic function in A, with the boundary values u(|z| = r) then

2 _ .2
_ 1/ Mu(z)dOz,

T A4r l2|=r 7| — 2|3
where |x| > 7.
In the case of the disc in the plane we have the following Poisson formula

Lemma 3 Let u be a harmonic function in the plane domain {z : |z| > r}, then

L e = i = uico),

2 rei® — G[?

The following lemma will be helpful in some cases.



Lemma 4 If z,,y € By with |z, =1,0 < |y| <1, and 0 <r < 1 then

(1 —lyD? lwo — gyl _ (L4 y)? (4)
P =r2y))* = lzor?lyl> —yl* ~ [ylP(1 +r2[yl)?

Equality occurs if and only if in the right y = —x,|y| and in the left y = z,|y|.

Proof. It follows with y o z, = |y| cos a, where o = / (o, y)

|20 — yl? 1+ [y|? — 2]y cos
- = f(n |y’7 a)

YRty = 2lyPr? cos

o2yl — y|?
and after a simple calculation

df _ 2yPsina(l —r?)(1—|y[*r?) _ 2lyPsina(l —r*)(1 - |y[*r?) (5)
|lzor2|y|? — yt

da— (|y[? + iyt = 2Jy[r2 cos a)?
It follows % = 0 if and only if sina = 0 from which the desired result follows because

1—|y| 1+ |yl
lyl(L—=72ly) ~ |yl(1 +r2[y])

3 The expectation for the lifetime on the boundary

First we want to calculate the expectation for the lifetime for the case that one point is
on the boundary. Let x,, vy, |y| < 1 = |z,| be given. The first step is to calculate

aGB(IZ‘O,y)
or ’
on the boundary, where r = |z|.
o0 1 _ ly| cosa — 1 o0 1 _ ly|2(cos a — |y|) (6)
or |z —y lz —y3 or |z — y*| lz—y*
where we have used 5
‘m_y*‘?) _ |:L’—y|
lyl*

for |z| = 1. Putting all these together, we obtain

0Gp(ro,y) _ 1 —1+ 1y
or A |zo — y3

We evaluate
x, z)GB(Zv y)dvz

lim EY = lim Jp Gl

T—To T—To Ggp (:ﬁ? y)
For that reason we use
0
lim CB@2) _ =5:G8(T0.2) _ |2 =1z —yP
T—To GB(%,y) _%GB(xo;y) |y‘2_1 ‘1,0_2;’3



and it follows

|0 — y|? / 1|22
EY = Gp(z,y)dV,. 7
T TP S, - p PV "
Now we want to deal with the case that also y tends to the boundary. We see easily

lim GB(Z7 y) —

1 GBGy) 11—z
v=vo 1=yl 2v=we 1—[y|  8m[z—yof*

It follows immediately for |y,| =1

_ 3 _ 2\2
lim B — 1ol / Sl 1 (8)
B

Y—Yo 8 |To — 2]3|yo — 23~ 7
Now we are able to prove the first theorem.
Theorem 1 If x,,y, € 0B, then

1 1 — 2
EY < EY = 4/ rgmi:mdr — 27 — 6= 0.2831...,
o

where x1 = e1 and y1 = —e1. Equality occurs if and only if x,, Y, is a rotation of e, —e;.

Proof We have with (8)

_ 3 1 — |2]2)2
Elio — ":EO yo‘ / ( 3‘Z| ) 3d‘/z —
’ 8t JB w0 — 2’|yo — 2|

|xo_yo|3 /1 2 2(/ do, )
o~ Jol [T(1- dr =
8w Jo =) l=r [0 — 2Plyo — 2P/ ©)

o — Yol? /1 r2(1 —r)dr
2 0 ’yo - xor2’3 ’

where we have used

1 / dO, 5 (14+172) 1

— =r
4 Jjz=r |20 — 23lyo — 2|3 (1 =72) |yo — 012>’
which follows from Lemma 2 with u(z) = %, |z| > r,r < 1. It is easy to check that
w is harmonic for |z| > r and it holds u(|z| =7) = ﬁ We have with (9)

3 1,2 4

To — (1 —r%)dr

Ego _ | 0 y0| / ( )2 -
° 2 0 |yo — ZoT |

The proof is a straightforward consequence of the inequality

|xo - yo‘3 8
Yo — Tor2|2 — (14 12)37

(10)

which follows from Lemma 4 and equality holds if and only if z, o 4y, = —1. These yields

1 1_7,2
EY) <4 r?

. 7(1+T2)2dr:E§ﬁ.



4 One point lying on the boundary

What we want to prove is the following formula for the expectation of the lifetime if one
point lies on the boundary.

Lemma 5 Let |y| < 1= |x,| then

|zo — y|? 3 /1 r2dr
gy =TIy - S S— 11
Zo 2 ’ o y| |y’ 0 |y o $0T2|y|2| ( )

Proof First we invoke formula (7)

o=l [ 1o
B — Gp(zy)dV,.
2o = Tyl Jo oo = 2P OB WV

A glance at (3) shows that we have to evaluate
1—|z°) d
[ 0= o )
el=r 2o =27 [z =y

[0 4%)_do. 3

z|=r |zo — Z|3 |z — ?J*|’

for 0 < r < 1. For the second integral we obtain using Lemma 2 with the harmonic
function |z — y*| 7!

/ (1—12]?) dO, _/ .3 (1—12*) dO,  4mr?
=r |To — 2P [z —y*|  Jjgi=r [PP@0 — 2P |z —y*| IrPwe —yF|
where we have used
|z — 2> = |zor? — 23773, |2| =1 (14)

Consider the first integral

/ (1—12*) dO.
\

z|=r ’xo - 2‘3 ‘Z - y‘ .

If |z| > |y| we obtain using Lemma 2 with the harmonic function |z — y|~*

d=r [To— 2P [z —y| |zo—y|

/ (1—|2?) dO, . 47
\

For |z| < |y| it follows with Lemma 1 using the harmonic function |z — y|~! and (14)

/ (1—1z|*) dO, _/ r3(1—r?) dO, 2 A
| |

Z|:T‘ ‘-’Bo _Z|3 ’Z_y| o Z‘:’V’ ’Z—$OT2‘ |Z_y‘ o |y—.7307”2|.

Putting all these together we get

lzo — yl? / — |2
EY = G dV, =
Too 1—1y? JB |wo — 23 Bz y)dV:



1z —yf /y' </ (1—[2*) d )d +
dm 1—1y[* Jo sl=r 2o — 23 |2 =y

1\xo—y!3/ (/ (1—[2[°) dO. )dr

Ar L=1yl* Jiy) \Jzj=r |wo — 2% |2 — g
_1|:co—y|3/11(/ (1—|z*) dO, )dr_
dr 1—1y|* Jo Iy\ 2] =r I%—ZF’ \z—y*\ a
Ixo—yl?’(l(l—!yF) +/'y' / )

L—1y* \2 |zo—yl o Iwor2—y| il IxoTQ—y\

The desired result follows with

\y| 7"2 1 1 7”2 1 7“2
/ ydr — o [ —s—dr = [y|(|y[* ~ 1)/ TR
0 |mor? —y lyl Jo |xor? — y*| 0 |y —zor?ly|?|
which is due to wl ) . )
Yy
/ 2 dT:\y’3/4T2 grdr
0 |Tor? =y 0 |y —zor?|yl?|

1 /1 r2dr | ’/1 r2dr
S e SR — e
lyl Jo |xor? — y*| 0 [Tor?|yl* -yl

and

As a first conclusion we obtain the following lemma, which we need later.
Lemma 6 If z,,y € By with |x,| = 1,|y| < 1, then
E% < E*
zolyl < F=aolyl

Proof. For fixed |y| we have only to show that

-yl 1yl
) = =2l = =12 [T e ? [ <o

We obtain for the left

2ly|(1 — %) b2 2r?yl?
oyl + () [ IOy [ 22

With I(Jy|) = [y|l1(Jy|),t = |y|?, and

1 1— 2 11—t2
zl(t)=—2+2(1+t)/( )2 14 " r2dy

o 1—rit o 1—trt

we get

dl 1 201 _ .2 _ n2)2
1(%) :/ 2re(1 —r*)(1 —r?) dr > 0.
dt 0 (1 —rit)?

6

(15)

(16)



It follows
1 2

r
o 1+ r2
which establishes the assertion of the lemma.

ll(t)§l1(1)2—2—|—8 dr =6 — 21 <0,

Lemma 7 Let g(t) = 1/2 — (1 +1) [ f;rdr be then ¢'(t) + g(t) > 0 for 0 <t < 1.

Proof. We first compute

1 1+t arctan \/f

g(t) = 5 - t (1 - \/i ))
- o )
g @) +g(t) = (12;;) ((t +3) (2t + 3)““3?‘/%). (17)

Let

t+3
H(t) = t
(t) = arctan v/t — \[2t+3

be then H'(t) < 0 and H(0) = 0 and it follows H(t) < 0 for 0 < ¢ < 1 which proves the
desired assertion.

Using this lemma we deduce the following corollary.

Corollary 1 E* Ly 15 @ strictly monotone increasing function of |y| for |y| < 1 = |z,

especially B, < EY =2m—6.

oly
Proof. We have

L r2dr

E" —
o 1+72y|

= = L) (5~ 1+l ) = @+ 1ul) i)

and it follows with Lemma 7

Lo

d
—To|y| — f/ / I — . 2
] fag+fg >g(f' = f) =9 —1y[*) >0

with f = (1 + |y|)%

Before we prove the main result of this chapter we need the following

Lemma 8 For 0 <t < 1 the following holds

—t2r?)(1 4+ ¢)3 5
— — (1 .
2/ A5 2 (r2 —rHdr — (1 +t)%g(t) < 0



Proof. We first prove the inequality for 0 < ¢ < 0.25. For the left of the inequality we get

1L (1—t%r?) g(t)
5 ) G 1 <

/1 t2r2)( Hd ! +/1 r’ dr <
- (r* —r4Ydr — —=dr
2 200+t)  Jo 1402t

/ t227"—7")d7“—71 —i—l—g—ﬁ— !
2 2(1+t) 3 15 35 2(1+1t)

For 0 < t < 0.25 we have 6 .

S - <o
15 20+¢)
which yields the assertion. Using (1 +¢)/(1 +r%t) < 2/(1+72) for 0 <t < 1 we get

(14+1)3(1 — t2r2
2/ 1—|—r2t L2~ ar — (14 1(1) <

—7“4) 2.2 2
4/0 mu_t P2)dr — (1+1)2g(t) = K(f)

K(t) is a decreasing function because (1+t)?g(#) is increasing which was proven in Corol-

lary 1. An elementary calculation yields K(0.24) < 0, which completes the proof of the
lemma.

Now we are in a position to prove the main result of this chapter
Theorem 2 If x,,y € By with |x,| = 1,|y| < 1 then for fized |y| and fixed x,

To __ Lo
s = B

and equality occurs if and only if y = —x,s.

Proof. We have with Lemma 5, |y| = s,

ool (5 [ U ar)
|y — zor?[yl?|

and obtain with o = /(x,,y) using (5) the necessary condition

dE%e |7‘
Yy =2 sma( / —Y dr)
do = 2! L e

b yl*( 1—7’ )1 — lyl*r?)

—sinalz, — yHy[/ TR r2dr = 0. (18)
For sin o # 0 it follows
|y\3/ |z — y/* 2,24 2
E% = — (1 — 1-— dr <
= [ P <
(1+ ly)? / (1 - Jy[*r?) 4
— 1

2y G 1

8



where the last inequality follows with Lemma 4. We see

R i TR
0

2 112y
- 1 L (1 4+ Jy|)r?
Eolyl — (1 2<_/ ASalLIN CA VAR | )
To ( +‘y’) 2 0 1+r2’y| T

This is a consequence of

(1+y))? /1 1— [y]*r?
o (

2 Aar — (1 2
) T = (Pl <0,

which follows with Lemma 8. The necessary condition is satisfied for sina = 0 and if are
there other points (7, (2 then in these points is ng < E”° oyl Our claim follows now with
Lemma 6.

5 The case of the unit disk

The aim of this chapter is to give a new proof for a lemma which was used in [6] for the
case of the unit disk. This proof follows the context of this paper. The lemma ( [6, Lemma
3.1]) is the following.

Lemma 9 Let (| = €%, 2y = €2, 2 = —1, and 0 < r < 1, then holds

1 27 do >
- i ' — A 2..2n
27r/o [ret? — 21 |2|re — ¢q]2 ¥| nl ™

: ntl_q -1 i
with A, = Wﬁﬂw; n=zn¢ =e¥ and

1 - m?i:j A2 = i:j(z ~2cos(n+ " < T (20)
Equality holds if and only if n = —1 for all r.
Proof. First it is easy to see
1 2 dv (1+71?%) 1
A ey A e e 21

The proof of the lemma given in [6] contains the following formula

1 2 dv 2 1 n
, 4 _ R 99
27r/0 |re?? — 21)2|re® — (4|2 |1—7]|2<1—r2 1—17r2) (22)

and a straightforward calculation yields

(1+7?) 1 2 ( 1 n )

= — R
(T=) G2l =P \T= 1=

9



Now we see that (22) follows from Lemma 3.

z 1:%z+z1r2

2z — 2112 z — 2112

u(z) = 2R

is a harmonic function for |z| > r? and we obtain u(|z| = r) = (1 — r2)/(|z — 21|?). Using
these we have

1 [2r dd 1 1 2m dd
7/ W0 o 2| 2 727_/ w(lzl =r)—g—p =
2 Jo |re z1|?|re C1) (1—=7r2)27 Jo |re Gl

1 1472 1
(2?)% S 1) T ,
(1—1r2)2 G —1r2xn 1 =72 — 2172)?

which is the desired result. The inequality mentioned in the lemma is an easy matter and
is analogous (10) .

6 A lower bound for Ef

In this chapter we will show how we can obtain lower bounds for the expectation of the
lifetime using only the monotonicity of the Green’s function for plane domains.

Theorem 3 Let D be a simply connected domain in the plane with Dy = {z : |2| < 1} C
D C Dp={z:]|2| < R} then

G y n 1+T2
sup B > sup BT, SO T g2 (1 4 02) 2 2
z,(eD T GDR (’I”, —T) r 2:-];
where E” . denotes the expectation for the life time of the unit disk for z =r and ( = —r.

Equality occurs if and only if D = Dy.

Proof. We deduce

r
sup B¢ > sup Ef > sup D1
z,(ED z,(€ED1 z,(€D1 GDR

where the last inequality follows from the monotonicity of the Green’s function and fur-

thermore I ( ) G ( )
D\, —T D\, —T

> su T

- Tp Gp,(r,—r)Gpg(r,—r) = Gpg(r,—r)

which is the desired conclusion because

Er, = —r*42In(1 +7%) +
1 — r2)2 1 — 72)2 A2
(M<1n—1 (1+ ( 472 ) § _TT2)2)2111(1 + 73 > —r? £ 2In(1 + r?),

4r2

which was proven in Lemma 5.2 in [6].

10
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