MARTIN-LUTHER—UNIVERSITAT
HALLE-WITTENBERG
INSTITUT FUR MATHEMATIK

B-series analysis of iterated Taylor methods

K. Debrabant and A. Kvarng

Report No. 01 (2010)




Editors:
Professors of the Institute for Mathematics, Martin-Luther-University Halle-Wittenberg.

Electronic version: see http://www2.mathematik.uni-halle.de/institut/reports/



B-series analysis of iterated Taylor methods

K. Debrabant and A. Kvarng

Report No. 01 (2010)

Kristian Debrabant

Technische Universitat Darmstadt

Fachbereich Mathematik

Dolivostr. 15

D-64293 Darmstadt, Germany

Email: debrabant@mathematik.tu-darmstadt.de

Anne Kveaerng

Department of Mathematical Sciences
Norwegian University of Science

and Technology

N-7491 Trondheim, Norway

Email: anne.kvarno@math.ntnu.no






B-SERIES ANALYSIS OF ITERATED TAYLOR METHODS

KRISTIAN DEBRABANT AND ANNE KV/AERNZ

ABSTRACT. For stochastic implicit Taylor methods that use an iterative scheme to com-
pute their numerical solution, stochastic B—series and corresponding growth functions are
constructed. From these, convergence results based on the order of the underlying Taylor
method, the choice of the iteration method, the predictor and the number of iterations, for
Itd and Stratonovich SDEs, and for weak as well as strong convergence are derived. The
theory is supported by numerical experiments.

1. INTRODUCTION

Besides stochastic Runge—Kutta methods, one important class of schemes to approxi-
mate the solution of stochastic differential equations (SDES) are stochastic Taylor methods.
For solving stiff SDEs, implicit methods have to be considered, which has been done both
for strong [13, 15] and weak [13] approximation. For these methods, the approximation
values are only given implicitly. However, in practice these implicit equations are solved
by iterative schemes like simple iteration or Newton iteration. The “exact numerical” so-
lution can be written in terms of B—series [7]. As we will prove in this paper, so can the
iterated solution. Moreover, for each iteration scheme in question, we will define a growth
function. Briefly explained, when the exact numerical and the k times iterated solutions
are both written in terms of B—series, then all terms of these series for which the growth
function has a value not greater than k coincide. Thus the growth functions give a quite
exact description of the development of the iterations. B—series and corresponding growth
functions for iterated solutions have been derived for Runge—Kutta methods applied to de-
terministic ordinary differential equations [12], differential algebraic equations [11] and
SDEs [6]. Somewhat surprisingly, the growth functions are exactly the same in all these
cases, and, as we will show in this paper, this also holds for implicit Taylor methods.

The outline of the paper is as follows: First, we will give the SDE to be solved and the
iterated Taylor methods used for its approximation. In Section 2 stochastic B—series are
introduced and some useful preliminary results presented. The main results of the paper
can be found in Section 3, where the B—series of the iterated solutions are developed and
the before mentioned growth functions derived. Only when these results are interpreted in
terms of the order of the overall scheme, we distinguish Itd from Stratonovich SDEs, weak
from strong convergence. This is discussed in Section 4, where we give concrete results
on the order of the considered methods depending on the kind and number of iterations.
Finally, in Section 5 we present several numerical examples to support our theoretical
findings.
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Key words and phrases. Stochastic Taylor method, stochastic differential equation, iterative scheme, order,
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1



2 KRISTIAN DEBRABANT AND ANNE KVARNZ

Let (Q, 7, 27) be a probability space. We denote by (X(t))tc the stochastic process
which is the solution of either a d-dimensional It6 or Stratonovich SDE defined by

) X(t) =0+ [ OX(9)ds+ Y, [ 00X(S)) ¥aW(9
0 |=1“%

with an m-dimensional Wiener process (W(t))i>0 and | = [to, T]. The integral w.r.t. the
Wiener process has to be interpreted e.g. as 1td integral with xdW,(s) = dW(s) or as
Stratonovich integral with xdW (s) = odW(s). We assume that the Borel-measurable co-
efficients g : RY — RY are sufficiently differentiable and chosen such that SDE (1) has a
unique solution.

To simplify the presentation, we define Wy (s) = s, so that (1) can be written as

@ X =50+ Y, [ 60X(9) W (s
1=0"t0

Let a discretization 1" = {to,t1,...,tn} Withtg < t; < ... <ty =T of the time interval |
with step sizes h, =t 11—ty forn=0,1,...,N —1 be given. Now, we consider the general
class of stochastic Taylor methods given by Yy = X and

3) Ynt1 = B(®Pex, Yn; Pn) + B(Pim, Yn11;hn)

forn=0,1,...,N—1withY,=Y(tn), th € Ih D (0) =1, Dim(0) = 0 (the notation will
be explained in detail in Section 2).

Example 1.1. Consider the well known semi-implicit Milstein scheme applied to an SDE
withm=1,

4) Yor1 = Yn+hgo(Yat1) +1(1)91(Yn) +1(1,1)[9191] (Yn).

This can be written in the form (3) with

B(dex, Yni i) = X0 + 1 (1) nn 91 (Yn) + 1(1,1) 1, [91091) (Yn),
B(@im, Yn+15hn) = hndo(Yn+1)-

What the general method (3) concerns, application of an iterative Newton-type method
yields

) Yor1ki1 = B(Pex, Yn; hn) + B(®im, Yo 1.6 Mn) + K(Yns ki1 — Ynr1k)

with some approximation J to the Jacobian of B(®im, Yn+1k; hn) and a predictor Yy10. In
the following we assume that (5) can be solved uniquely at least for sufficiently small h,.
To simplify the presentation, we assume further that all step sizes are constant, h, = h.

For the approximation Ji there exist several common choices. If we choose Ji to be the
exact Jacobian d2B(®im, Yni1k;h), then we obtain the classical Newton iteration method
for solving (3), with quadratic convergence. It will be denoted in the following as full
Newton iteration. If we choose instead Jx = d»B(®im, Yn; h), then we obtain the so called
modified Newton iteration method, which is only linear convergent. Here, the Jy is inde-
pendent of the iteration number k, thus its computation is much cheaper and simpler than
in the full Newton iteration case. The third and simplest possibility is to choose Ji equal to
zero. In this case we don’t even have to solve a linear system for Y, 1 ;1. This iteration
method is called simple iteration method or predictor corrector method. Its disadvantage
is that for stiff systems it requires very small step sizes to converge.
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2. STOCHASTIC B—SERIES

B-series, symbolized by B(¢,xo;h), for SDEs were first constructed by Burrage and
Burrage [1, 2] to study strong convergence in the Stratonovich case. In the following years,
this approach has been further developed by several authors to study weak and strong con-
vergence, for the 1t6 and the Stratonovich case, see e.g. [6] for an overview. A uniform
theory for the construction of stochastic B—series has been presented in [6], in [7] this ap-
proach has been used to construct order conditions for implicit Taylor methods. Following
the exposition of these two papers, we define in this section stochastic B—series and present
some preliminary results that will be used later.

2.1. Some useful definitions and preliminary results.
Definition 2.1 (Trees). The set of m+ 1-colored, rooted trees

T={0}UToUT U --UTny
isrecursively defined as follows:

a): Thegraph e; = [0]; with only one vertex of color | belongsto T.

Let 7= [11, 12, -+, 7)) bethe tree formed by joining the subtrees 11, 15, - -, T, €ach by a
single branch to a common root of color |I.

b): f 11,70, ,1c €T thent=[11, 1, - , 7)) €T
Thus, T, is the set of trees with an I-colored root, and T is the union of these sets.

Definition 2.2 (Elementary differentials). For atree t € T the elementary differential isa
mapping F (7) : RY — RY defined recursively by

a): F(0)(xo) = X0,
b): F(e1)(X) = gi(X),

¢): ft=[1,7, - ,7]| €T then

F(2) (%) = 01" (%) (F (11) (%), F (22) (%), -+, F (i) (%0)).
With these definitions in place, we can define the stochastic B—series:

Definition 2.3 (B—series). A (stochastic) B—seriesisaformal series of the form
B(¢,x0;h) = Y a(t ) F(7)(x0);

TeT
where¢ : T — Z:= {{@(h)}n>0: ¢(h): Q — RisBorel-measurablevh >0} assignsto
each treearandomvariable, and o : T — Q is given by

o(0) =1, o(e) =1, o(t=[1m,,Tl) =

K
rl'rg l:[ TJ

wherery,ry,---,rq count equal treesamong 7y, 72, - - - , Tg.

Note that oc(7) is the inverse of the order of the automorphism group of 7.

To simplify the presentation, in the following we assume that all elementary differentials
exist and all considered B-series converge. Otherwise, one has to consider truncated B—
series and discuss the remainder term.

The next lemma is proved in [6].
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Lemma 2.1. 1f Y(h) = B(¢,xo; h) with ¢(0) = 1 is some B-series and f € C*(R9,RY)
then f(Y(h)) can bewritten as a formal series of the form

(6) fY(h) = 3 B -y (u)(h)- Gu)(xo)

ueUs
where

a): U; isaset of treesderived from T asfollows: [0]¢ € Ut, and if
T, T2, T € T\ {0} then [7q, 70, , 7]+ € Uy,

b): G([0]+)(%0) = f(x0) and
G(u=[r1, -+, T 1) (%0) = T (x0) (F(72) (%0). - . F (i) (%)),

O B(0l1) = Land = [r. 1) = s T a(m),
o L

wherery,ry,---,rq count equal treesamong 7y, 7, - - - , T,

d): v, ([0]¢) =Land yy(u=[1,---, 7] 1) (h) =TT~ 9 (7) (D).

For notational convenience, in the following the h-dependency of the weight functions
and the xp-dependency of the elementary differentials will be suppressed whenever this is
unambiguous, so @(t)(h) will be written as ®(t) and F(t)(Xo) as F (7).

The next step is to present the composition rule for B-series. In the deterministic case,
this is e.g. given by [9], using ordered trees. The same rule applies for multicolored trees,
as in the stochastic case. But it is also possible to present the result without relying on
ordered trees, as done in [7], and this is the approach that will be used in the following.

Consider triples (7,7, w) consisting of some t € T, a subtree ¥ sharing the root with t,
and a remainder multiset o of trees left over when ¢ is removed from 7. We also include
the empty tree as a possible subtree, in which case the triple becomes (7,0, 7).

Example 2.1. Two examples of such triples are
j i \{'}[i
i iAo j i iAo i(i i
i ) j a{.p.p.j} and f ) \V{ a{ \V{ } .

So, for the same 7 and ¥ there might be different w’s.
We next define ST () as the set of all possible subtrees of 7 together with the corre-
sponding remainder multiset @, that is, for each T € T\ 0 we have

ST(e)) ={(0,e),(e,0)},
ST(t=[t,....%]1) = {(%,0) : 9 =[01,...., %), o={m,..., 0},
(&,wi)GST(Ti), iil,...,K}U(w,T)-

We also have to take care of possible equal terms in the formula presented below. This is
done as follows: For a given triple (7,9, ) write first & = [01,..., Uk, ]| = [19{1, e ﬁ&qh ,
where the latter only expresses that % is composed by q different nonempty trees, each
appearing r; times, hence Ziq:lri =Ky. Lett=[m,...,7];. Fori=1,...,q, each ¥ is a
subtree of some of the 7;’s, with corresponding remainder multisets ;. Assume that there
are exactly p; different such triples (T, 9%, wix) each appearing exactly riy times so that
zfi:lrik =r;. Finally, let &« € w be the distinct trees with multiplicity s, k=1,..., po, of
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the remainder multiset which are directly connected to the root of . Then, t can be written
as

_[SS1 sSpg i “fipy ~Tq1 “fapgy _ =Ry ~Rq
@) T=[6",....0p s Ty] vy Tpy oo Tgl »- -5 Tapy =7y T I

where the rightmost expression above indicates that 7 is composed by Q different trees
each appearing R; times.
With these definitions, we can state the following theorem, proved in [7]:

Theorem 2.1 (Composition of B—series). Let ¢x,¢y : T — Z and ¢x(0) = 1. Then the
B—series B(¢x, Xo; h) inserted into B(¢y, -; h) is again a B—series
B(d’y, B((PXvXO- h)) = B(¢X © (PWXO; h)
where
(o) ()= 3  ¥(1,0,0) <¢y(19> I1 ¢x(5>>
(9,0)eST (1) Scw
and

Ri! - Ro! a Pk _ .
7,19,0) = T ’ﬂ,w |k7
" ) sl!...spo!rn!...rqpq!iggy( ks U1, Gk

for T given by (7).

The combinatorial term y gives the number of equal terms that will appear if the com-
position rule using ordered trees is preferred.

In general, the composition law is not linear, neither is it associative. It is, however,
linear in its second operand. Further, if both ¢«(0) = ¢y(0) = 1, then the composition law
can be turned into a group operation (Butcher group, see [5, 9, 10] for the deterministic
case). The inverse element ¢~ () can be recursively computed by
1 ift=0,

0 otherwise,

(8) (9o ) (1) =¢e(1) = {

and associativity is proved by
B(¢z, B(dy, B(¢x;h);h), xo;h) = B(¢x 0 (¢y 0 92),%0; h) = B((9x © dy) © 92), %0: ).
As a consequence, if ¢,(0) = 0 and ¢x = ¢y = 1 we get
¢xo (dyo ¢z) = dxo (dyo (¢ +€)) — Pxo dy
9) = (¢x o dy) o (¢z+€) — ¢xo Py = (¢x° Py) © ¢z
The next result will be needed for the investigation of modified Newton iterations.

Lemma 2.2. If ¢x(0) = 0 we have
92B(dy,%0; h)B(dx, %0 h) = B(¢x* ¢y, X0 h)
where the bi-linear operator = is given by

0 ift=0,
(10) (9x 9y)(T) = Y y(1,9,{8})- oy()ex(8) otherwise,

(0.{8})esP(1)
with
SP(1) = {(d,w) € ST(1) : ® contains exactly oneelement 6}.
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Proof. Written in full, the statement of the theorem claims that

S Y a(9)a(8) dy(9)x(8) - (IF (9)F(8))

veT 6eT
(11) > a(f)( > 7(7707{5})-%(0)@(50-F(f)-
7eT\{0} (9,{6})eSP(1)
This is true if
(12) (F(D)F(8))= D, B(1,9,8)F(7)
1€ (0,8)
and
(13) a(9)a(d)B(r,9,6) = a(r)y(r,9,{6})

where o7 (1, 6) is the set of all 7’s constructed by attaching o to one of the vertices of ¥.
We will prove this by induction.

First, let & = 0. Since dF (0)F (8) = F () we have T = § and (12) and (13) are trivially
true with B(7,0,7) = 1. Now, let ¥ = e|. Then JF (¥)F(8) = g/F(5) = F([0];). As
o/ (9,6) = {[6]} this gives B([5]i,e1,0) = 1, and again (13) is trivially true. Finally, let

9= [1,...,0",..., )
with distinct trees 151, ey 15q. Then

rq times rq times

IF (9)F(8) = g™ (F(8),F (th),...,F(h),...,F (Dg),...,F (Jg))

i—1 times

q (K') /_/% —
+§rigl Y(F(h),....,0F ()F(8),F(B),....F(%),...,F () (1))

i=1
where ky = Y1, 17,50 T € o7 (9, 8) is either

T=1[8,01,...,01,... 0 with B(1,0,8)=1

|
or
=[O, 5,00, 9% with T € 7 (%, 8) and B(7,9,6) = i (T, %, 5).

In the first case, if 6 = z§j for some j, then a(7) = a(¥)o(6)/M and y(t,3,{0}) =M
with M =r;j + 1. Otherwise the same is valid with M = 1. So (13) holds. In the second
case, assume that our induction hypothesis (13) is true for all 7; € <7 (%, 6). We obtain

ri o(n)
A0 Moo

a(®) and  y(z,9,{8}) =My(z, {8}

with M = rj + 1 if 7 = 9 for some j and M = 1 otherwise. It follows that

a(2)y(x.9.(8)) =1 b 15 B (8))a() = ()65 D)

= () (8)B(7,8,8).
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2.2. B-series for the exact and the numerical solutions. From the results of the previous
subsection, it is possible to find the B—series for the exact and numerical solutions. Here,
the proofs are only sketched, for details consult [6, 7].

Theorem 2.2. The solution X(to + h) of (2) can be written asa B—series B(@, Xo; h) with
h
@) =1 o(e)(h)=W(h), o(r=[m, - wl)(h) :/0 [To(z)(s) »dW(s).
j=1
Proof. Write the exact solution as some B-series X(to + h) = B(¢,%o;h).  Apply

Lemma 2.1 to g; (X(to + h)) and Definitions 2.1, 2.2, and 2.3 to obtain
(14) a(B(g,xo;h) = 3 a(z (h)-F(7)(x0)

‘L'ET
in which
1 ift= o,

(1)(h) =< 5 .
AOM =9 TTo(e)) ifr=(n, .l eT.
j=1
Insert this into the SDE (1) and compare term by term. O

To study the consistency of the numerical methods, we need to assign to each tree an
order:

Definition 2.4 (Tree order). Theorder of atree T € T respectively u € U+ is defined by

p(@) =0, p(u=[t,....0lr) =D p(n),

Mn

i=1

X 1 forl =0,
p(T* Ty T 2 {1 .

5 otherwise.

and

One can show [13, 4, 8] that Ey(u)(h) = ¢(h*W) Yu € Ut and ¢(7)(h) = 0(h*(?)
vVt € T, respectively, where especially in the latter case the &/(-)-notation refers to the
L2(Q)-norm and h — 0. In Table 1 some trees and the corresponding values for the func-
tions p, o, and ¢ are presented.

Theorem 2.3. The numerical solutionY; given by (3) can be written as a B-series

Y; = B(®,Xg; h)
with @ recursively defined by
(15a) o0) = 1,
(15b) D(1) = Oex(T)+ (P o Dim) (7).

Proof. Write Y; = B(®,Xp; h), insert this into (3), apply Theorem 2.1, and compare term
by term. O

To be consistent with the definition of the tree order, we assume that method (3) is
constructed as usual such that Eyq(u)(h) = ¢(h*W) Yu € Ut and ®(7)(h) = ¢'(h?(?)
vVt € T, respectively. These conditions are fulfilled if for t € Tand ke N={0,1,...} it

holds that (®e«(7))? = &/(h?*?(%)) and (Gim(1))** = O'(HP().
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T p(T) (X(T) (p(,L.)(h)
h ifl =0
1 ifl=0
o| 1 1 \M(h) — J(|) (S)
{2 ifl £0 I(l) 0
2
}0 2 1 [ We(s) «ds AW (s1) = Jeor (S
! l201) ()
A 3 W (5)2 _ 210 ()
v0 2 2 fO Wl(s) *ds = {2'(1’1_’0) + I(O,O) (|)

JoWa(s1) ([§-Wo ()2 % dWA(S2)) % dst

[N
N
o
iy
N
w
NI

4322110 T23212,1,0 t231,221,0) (S)

U22110 12021210 +2l12210)
+2l10110) 212200+ 12010 + 000 (1)

TABLE 1. Examples of trees and corresponding functions p(7), o(1),
and ¢(7). The integrals ¢(t) are also expressed in terms of multiple
integrals J ) for the Stratonovich (S) and I for the Itd (1) cases, see

[13] for their definition. In bracket notation, the trees will be written as
o, [[02]0]1, [01701]0, and [01, [02,02]1]0 respectively.

To decide the weak order we will also need the B—series of the function f, evaluated
at the exact and the numerical solution. From Theorems 2.2 and 2.3 and Lemma 2.1 we
obtain

f(X(to-+h)) =Y, B(u)- we(u)(h)-G(u)(xo),

ueU¢
f06) = 3 B v (o)) G,
with
Vo8l =1 w(um,~~~,mf>11£[1<p<m,
and

3. B—SERIES OF THE ITERATED SOLUTION AND GROWTH FUNCTIONS

In this section we will discuss how the iterated solution defined in (5) can be written in
terms of B—series, that is

Yl,k = B(q)k,XO, h)
Assume that the predictor can be written as a B—series,

Yl,O = B(q)O,XO, h)7
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| h4

h(r)=3,t(r)=02(1)=1; h(1)=4,¢(1)=3,9(1)=2; h(r)=r(7)=0(7)=3

FIGURE 1. Examples of trees and their growth functions for simple (),
modified Newton (t) and full Newton () iterations.

satisfying @, (0) = 1 and @ (t) = ¢(h*(?)) Y1 € T. The most common situation is the use
of the trivial predictor Y1 g = Xg, for which ®¢(0) = 1 and ®q(7) = 0 otherwise.

We are now ready to study each of the iteration schemes, which differ only in the choice
of Jc in (5). In each case, we will first find the recurrence formula for @ (7). From this we
define a growth function g(7):

Definition 3.1 (Growth function). A growth functiong: T — N isa function satisfying
16 D(7) =D(1) VreTwithg(r) <k
(16) = Dy (1) =P(7) VreTwithg(r) <k+1,

for all k> 0.

This result should be sharp in the sense that in general there exists T # 0 with ® (1) #
®(7) and ®y(7) # O(7) when k < g(t). From Lemma 2.1 we also have

f(Yi) = 2, B(W) - Y (U) - G(u) (%)

ueUs
with
K
v (01) =1, o (u=[n, -, ulr) =[] ®()
=1
where 8 (u) and G(u)(xo) are given in Lemma 2.1. This implies
17 Vo, (U) = Yorr) Yu=[T1,---, 7] f € Ur with g'(u) = r}@(g(n) <k

As we will see, the growth functions give a precise description of the development of
the iterations. However, to get applicable results we will at the end need the relation
between the growth functions and the order. These aspects are discussed in the next section.
Examples of trees and the values of the growth functions for the three iteration schemes
are given in Figure 1.

3.1. The simple iteration. Simple iterations are described by (5) with Jx = 0, that is
(18) Ynilkil = B(®ex, Yn; D) + B(q)im,Ym—l,k; h).

By Theorem 2.1 we easily get the following lemma, where as in the following, all results
arevalidforall| =0,---,m:

Lemma 3.1. 1f Yy g = B(®Po,%o; h) then 'Yy = B(Py, Xo; h) where
q)k+1(®> = 1,
¢k+l(r) == q)@((f) + (q)kO d)|m)(‘[)
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The corresponding growth function is given by
5(8) =0, (o) =1, B[z, 7)) =1+ maxp(s,).

The function h(z) is the height of , that is the maximum number of nodes along one
branch.

3.2. The modified Newton iteration. In this subsection we consider the modified Newton
iteration

Ynt1k+1 = B(Pex, Yn; h) + B(Pim, Yn+1.k: D)
+ 2B(Dim, Yn; h) (Yn+1,k+1 — Yn+1,k)-

The B-series for Y1 i and the corresponding growth function can now be described by the
following lemma:

Lemma 3.2. If Y1 g = B(®o,%o; h) then Yy i = B(Py, Xo; h) with

D11(0) =1,

Die+1(7) = Pex(7) + (P 0 Pim) (7) + ((Picr1 — Pic) * Pim) (7).
The corresponding growth function is given by

(19)

(20)

t(11) if k=1,

(®=0. =1 t<f=[flv---ml>={Hmzm) i xo2
=1 -

The function () is one plus the maximum number of ramifications along any branch
of the tree.

Proof. Theorem 2.1 and Lemma 2.2 imply (20). We next prove that ¢ is the appropriate
growth function. If v(7) = 0then 7 =0 and ®o(7) = (). Assume now that ®y(7) = P(7)
Vrwithe(z) <k. If (¥, 0) € ST(1)\SP(7), then¥$ € witholds v(8) < v(t) and therefore
Dy(8) =D(6). So, by (20) we have VT with t(7) <k+1

(I)kJrl(T) = qDEX(T) + 2 ’Y(T7 197 (J)) : q)lm(ﬁ) H Q)(S)
(¥,0)eST(1)\SP(1) dcw

+ 2 ’Y(T,‘l?,{(S}) -(I)im(ﬁ)(l)k+1(6),
(9,{6})eSP(1)

and by induction over the number of nodes of these trees we obtain that ® . 1(7) = ®(7)
vVt witht(t) <k+1. O

3.3. The full Newton iteration. In this subsection we consider the full Newton iteration
(5) with Jx = d2B(®im, Y1 k; h). Extending the x-operator to the case when its first operand
does not vanish on the empty tree, it follows that the B—series for Y1 , and the corresponding
growth function satisfy:

Lemma 3.3. If Yy g = B(®o,%o; h) then Yy i1 = B(Pk1,%o; h) with
D11(0) =1,
Dy 1(T) = Pex(T) + (Pro (D 0 Diy1) * Pim) ) (7).
The corresponding growth function is given by

0(0)=0,  o(e)=1,

(21)

maxj_; 9(7;) if y=1,
maxj_, d(tj)+1 if y>2,

a(r:[rl,---,r,(h):{
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where y isthe number of treesin 7y,..., 7, satisfying d() = maxj_, 9(1j).
The function 0 is called the doubling index of 1.

Proof. Writing the iterations in terms of B—series, we get
(22)  B(®x1,%0;h) = B(Dex, Xo; h) + B(®im, Y1 k; h) + 92B(Dim, Y1 k; h)B(ADy, Xo; h)
With A®y(T) = Dy 1(7) — k(7). Let xo = B(D, %, Y1 x; h) s0 that

B(A®y, Xo; h) = B(A®, B(®y 1, Y1 k;h);h) = B(dD, o Ady, Y1 i h).
The use of Lemma 2.2 followed by the use of Theorem 2.1 give the following result:

32B(®im, Y1k h)B(®p L 0 Ay, Yy i h) = B((D L 0 Ady) % Dim, Y1 i; h)
= B(®ko (@ ! 0 ADy) * Dim), Xo; h).

The operator « is bilinear and o is linear from the right, thus

Dy o (DL o ADy) % Dim) = Dy o (DL o Dy 1) * Dim) — Dy 0 Dim

and the first part of the theorem is proven by (22). We will now prove the second part.
Assume that @y (1) = Oy,1(7) = O(7) for all 7 satisfying 0(t) < k. This is true for k=10
and 7 =0. Let ¥y = d)lzl o @y, 1 and notice that by the assumption above, ¥(7) equals
the unit element e(7) if 9(7) < k. Consider a tree T where d(7) = k+ 1. For this tree we
obtain

(Fo®m)(1) = > 7, 0,{8})Dim(D)¥i(5)
(9.{8))<sP(7)

(23) + Y Y7, 9,0)0im(9) [T Pi(8) = (Wikx Pim)(7)
(¥,w)eST(1)\SP(1) dcw

since the last sum of (23) disappears: For each (¢, ) € ST (1) \ SP(7) (if any) there is at
least one § € w satisfying 9(8) < kand thereby ¥ (6) = 0. In this case we obtain

(Pgo (((I)Izl 0 Dy 1) * Pim) ) (1) = (Pk 0 (I)El 0 Dy 10 Bjm) (1) = (Pyr1 0 Pim)(7)
by (9), so that
D11 (7) = Pex(7) + (Prcr1 0 Pim) (7).
The theorem is completed by induction on 7 and on k. 0

4. GENERAL CONVERGENCE RESULTS FOR ITERATED METHODS

Now we will relate the results of the previous section to the order of the overall scheme.
We have weak consistency of order p if and only if

(24) E wo () (h) = E wy () (h) + @(hP*Y)  vu e Uy with p(u) < p+ %
((24) slightly weakens conditions given in [14]), and mean square global order pif [3]
o(t)(h) = o(r)(h)+O(hPE) vreTwithp(r) <p,
Ed(t)(h) = Eo@(t)(h)+0((hPY) vreTwithp(r) < p+ %,

and all elementary differentials F () fulfill a linear growth condition. Instead of the last
requirement it is also enough to claim that there exists a constant C such that [|g(y)|| <
C WeR™ j=0,...,M and all necessary partial derivatives exist [2].



12 KRISTIAN DEBRABANT AND ANNE KVARNZ
Then, the order of the iterated solution after k iterations is min(qy, p) if

. 1
(25) Eya, (U) =Eyp(u) YueUs with p(u) <o+ 5

in the weak convergence case respectively

O(1) =(1) VreTwithp(r) < gy,
26
(20) Ed (1) =Eq@(r) VreTwithp(r) :qk+%

in the mean square convergence case.
In the following, we assume that the predictors satisfy the condition
(27) Dy(1) = D(7) VTt e T withg(t) <%

where ¢ is chosen as large as possible. In particular, the trivial predictor satisfies ¢ = 0.
It follows from (16) and (17) that

(28) O (1) =d(1) VreTwithg(r) <% +Kk,
as well as
(29) Vo (U) = yo(u)  Vue U with g'(u) <% +k

The next step is to establish the relation between the order and the growth function of a
tree. We have chosen to do so by a maximum growth function, given by

(30) (q) = max{g(7) : p(7) < a} = max{g'(u) : p(u) <}

With this definition, by (29) respectively (28), the conditions (25) respectively (26) are
fulfilled for all u of order p (u) < min(q, p) respectively all = of order p(t) < min(q, p)
if
1

(31) Y(+3) <%+k
LetTSc T and Uf’ C Us be the set of trees with an even number of each kind of stochastic
nodes. E. g. from [8] we have

Ep(t)=0 if 7&TS
Ewe(u)=0 if ugU?.

Thus, if the method is as usual constructed such that also Vmne N and Vzy; €T, i =
1,...mVn;eT,j=1,...,n,

(32)

(33) E <lm[ } (De((fl,i)q>im(’l«'2,j)> =0 if ip(m) + zn: p(m2i) €N,
i—1j=1 = =

then in (31) gk + % can be replaced by | gk + %J.
The results can then be summarized in the following theorem:

Theorem 4.1. If (33) is fulfilled, then the iterated method is of weak respectively mean
square order gy < p after ¥(|ax+ 3]) — % iterations, otherwise after ¢(ak+ 3) — %
iterations.

Our next aim is to give explicit formulas for the maximum growth function. Let us start
with the following lemma.
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vy

T3

FIGURE 2. Minimal order trees with g(7) = 3. The sets .7, 3 consist of
all such trees with only stochastic nodes.

Lemma4.l. For k>1,

W)=k = p(r)>21-
The same result isvalid for b’(u), ¢/ (u) and g’(u).

Proof. Let 7k, 7k and 7, i be sets of trees of minimal order satisfying h(7) =k V7 €
Ty 8(T) =k VT € Fpand 9(7) = K V7T € F  (see Figure 2), and denote this minimal
order by py k, prk @and pp k. Minimal order trees are build up only by stochastic nodes. It
follows immediately that 7 1 = 7.1 = Z51 = {e : | > 1}. Since p(e;) =1/2forl > 1,
the results are proved for k = 1. It is easy to show by induction on k that

Tox=A{lth: 1€ Fy1, 1 21}, Ph,k:Ph,k—lJF%:ga
(B4)  Fix=A{le,. 7], TE Tep-1, 1,12 >1}, Pek=Prk-1+1=K— %,
Tok=1m,0): 1,2 € Dx1, 1 21},  pok= Zpb,k—lJr% = k1 %
For each g being either b, ¢ or 9, the minimal order trees satisfying g’(ug k) = kare ugx =
[Tqk]f With T4« € T4k, which are of order p (74 k). a

Now we can prove the following corollary.

Corollary 4.1. For g> % we have

2q for simpleiterations,
G(a) =1 la+3] for modified Newton iterations,
llog,(q+3)| +1 for full Newton iterations.

Proof. The minimal order trees are also the maximum height / ramification number / dou-
bling index trees, in the sense that as long as p (74 k) < 0 < p(7gk+1) there are no trees of
order g for which the growth function can exceed k. O

For some methods, these results can be refined. We call a method semi-implicit, if
Dim(7) =0 V7 ¢ Tp (remember that Ty is the set of trees with a deterministic root). Then,
by Lemmas 3.1, 3.2, and 3.3 we obtain the following lemma:
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Lemma 4.2. For semi-implicit methods and simple iteration, the corresponding growth
functions are given by

1 ifl >0,
bs(0) =0, bs([m,..., 7)) = 1+m’éi(hs(fj) if| =0,
=
1 if 1>0,
tﬁ(m) :0’ tﬁ(.|) = 17 tS(T: [Tla"' aTK]I) = ts(Tl) if 1= O’K: 1’
l—&—m’é{(ts(rj) if 1=0,k>2,
J:
1 if 1>0,
K .
2:(0)=0, vi(e)=1, Va(t=[1, - Tc)i) = Tfi(as(fj) if 1=0,y=1,
m’éfaﬁ(q)ﬂ if 1=0y>2,
J:

where y isthe number of treesin 7y, ..., 7, satisfying 25 () = maxj_; 95(7j).
This implies immediately:

Lemma4.3. For k> 1,

ha() =k = p(1)2k—>.
wm=k = p(0> k-1
wr) =k = p(r)>32-1

The same result is valid for h'(u) and v’ (u).

Corollary 4.2. For semi-implicit methods we have for ¢ > 3

g+ 3] for simpleiterations,
12(q+1)] for modified Newton iterations,
llog, 42| +2  for full Newton iterations.

¢(q) =

For the trivial predictor, Table 2 gives the number of iterations needed to achieve a
certain order of convergence, both in the general and in the semi-implicit case.
For the sake of completeness, we also give the corresponding results for (deterministic)

Taylor methods applied to deterministic problems. Note that in this case, (33) is automati-
cally fulfilled.

Lemma 4.4. Suppose that the considered problem is purely deterministic, i.e. m=0in
(1). Then, for k> 1,

h(r)=k = p(1) =2k
t(t)=k = p(1r)>2k-1,
W)=k = p(1)>2¢k-1.

The same result isvalid for h’(u) and ¢/(u).
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p || simpleiter. | mod. iter. | full iter.
; 2(1) 1 1

1 2(1) 1 1
13 4(2) 2 2

2 4(2) 2 2
2} 6 (3) 3(2) 2

3 6 (3) 3(2) 2

TABLE 2. Number of iterations needed to achieve order p when us-
ing the simple, modified or full Newton iteration scheme in the 1t6 and
Stratonovich case for strong or weak approximation, provided (33) is
fulfilled. In parentheses, the numbers for semi-implicit methods are
given.

Corollary 4.3. For deterministic problems, we havefor ge N, q> 1,

q for simpleiterations,
G(q) =< |9 for modified Newton iterations,
[log,(g+1)] for full Newton iterations.

5. NUMERICAL EXAMPLES

In the following, we analyze numerically the order of convergence of several stochastic
Taylor methods in dependence on the kind and number of iterations.

As first examples, we apply the semi-implicit Milstein method [13], denoted by SIM
and given by (4), the implicit Milstein-Taylor method [15], denoted by IM and given by

Yor1=Yn+hgo(Yas1) + 11191 (Yns1) — (I, + ) [0101] (Yata),

both of strong order 1.0, and the semi-implicit strong order 1.5 Taylor method due to
Kloeden and Platen [13, 15], denoted by SIKP and given by

Yo+1 =Yn+hgo(Yar1) +1(1)91(Yn) +1(2,1)[0191] (V) — 1 (0,1)[9091] (Yn)
1 1 1
= 5N°g0g0 + 5969 (Yor1) + 0.0 [0hG0 + 5 GG (Yn)

+l1 (9201 + 9792] (Yn),
to the non-linear SDE [13]

<%X(t) +4/X(1)2+ 1> dt + /X(t)2 4+ 1dW(t), X(0) =0,

on the time interval | = [0, 1] with the solution X(t) = sinh(t +W(t)). With each method,
the solution is approximated with step sizes 2711, ... 271 and the sample average of
M = 4000 independent simulated realisations of the absolute error is calculated in order to
estimate the expectation.

The results at time t = 1 are presented in Figure 3, where the orders of convergence
correspond to the slope of the regression lines. As predicted by Table 2 we observe strong
order 1.0 for one simple or one (modified) Newton iteration of the semi-implicit Milstein
method; and no convergence for one simple iteration but strong order 1.0 for two simple or
one (modified) Newton iteration of the implicit Milstein-Taylor method. The semi-implicit

@35)  dX(t)
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- <-SIM(SI1): p=0.99 5
——SIM(MI1): p=1.00 s L
H o= IM(SI1): p=-0.01 J ®, -5
——IM(SI2): p=1.00 g
4L~ IM(VI): p=0.98 7 | I

log, , error
U
N

-7 [~—SIKP(SI): p=0.99
-7t T -o- SIKP(SI2): p=1.53
S ——SIKP(MI1): p=1.00
-5 -SIKP(MI2): p=1.50
35 -14 -13 -12 -11 45 -14 -13 -12 -11
Iog2 h Iog2 h

(a) Semi-implicit (SIM) and implicit (IM) Milstein (b) Semi-implicit strong order 1.5 Taylor (SIKP)
method method (the results for two simple or modified New-
ton iterations nearly coincide)

FIGURE 3. Error of several Taylor methods applied to (35) with up to
two simple (SI) and modified Newton (M) iterations

strong order 1.5 Taylor method yields strong order 1.0 for one and strong order 1.5 for two
simple or modified Newton iterations.

Next, we apply the drift implicit weak order two Taylor scheme [13], denoted by SIW
and given by

Yni1 =Yn+hgo(Yas1) +1(1)91(Yn) +1(1,1)[9191] (Yn)

1 1 1 1
+51wh[—gog1 + 9190 + 501 GF] (Yn) — 5N*[g6G0 + 596GE) (Y1),

to SDE (35). Here, we choose as functional f (x) = p(arsinh(x)), where p(z) = z3 — 622 +8z
is a polynomial. Then the expectation of the solution can be calculated as

(36) E(f(X(t)) =t3 —3t2+2t.

The solution E(f(X(t))) is approximated with step sizes 273,...,27% and M = 4. 10°
simulations are performed in order to determine the systematic error of SIW at time t = 1.
The results with one or two simple or modified Newton iteration steps are presented in
Figure 4. According to Table 2 we expect approximation order one for one iteration and
order two for two iterations, which is approved by Figure 4. Finally, we apply the fully
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-5 -SIW(SI1): p=0.90
——SIW(SI2): p=1.81 |
~o- SIW(MI1): p=0.90
—— SIW(MI2): p=1.81

-5

-4

Iog2 h

-3

FIGURE 4. Error of the weak second order (semi-) implicit Platen
method applied to (35) with one or two simple (SI) or modified Newton
(M) iterations (the results for one respectively two simple and modified

Newton iterations coincide)

implicit strong order 1.5 Taylor scheme given in [7],

1 1 1
Yar1 =Yn+ 5 ( H9nt1+ 5 th nt1t5 5 (I + h)gg.,n+1gl,n+1 + thga,n+lgo,n+1

1 1 1
“n? 9on+1(91n+1,91011) + Sl + Eth* <h+ §|(1,1)> 0101

+

1
lo,1)—1 10))9’190*50(0,1)*

5
—Zﬁmmmm—gﬁmm

(here we used the abbreviations gj n41

! I

7 1
(91.01) — 71°01 (09, 01) — 7h°1'(91,01.01)

l(1.0))9001

8
1
5 (I
1 7 3
+ <§| 0,1) _Zhl( )— 2111 ) 01(91,01) — <§h|( y+2l111 > 019101

1 1 3 1
—Zh%%—hﬁﬂ%gﬂfZﬁm%m—zﬂimm—gﬁ%@bm)
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=01 (Yns1) and g = gi(Yn)), which is denoted by
FIT, and the semi-implicit strong order 1.5 scheme SIKP to the system of non-linear SDEs

Xi(t)\ S)+ v/ X1()2 + X(9)2 + 1
<X2(t)) 7/0 ( 3% ) Xo(s)? + 1 ) o
sin(X1(s)) +2sin(Xx(s))
(37) +/ (cos Xi +3cos()(22(s))) dw(s),

again on the time interval | = [0,1]. The solution is approximated with step sizes2 11 .. .|

2—15

and the sample average of M = 4000 independent simulated realisations of the absolute er-
ror is calculated in order to estimate the expectation. As here we do not know the exact
solution, to approximate it we use SIKP with two simple iterations and a step size ten times

smaller than the actual step size.

The numerical results at t = 1 are presented in Figure 5. Again, the orders expected

according to Table 2 are confirmed.
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-2 ‘ ‘ ‘ FIT(SI1): p=—0.01
-T -<-FIT(SI2): p=1.01

o

H——FIT(SI3): p=1.12

-2.5¢ S |
- - -o- FIT(SI4): p=1.49
T T _y||  FIT(MI): p=099
-3t o I 1 _ - = - FIT(MI2): p=1.50
5 - - g
5 - — 5
‘535 a — 5
g - 7 g
-4 /

— - &-SIKP(SI1): p=1.00
-4.5¢ g —+—SIKP(SI2): p=1.49
_ -+ SIKP(MI1): p=1.00
SIKP(MI2): p=1.49 ‘ ‘ ‘
-15 -14 -13 -12 -11 -15 -14 -13 -12 -11
log, h Iog2 h

(a) Semi-implicit strong order 1.5 Taylor (SIKP) (b) Full implicit strong order 1.5 Taylor (FIT) method
method (the results for two simple or modified New-  (the results for four simple or two modified Newton
ton iterations coincide) iterations nearly coincide)

FIGURE 5. Error of SIKP and FIT applied to (37) with different num-
bers of simple (SI) and modified Newton (M) iterations

6. CONCLUSION

For stochastic implicit Taylor methods that use an iterative scheme to approximate the
solution, we derived stochastic B—series and corresponding growth functions. From these,
we deduced convergence results based on the order of the underlying Taylor method, the
choice of the iteration method, the predictor and the number of iterations, for It and
Stratonovich SDEs, and for weak as well as strong convergence. The convergence results
are confirmed by numerical experiments. From a practical point of view, this theory might
lead to the construction of more efficient numerical schemes for SDEs. But we also like
to point out that the similarities of the iteration dependent growth functions g for a range
of problems (ODEs, DAEs and SDEs) and underlying methods (Runge—Kutta methods,
implicit Taylor methods) indicate an underlying structure that could well be investigated in
a more general fashion. In spite of this, the number of iterations needed to obtain the order
of the underlying implicit Taylor method does not depend on whether the SDE is of It6 or
Stratonovich type. This is in contrast to the results obtained for Runge—Kutta methods for
SDEs, for which usually less iterations are needed in the Stratonovich case [6]. The reason
for this is that in the latter case certain error terms have vanishing expectation even if they
do not vanish themselves. This is not the situation for implicit Taylor methods.
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