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A self-similar solution for the porous medium equation
in a two-component domain

Ján Filo∗ and Volker Pluschke

Abstract

We solve a particular system of nonlinear ODEs defined on the two different components
of the real line connected by the nonlinear contact condition

w′ = h′ , h = ψ(w) at the point x = 0 .

We show that, for a prescribed power-law nonlinearity ψ and using the solution (w, h), a
self-similar solution to the porous medium equation in the two-component domain can be
constructed. We provide the rigorous proof of a theorem in which the formula for the free
boundary already presented in [8] is given.

1 Introduction

Let 0 < m,σ < 1 be given. The main concern of this paper is to deal with the following
system of nonlinear ODEs (see [8, Section 6])

w′′(x) + x(wm(x))′ − m

1−m
wm(x) = 0 for x < 0 ,

h′′(x) + αx(hσ(x))′ − ωσ

1−m
hσ(x) = 0 for x > 0 ,

w′(0) = h′(0) , h(0) = Mwω(0) ,

w(x)− (−a x)1/(1−m) = O
(

(−a x)m/(1−m)
)

as x→ −∞ ,

h(x)→ 0 as x→∞ ,


(1.1)

where a,M are given positive constants,

α =
1−mσ

(1 + σ)(1−m)
, ω =

m+ 1
σ + 1

(1.2)

and

f = O(g) means lim sup
x→−∞

∣∣∣∣f(x)
g(x)

∣∣∣∣ <∞ . (1.3)

We prove that there is a weak solution (w, h) of this system such that w is a smooth
decreasing function with w(0) > 0, w′(0) < 0 and h is a positive smooth decreasing
function on [0, ζ) that is identically zero for all x ≥ ζ , i.e.

h(x) > 0 for x ∈ [0, ζ) and h(x) = 0 ∀ x ≥ ζ . (1.4)

Keywords: contact condition, free boundary, nonlinear ODE, porous medium equation, self-similarity.
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The reason why we study the system (1.1) with such particular choice of exponents (1.2)
is the following. Assuming, that (w, h) is our solution of (1.1), functions

u(x, t) = t1/(1−m)w
(x
t

)
and v(x, t) = tω/(1−m)h

( x
tα

)
(1.5)

are appropriately defined solutions of the system of nonlinear PDEs

(um)t − uxx = 0 −∞ < x < 0 , 0 < t < T ,

(vσ)t − vxx = 0 0 < x <∞ , 0 < t < T ,

ux(0, t) = vx(0, t) 0 < t < T ,

v(0, t) = M uω(0, t) 0 < t < T ,

u(x, 0) = (−ax)1/(1−m) −∞ < x < 0 ,

v(x, 0) = 0 0 < x <∞ .


(1.6)

These solutions (1.5) are invariant under the dilation scaling (self-similarity)

u(x, t) = λ1/(1−m) u

(
x

λ
,
t

λ

)
for x ≤ 0 , t > 0,

v(x, t) = λω/(1−m) v

(
x

λα
,
t

λ

)
for x ≥ 0 , t > 0,

for all λ > 0, (1.7)

and they can provide us with useful information about the behaviour of the interface (or
free boundary)

I[v] = {(x, t) ∈ [0,∞)× [0,∞) : x = ξ(t)} , ξ(t) = inf{x ≥ 0 : v(x, t) = 0} .

Our main result is the rigorous proof of the fact, presented already in [8], that the
interface in this case has the explicit solution

ξ(t) = ζtα (1.8)

for ζ given by (1.4), i.e.

v(x, t) > 0 on [0, ξ(t)) and v(x, t) = 0 on [ξ(t),∞) , t > 0 . (1.9)

The asymptotic condition for w as x→ −∞ is a stronger version (and, in fact, our result)
of the more common condition

w(x)
(−ax)1/(1−m)

→ 1 as x→ −∞ (1.10)

which is required that u given by (1.5) approaches the initial condition in (1.6).
If we consider more general contact condition

v(0, t) = ψ(u(0, t))

for some other continuous increasing function ψ in (1.6) which is done for our auxiliary
problems to (1.1) on a bounded domain, then we are loosing the relation between (1.1)
and (1.6) through (1.5). The behaviour of the interface for more general (even for another
power nonlinearity) contact condition is an open problem. Also the uniqueness of (1.1)
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remains open and the question arises if some further restrictions are needed in order to
prove it.

Additional information about self-similar solutions and further references concerning
the porous medium equation can be found in [1]-[3], [5], [13],[14]. The motivation for
studying the free boundary problem with such a contact condition can be found in [10],
see also [7].

The paper is organized as follows. Initially, in Section 2, we define an approximation
of problem (1.1) on a bounded domain (Problem (P)) as well as a suitable approximation
of the contact condition (Problem (PL)). In Section 3 we derive comparison principles
for these two problems and we find explicit sub- and supersolutions, which are useful for
the original problem (1.1), too. In Section 4 we prove existence of a solution: first to
problems (P) and (PL) and then, by an approximation process, to (1.1). These proofs are
essentially based on the results of Section 3. Finally, in Section 5 we show that (1.5) is a
(weak) solution of the porous medium system (1.6) and we derive properties (1.8),(1.9) of
the interface which are obtained from our knowledge concerning the behaviour of (w, h).

Let us finish this section by introducing some notation. We write um instead of
|u|msignu. Moreover, we set [w]+ := max{w, 0} for the positive part of w and sign+(w):=
max{sign(w), 0}. A function f is said to be increasing (nondecreasing) if x < y implies
f(x) < f(y) (f(x) ≤ f(y)). If the last inequality is reversed, we obtain the definition
of a decreasing (nonincreasing) function. We call a function f : [a, b] → R piecewise
monotone, if [a, b] may be subdivided into a finite number of subintervals where f is
nondecreasing or nonincreasing. H1(a, b) = W 1,2(a, b) is the usual Sobolev space, see
e.g. [6]. In the following we use the notation V = H1(−l, 0) × H1(0, l) with its closed
subspaces Ṽ := {ϕ = (ϕ−, ϕ+) ∈ V : ϕ−(0) = ϕ+(0)}, V ◦ := {ϕ = (ϕ−, ϕ+) ∈ V :
ϕ−(−l) = ϕ+(l) = 0}, and Ṽ ◦ = Ṽ ∩ V ◦. Ṽ and Ṽ ◦ may be identified with H1(−`, `)
and H̊1(−`, `), respectively.

2 Approximation

In what follows we shall approximate problem (1.1) in two steps. First we consider our
system on a bounded domain, i.e. we investigate

D−w := −w′′(x)− x(wm(x))′ +
m

1−m
wm(x) = 0 for − ` < x < 0 , (2.1)

D+h := −h′′(x)− αx(hσ(x))′ +
ωσ

1−m
hσ(x) = 0 for 0 < x < ` , (2.2)

with boundary conditions

w(−`) = w` > 0 , h(`) = 0 (2.3)

and the general contact conditions

w′(0) = h′(0) , h(0) = ψ(w(0)) (2.4)

for some continuous and increasing function ψ : R→ R , ψ(0) = 0.
Condition (2.42) generalizes the condition h(0) = Mwω(0) , which seems to be the

only form to get self-similar solutions to the porous medium system (1.6).
In the second step conditions (2.4) are replaced by the approximation

w′(0) + L
(
ψ(w(0))− h(0)

)
= 0 , −h′(0) + L

(
h(0)− ψ(w(0))

)
= 0 (2.5)

3



for some L > 0 that we finally send to +∞ . In the following we refer to (2.1)-(2.4) as
Problem (P) and to (2.1)-(2.3),(2.5) as Problem (PL), respectively.

Now we introduce the notion of a solution, subsolution, and supersolution, resp., to
these problems in a weak sense.

Definition 2.1 (a) A couple (w, h) ∈ V is called (weak) solution of Problem (P) if it
satisfies the relation∫ 0

−`

(
w′(ϕ−)′ + wm(xϕ−)′ +

m

1−m
wmϕ−

)
dx

+
∫ `

0

(
h′(ϕ+)′ + αhσ(xϕ+)′ +

ωσ

1−m
hσϕ+

)
dx+ g

(
ϕ+(0)− ϕ−(0)

)
= 0 (2.6)

for some g ∈ R and for all ϕ = (ϕ−, ϕ+) ∈ V ◦ as well as the conditions

w(−`) = w` , h(`) = 0 (2.7)

and
h(0) = ψ(w(0)). (2.8)

(b) A couple (w, h) ∈ V is called subsolution (supersolution) of Problem (P) if it
satisfies (a) for all nonnegative ϕ ∈ V ◦ with relation symbol ”≤” (”≥”) instead of ”=”
in relations (2.6) and (2.7). We write then (2.6≤) and (2.7≤) (resp. (2.6≥) and (2.7≥))
for these inequalities.

Let us explain the meaning of the number g. If (w′, h′) has a trace at x = 0, e.g. if
(w, h) ∈ C2[−`, 0]×C2[0, `], then integration by parts in relation (2.6≤) leads to w′(0) ≤
g ≤ h′(0) for a subsolution and, analogously, to w′(0) ≥ g ≥ h′(0) for a supersolution.
If (w, h) is a solution of Problem (P) the g is just the derivative w′(0) = h′(0) = g. In
that case we may also test relation (2.6) with ϕ ∈ Ṽ ◦ (see next proposition), then g
disappears. However, we need the item with g in order to include condition (2.41) in a
proper way into definitions of weak sub- or supersolution of our problems.

Proposition 2.1 The following two assertions are equivalent:

(i) A couple (w, h) ∈ V fulfils relation (2.6) for all ϕ ∈ V ◦ and some g ∈ R;
(ii) A couple (w, h) ∈ V fulfils relation∫ 0

−`

(
w′(ϕ−)′ + wm(xϕ−)′ +

m

1−m
wmϕ−

)
dx

+
∫ `

0

(
h′(ϕ+)′ + αhσ(xϕ+)′ +

ωσ

1−m
hσϕ+

)
dx = 0 (2.9)

for all ϕ ∈ Ṽ ◦.

Moreover, the constant g in (i) is uniquely determined by

g = lim
δ→0+

1
δ

∫ 0

−δ
w′(x)dx = lim

δ→0+

1
δ

∫ δ

0
h′(x)dx.
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Proof: see Appendix.
We conclude this section with the corresponding definition of a weak solution, subso-

lution, and supersolution, respectively, of Problem (PL), which is obvious by the above
considerations.

Definition 2.2 A couple (w, h) ∈ V is called solution (subsolution, supersolution) of
Problem (PL) if the conditions of Definition 2.1 excluding (2.8) hold with g = L

(
h(0)−

ψ(w(0))
)
.

3 Comparison principle on bounded intervals

3.1 Comparison principles for Problems (P) and (PL)

We obtain comparison results for Problems (P) and (PL) as an immediate consequence
of the following main theorem of this section.

Theorem 3.1 Assume two nonnegative and piecewise monotone couples (w, h) ∈ V and
(w, h) ∈ V fulfilling relations (2.6≤),(2.7≤) with g = g and (2.6≥),(2.7≥) with g = g,
respectively. Then it holds

1
1−m

∫ 0

−`
[wm − wm]+ dx+

(
ωσ

1−m
+ α

)∫ `

0
[hσ − hσ]+ dx

+ (g − g)
(
sign+(h(0)− h(0))− sign+(w(0)− w(0))

)
≤ 0. (3.1)

Before we prove the theorem we state an auxiliary assertion.

Lemma 3.1 Let w ∈ H1(a, b) be nonnegative and piecewise monotone. Then (wm)′ ∈
L1(a, b) for every m ∈ (0, 1).

Proof: We carry out the proof for two subintervals [a, b] = [a, ξ] ∪ [ξ, b] where w is
nonincreasing on [a, ξ] and nondecreasing on [ξ, b]. For ε > 0 let wε(x) = max{w(x), ε}
and

fε(x) = (wε(x)m)′ =

{
m

w(x)1−m w
′(x) for w(x) > ε,

0 for 0 ≤ w(x) ≤ ε.

Then it holds∫ ξ

a
|fε(x)| dx =

∫ ξ

a
(−wε(x)m)′dx = wε(a)m − wε(ξ)m ≤ w(a)m =: c1.

Moreover, by definition,
(
|fε|
)

=
(
− fε

)
is a monotone increasing sequence with

−fε(x)→ −f(x) =

{
m

w(x)1−m (−w′(x)) for w(x) > 0,

0 for w(x) = 0.

as ε↘ 0 for a.e. x ∈ [a, ξ]. Hence, the monotone convergence theorem implies

fε → f in L1(a, ξ) as ε↘ 0.
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By means of∫ b

ξ
|fε(x)| dx =

∫ b

ξ
(wε(x)m)′dx = wε(b)m − wε(ξ)m ≤ w(b)m =: c2

in the same way we obtain

fε → f in L1(ξ, b) as ε↘ 0,

hence f ∈ L1(a, b) and f = (wm)′. 2

The example w(x) = xs (2 + cos 1
x), x ∈ (0, 1), s > 3

2 , 0 < m ≤ 1
s , shows that

Lemma 3.1 is false if piecewise monotonicity is omitted.

Proof of Theorem 3.1: Let ηδ : R→ [0, 1] be a smooth and nondecreasing approxima-
tion of sign+(·) with

ηδ(ξ)


= 0 for ξ ≤ 0
∈ [0, 1] for 0 < ξ < δ

= 1 for ξ ≥ δ
, δ > 0. (3.2)

Since w(−`) − w(−`) ≤ 0, h(`) − h(`) ≤ 0 due to (2.7≤),(2.7≥), the function ϕ =(
ηδ(w − w), ηδ(h− h)

)
is an admissible test function for (2.6≤) and (2.6≥). We take the

difference of these relations and obtain∫ 0

−`

[
(w′ − w′)2η′δ(w − w) + (wm − wm)

(
xηδ(w − w)

)′
+

m

1−m
(wm − wm) ηδ(w − w)

]
dx

+
∫ `

0

[
(h′ − h′)2η′δ(h− h) + α(hσ − hσ)

(
xηδ(h− h)

)′
+

ωσ

1−m
(hσ − hσ) ηδ(h− h)

]
dx

+ (g − g)
(
ηδ(h− h)− ηδ(w − w)

)
≤ 0.

(3.3)

We transform the second items within the integrals. By monotonicity assumption and
due to Lemma 3.1 we have (wm − wm)′ ∈ L1(−`, 0), (hσ − hσ)′ ∈ L1(0, `). Hence, we
may apply integration by parts and obtain∫ 0

−`
(wm − wm)

(
xηδ(w − w)

)′
dx

= (wm − wm)x ηδ(w − w)
∣∣∣x=0

x=−`
−
∫ 0

−`
(wm − wm)′ x ηδ(w − w) dx

= −
∫ 0

−`
x (wm − wm)′ηδ(wm − wm) dx

+
∫ 0

−`
x (wm − wm)′

(
ηδ(wm − wm)− ηδ(w − w)

)
dx.
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Here we used (2.7≤),(2.7≥) again. The last integral Iδ(w,w) tends to 0 as δ → 0 by the
Lebesgue theorem on dominated convergence since wm − wm and w − w have the same
sign. Let now

Φδ(w) =
∫ w

−∞
ηδ(ξ) dξ ,

then we arrive at∫ 0

−`
(wm − wm)

(
xηδ(w − w)

)′
dx

= −
∫ 0

−`
x
d

dx
Φδ(wm − wm) dx+ Iδ(w,w) (3.4)

= xΦδ(wm − wm)
∣∣∣x=0

x=−`
+
∫ 0

−`
Φδ(wm − wm) dx+ Iδ(w,w)

→
∫ 0

−`
[wm − wm]+ dx as δ → 0.

In the same way we obtain∫ `

0
α(hσ − hσ)

(
xηδ(h− h)

)′
dx → α

∫ `

0
[hσ − hσ]+ dx as δ → 0. (3.5)

The first items in the integrals of (3.3) are nonnegative and may be omitted. Then the
limit process δ → 0 in (3.3) by means of (3.4) and (3.5) immediately leads to (3.1). 2

Corollary 3.1 Let (w, h) be a subsolution of Problem (P) and (w, h) be a supersolution
of Problem (P) in the sense of Definition 2.1 being nonnegative and piecewise monotone.
Then

w(x) ≤ w(x) ∀x ∈ [−`, 0] and h(x) ≤ h(x) ∀x ∈ [0, `] .

This is obvious since h(0) = ψ(w(0)), h(0) = ψ(w(0)), hence (g − g)
(
sign+(h(0) −

h(0))− sign+(w(0)− w(0))
)

= 0 in (3.1) because of monotonicity of ψ.

Corollary 3.2 Let (w, h) be a subsolution of Problem (PL) and (w, h) be a supersolution
of Problem (PL) in the sense of Definition 2.2 being nonnegative and piecewise monotone.
Then

w(x) ≤ w(x) ∀x ∈ [−`, 0] and h(x) ≤ h(x) ∀x ∈ [0, `] .

In that case we have g = L
(
h(0) − ψ(w(0))

)
, g = L

(
h(0) − ψ(w(0))

)
, and the last

item in (3.1) is

s3 = L
(

[h(0)− h(0)]− [ψ(w(0))− ψ(w(0))]
)(

sign+[h(0)− h(0)]− sign+[w(0)− w(0)]
)
.

If sign[h(0)−h(0)] = sign[w(0)−w(0)] then s3 = 0, otherwise s3 > 0 by the assumptions
on ψ again, which yields the assertion of Corollary 3.2.

The next corollary concerns the case if we consider the one-sided equations (2.1) or
(2.2) separately on (−`, 0) or (0, `), respectively, with Dirichlet boundary conditions

w(−`) = w` , w(0) = w0 and h(0) = h0 , h(`) = 0, (3.6)
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resp., or Dirichlet-Neumann conditions

w(−`) = w` , w′(0) = gw , (3.7)
h(`) = 0 , −h′(0) = gh , (3.8)

respectively. Then we obtain a comparison principle e.g. on [−`, 0] by choosing ϕ+(x) ≡ 0
in the proof of Theorem 3.1. All items with h, h in (3.1) disappear, moreover the last item
on the left-hand side of (3.1) disappears in case of the Dirichlet problem (3.6) because of
ϕ−(0) = 0.

Defining a subsolution and a supersolution to (2.1),(3.6) or (2.1),(3.7), resp., in an
analogue way to Definition 2.1, we formulate the result for the left-hand side [−`, 0].

Corollary 3.3 Let w,w ∈ H1(−`, 0) be nonnegative and piecewise monotone on [−`, 0].
If w is a subsolution and w is a supersolution, resp., to (2.1),(3.6), then w(x) ≤ w(x)
for all x ∈ [−`, 0].
If w is a subsolution and w is a supersolution, resp., to (2.1),(3.7), then it holds∫ 0

−`
[wm − wm]+ dx− (gw − gw) sign+(w(0)− w(0)) ≤ 0. (3.9)

An analogue result holds for h, h ∈ H1(0, `).

Obviously, a solution of our problems is a sub- and supersolution, too. In order
to apply these corollaries to a solution, however, we have to verify the monotonicity
assumption.

Lemma 3.2 Let w, h be nonnegative weak solutions of (2.1) and (2.2), respectively.
Then w : [−`, 0]→ R+ and h : [0, `]→ R+ are piecewise monotone functions.

Proof: Suppose first that w ∈ H1(−`, 0), w(−`) > 0 is a weak nonnegative solution of
the nonlinear ODE (2.1) and we set U = (−`, ι) , where

ι = sup{x ∈ (−`, 0] : w(x) > 0} .

Observe that since w > 0 on U ,

−w′′ + b(x)w′ + c(x)w = 0 , b(x) = −mxwm−1(x) , c(x) =
m

1−m
wm−1

and we can apply the known results about interior regularity of second-order elliptic
equations (see e.g. [6]) to conclude that

w ∈ C∞(U) and (2.1) holds in the classical sense on U .

(i) Let ι = 0 and w(0) > 0 . Then w ∈ C∞([−`, 0]) and it follows from the classical one-
dimensional maximum principle (see e.g. [12]) that w(x) can not attain a local positive
maximum in (−`, 0) . Therefore w is monotone on [−`, 0] or it is first nonincreasing
and then nondecreasing.

(ii) Let ι = 0 and w(0) = 0 . As w(x) can not attain a local positive maximum in
(−`, 0) , it is nonincreasing.

(iii) Let ι < 0 and w(0) = 0 . Then it is not difficult to see that w is nonincreasing
on [−`, ι] and it has to be identically zero on [ι, 0] .
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(iv) Let ι < 0 and w(0) > 0 . Define λ = inf{x ∈ (ι, 0) : w(x) > 0} . Then w is
nonincreasing on [−`, ι] , it is nondecreasing on [λ, 0] and it is possibly zero on [ι, λ] .

If w(−`) = 0 , then due to the fact, that w cannot attain a local positive maximum
on (−`, 0) , it is a nondecreasing function.

For the solution h of (2.2) holds an analogue result as for w . 2

In Section 4 we prove existence of nonnegative solutions to Problems (P) and (PL).
Moreover, in Theorems 4.1 and 4.2 it is shown that there are no solutions where nonneg-
ativity is violated. Therefore, as a consequence of Lemma 3.2 and Corollaries 3.1, 3.2 we
obtain

Theorem 3.2 A weak solution (w, h) to Problem (P) or Problem (PL), respectively, is
unique and bounded by

0 ≤ w(x) ≤ w` for − ` ≤ x ≤ 0,
0 ≤ h(x) ≤ ψ(w`) for 0 ≤ x ≤ `.

(3.10)

It only remains to remark that (w, h) = (w`, ψ(w`)) is a supersolution to Problem (P)
as well as to Problem (PL).

3.2 Explicit sub- and supersolutions and some consequences

By means of the comparison result of the above section it is possible to derive better
estimates of our solution than boundedness (3.10). Since Problem (PL) only was an
auxiliary problem to our main concern, we restrict us to Problem (P). First, one easily
computes that

ω(x) =
(

a2

1−m
− ax

)1/(1−m)

(3.11)

is a solution of equation (2.1) and

w(x) =
(

b2

1−m
− ax

)1/(1−m)

(3.12)

is a subsolution to equation (2.1) if 0 ≤ b ≤ a and a supersolution to (2.1) if b ≥ a. Using
this function we are able to exclude the (trivial) case that the solution of Problem (P)
has the form (w, h) = (w(x), 0) with w(0) = 0.

Lemma 3.3 If (w, h) is a nonnegative solution of Problem (P) with w` > 0 then h(0) =
ψ(w(0)) > 0, w′(0) = h′(0) < 0, w is decreasing on [−`, 0] and h is nonincreasing on
[0, `].

Proof: 1. Assume first that w(0) = 0. Then also h(0) = 0 and thus, since h may not
attain any positive maximum in (0, `), h(x) = 0 ∀x ∈ [0, `] . Consequently, it is easy to
see that g = 0 in relation (2.6). Moreover, for positive, sufficiently small a, the function
ω defined by (3.11) is a subsolution to (2.1),(3.7) satisfying

ω(−`) ≤ w(−`) and gω = ω′(0) < 0 = g =: gw .

Therefore, due to the validity of comparison principle for monotone solutions, Corol-
lary 3.3, ω can be compared with w on [−`, 0] to conclude that

ω(x) ≤ w(x) ∀x ∈ [−`, 0]

9



- a contradiction to w(0) = 0 < ω(0) .
2. It follows therefore that w(0) > 0 . Then (3.12) is a subsolution to (2.1), (3.6)

for sufficiently small positive a, b, and Corollary 3.3 implies w(x) ≥ w(x) > 0 for all
x ∈ [−`, 0]. Hence w has no zeros and (w, h) is a classical solution of (2.1),(2.2) on
[−`, 0]× [0, ζ) for some positive ζ ≤ `. Moreover, by the classical maximum principle, w
and h are nonincreasing functions and even decreasing on every subinterval where w and
h are positive.

3. We must now verify w′(0) < 0 .
For this, let w′(0) = 0 . Then also h(0) > 0 , h′(0) = 0 and h is nonincreasing on

[0, `]. Therefore it attains its maximum at x = 0, but from the classical one-dimensional
maximum principle, see e.g. [12, Theorem 1.2], it follows that

h′(0) < 0 a contradiction to h′(0) = 0 .

If w′(0) > 0 , then also h′(0) > 0 and the contradiction follows immediately.
This observation confirms the assertion. 2

Our next goal is to derive a supersolution which shows us that h(x) ≡ 0 for all x ≥ ζ
and some ζ with 0 < ζ < `.

Let us remind the Barenblatt solution

hB(x) =
[
C −D(σ)x2

] 1
1−σ
+

, D = D(σ) =
σ(1− σ)
2(1 + σ)

, b > 0 (3.13)

solving the ordinary differential equation

h′ +
σ

1 + σ
xhσ = 0 and therefore

(
h′ +

σ

1 + σ
xhσ

)′
= 0

which is derived from porous medium equation by looking for a self-similar solution.
Unfortunately, it is not a solution of our equation (2.2) but it is a supersolution. To
demonstrate this, choose ` >

√
C/D and write equation (2.2) in divergence form

D+h = −(h′ + αxhσ)′ + (α+ β)hσ = 0.

Then we obtain∫ `

0

(
(h′B + αxhσB)ϕ′ + (α+ β)hσBϕ

)
dx

=
∫ `

0

(
h′B +

σ

σ + 1
xhσB

)
ϕ′ dx︸ ︷︷ ︸

=0

+
∫ `

0

(
α− σ

σ + 1

)
xhσBϕ

′ dx+
∫ `

0
(α+ β)hσBϕdx

=
∫ `

0

[(
σ

σ + 1
− α

)
x
(
hσB
)′ + (β +

σ

σ + 1

)
hσB

]
ϕ(x) dx ≥ 0

for all nonnegative ϕ ∈ H1(0, `) since α ≥ σ
σ+1 , (hσB)′ ≤ 0, and hσB ≥ 0 for all x ∈ [0, `].

This is (2.6≥) if g = 0 and ϕ− ≡ 0. Now we conclude

Lemma 3.4 For any nonnegative solution (w, h) of Problem (P) with 0 < h(0) <
D(σ)`2 it holds

ζ = sup{x ∈ [0, `] : h(x) > 0} ∈ (0, `). (3.14)

10



Proof: The Barenblatt solution hB given by (3.13) is a supersolution to (2.2),(3.6) if
C ≥ h(0). Then comparison due to Corollary 3.3 yields 0 ≤ h(x) ≤ hB(x) for x ∈ [0, `]
and thus h(x) ≡ 0 for all x ≥

√
h(0)/D(σ). 2

Lemma 3.4 raises the question of a bound for h(0). Since our main concern is to
solve problem (1.6) on the whole real line by approximation by a sequence of solutions of
Problem (P) for `→∞ the bound of (w, h) given in Theorem 3.2 is too rough. We need
a bound that is independent of `. For this reason we first look for a suitable supersolution
to Problem (P). Although the function ω given by (3.11) is a solution of equation (2.1)
and hB is a supersolution to equation (2.2), respectively, the couple (ω, hB) is not a
supersolution to Problem (P) since ω′(0) < h′B(0) = 0. However, we may construct a
supersolution to Problem (P) based on these functions.

Lemma 3.5 There are numbers ρ > a/m and b > a independent of ` such that (w, hB)
with

w(x) =


(

b2

1−m − ax
)1/(1−m)

if −∞ < x ≤ −ρ,(
b2

1−m + a
2 (x

2

ρ + ρ)
)1/(1−m)

if − ρ ≤ x ≤ 0,
(3.15)

and hB defined by (3.13) with C = ψ(b2/(1−m) + aρ/2)1−σ is a supersolution to Prob-
lem (P) if the boundary value fulfils the relation w` ≤ w(−`).

Proof: Fix some ρ > a/m. Note that w(−`) ≥ w` and hB(`) ≥ 0 independent of x = `.
Moreover, w′(0) = h′B(0) = 0 and hB(0) = ψ(w(0)). Hence, it remains to verify the
integral inequality (2.6≥) with g = 0.

First for −ρ ≤ x ≤ 0 one easy calculates

D−w(x) ≥
(
− ma2

(1−m)2
− ma

1−m
ρ+

(
m− a

ρ

)w1−m

1−m

)
w2m−1.

Defining some λ ∈ (0, 1) by λρ = a/m, by means of w1−m ≥ b2/(1−m) we obtain

D−w(x) ≥
(
− ma2

(1−m)2
− ma

1−m
ρ+ (1− λ)

mb2

(1−m)2

)
w2m−1.

For sufficiently large b > a this yields D−w(x) ≥ 0 for all x ∈ [−ρ, 0]. Moreover, if
−` ≤ x ≤ −ρ, w(x) coincides with (3.12) which is a supersolution in the case b > a
and D+hB(x) ≥ 0 holds on [0, `] in a weak sense as shown above. Consequently, since
w ∈ C1([−`, 0]) and w′(0) = h′B(0) = 0, the couple (w, hB) is a supersolution in the sense
of Definition 2.1. 2

Obviously, since hB(0) = ψ(w(0)) the couple (w, hB) defined in Lemma 3.5 is a
supersolution to Problem (PL) for all L > 0, too. We summarize the results of this
subsection.

Theorem 3.3 Let (w, h) be the weak solution to Problem (P) or Problem (PL), respec-
tively, with boundary value w` between (a`)1/(1−m) and w(−`) . Then it is bounded by

(−ax)1/(1−m) ≤ w(x) ≤ w(x) for − ` ≤ x ≤ 0,
0 ≤ h(x) ≤ hB(x) for 0 ≤ x ≤ `,
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where the functions w and hB are defined by (3.15) and (3.13), respectively, and are
independent of `. Moreover, there is a number `0 > 0 such that

∅ 6= supph = [0, ζ] ⊂ [0, `0] ∀` > `0.

Proof: The first assertion follows from Corollary 3.1 or Corollary 3.2, respectively,
since ((−ax)1−m, 0) is a subsolution (cf. (3.12) with b = 0) and (w, hB) is a supersolution
(cf. Lemma 3.5). The second assertion is a consequence of Lemma 3.3 and Lemma 3.4
since 0 < h(0) ≤ hB(0) is bounded independently on `. 2

4 Existence

The aim of this section is to prove existence of a solution of problem (1.1). The way to
this end is subdivided into three steps.

Step 1: We solve Problem (PL) on [−`, 0] × [0, `]. This is done by reformulating it
as a fixed point problem based on independent third boundary value problems for (2.1)
on [−`, 0] and (2.2) on [0, `], respectively. The main tool to apply Schauders fixed point
theorem is the comparison result from Corollary 3.3 which yields the required properties
of the fixed point mapping.

Step 2: We solve Problem (P) by a limit process L → ∞ in (PL). Since the item
L
(
h(0) − ψ(w(0))

)2 will be bounded uniformly with respect to L we obtain h(0) −
ψ(w(0))→ 0 as L→∞.

Step 3: The solution of problem (1.1) on the real line is constructed by a limit process
`→∞ in Problem (P). The difficulty to overcome is the dependence on ` of the a priori
bounds for the approximates in H1(−`, 0) × H1(0, `) since w(x) will be unbounded as
x→ −∞. The asymptotic boundary condition imposed on w in (1.1) then easily follows
from the estimate in Theorem 3.3.

4.1 Existence of solutions of Problems (PL) and (P)

We start with a solution of Problem (PL). Consider first the decoupled boundary value
problems

D−w = 0 for − ` < x < 0 , w(−`) = w`, w′(0) + Lψ(w(0)) = fw (4.1)

and

D+h = 0 for 0 < x < ` , h(`) = 0, −h′(0) + Lh(0)) = fh (4.2)

for given fw, fh ≥ 0, L > 0.

Proposition 4.1 For given real numbers w`, fw, fh ≥ 0 and L > 0 there are nonnegative
(weak) solutions w ∈ H1(−`, 0) and h ∈ H1(0, `) of problems (4.1) and (4.2) fulfilling
the relations∫ 0

−`

(
w′ϕ′ + wm(xϕ)′ +

m

1−m
wmϕ

)
dx+ Lψ(w(0))ϕ(0) = fwϕ(0) (4.3)
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for all ϕ ∈ H1(−`, 0) with ϕ(−`) = 0 and∫ `

0

(
h′ϕ′ + αhσ(xϕ)′ +

ωσ

1−m
hσϕ

)
dx+ Lh(0)ϕ(0) = fhϕ(0) (4.4)

for all ϕ ∈ H1(0, `) with ϕ(`) = 0, respectively, as well as the boundary condition w(−`) =
w`, h(`) = 0.

Proof: We intend to build a solution of (4.1) and (4.2) as the limit of certain finite
dimensional approximations (Galerkin method) following step by step the way of [6,
Chapter 9.1], for example, but we omit more details here. Nonnegativity of w and h
can be shown by the argument given in the proof of Theorem 4.1 (ii). Then w(0) < 0,
w′(0) ≤ 0 or h(0) < 0, h′(0) ≥ 0, respectively, provide a contradiction to fw, fh ≥ 0. 2

We construct the fixed point mapping which is equivalent to Problem (PL). Let
w` ≥ 0, L > 0 be fixed and (w, h) be the tuple of solutions of (4.1) and (4.2) corresponding
to given data fw and fh, respectively. Then Proposition 4.1 defines an operator

S : R2 → H1(−`, 0)×H1(0, `) with S(fw, fh) = (S−fw,S+fh) = (w, h).

Defining the modified trace operator

T : H1(−`, 0)×H1(0, `)→ R2 with T (w, h) = (Lh(0), Lψ(w(0))),

we have the composition A = T S : R2 → R2.

Lemma 4.1 Let (f∗w, f
∗
h) be a fixed point of the operator A. Then (w, h) = S(f∗w, f

∗
h) is

a solution of Problem (PL).

Proof: w fulfils relation (4.3) with fw = f∗w = Lh(0) and h fulfils (4.4) with fh = f∗h =
Lψ(w(0)). Test now (4.3) with ϕ = ϕ− and (4.4) with ϕ = ϕ+ for given (ϕ−, ϕ+) ∈ V ◦,
the sum of these relations fulfils the conditions of Definition 2.2. 2

We want to apply Schauders fixed point theorem. Therefore we have to show that A
is a continuous operator mapping a convex compact set K ⊂ R2 into itself. Choose

K = {(fw, fh) ∈ R2 : 0 ≤ fw ≤ Lψ(w`), 0 ≤ fh ≤ Lψ(w`)}.

Lemma 4.2 Let w` ≥ 0. Then A : K → K.

Proof: Obviously, w = w` is a supersolution to (2.1),(3.7) with g = 0, and w = w =
S−fw is a subsolution with g = fw − Lψ(w(0)), respectively. Then estimate (3.9) from
Corollary 3.3 reads as∫ 0

−`
[w(x)m − wm` ]+ dx−

(
fw − Lψ(w(0))

)
sign+(w(0)− w`) ≤ 0.

Since fw ≤ Lψ(w`) this implies∫ 0

−`
[w(x)m − wm` ]+ dx+ L

(
ψ(w(0))− ψ(w`)

)
sign+(w(0)− w`) ≤ 0,
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which yields w(x) ≤ w` for all x ∈ [−`, 0] due to monotonicity of ψ.
The analogue to (3.9) for (2.2),(3.8) with h = ψ(w`), h = h = S+fh, g = 0 and

g = fh − Lh(0) is∫ `

0
[h(x)σ − ψ(w`)σ]+ dx−

(
fh − Lh(0)

)
sign+(h(0)− ψ(w`)) ≤ 0.

Since fh ≤ Lψ(w`) it follows h(x) ≤ ψ(w`) for all x ∈ [0, `]. Nonnegativity of w and
h is obtained from Proposition 4.1 since (fw, fh) ∈ K are nonnegative. This implies
0 ≤ w(0) ≤ w` and 0 ≤ h(0) ≤ ψ(w`), which yields T (w, h) ∈ K. 2

Lemma 4.3 Let w` ≥ 0. Then A : K → K is continuous.

Proof: Let (fw, fh) and (f̃w, f̃h) be given and (w, h) = S(fw, fh), (w̃, h̃) = S(f̃w, f̃h).
Application of Corollary 3.3 first to w = w, w = w̃ and then to w = w̃, w = w yields∫ 0

−`
[wm − w̃m]+ dx−

(
(fw − f̃w)− L

(
ψ(w(0))− ψ(w̃(0))

))
sign+(w(0)− w̃(0)) ≤ 0,∫ 0

−`
[w̃m − wm]+ dx−

(
(f̃w − fw)− L

(
ψ(w̃(0))− ψ(w(0))

))
sign+(w̃(0)− w(0)) ≤ 0.

Since ψ is an increasing function we have L(ψ(w1(0))−ψ(w2(0))) sign+(w1(0)−w2(0)) =
L [ψ(w1(0))− ψ(w2(0))]+, hence the sum of the two inequalities leads to∫ 0

−`
|w(x)m − w̃(x)m| dx+ L |ψ(w(0))− ψ(w̃(0))| ≤ |fw − f̃w|.

In the same way an analogue inequality for h∫ `

0
|h(x)σ − h̃(x)σ| dx+ L |h(0))− h̃(0)| ≤ |fh − f̃h|

follows. This means continuous dependence of A(fw, fh) on the data (fw, fh) and it
concludes the proof. 2

Theorem 4.1 For given w` ≥ 0 there is a unique weak solution (w, h) of Problem (PL)
which is nonnegative on [−`, 0]× [0, `].

Proof: (i) Existence: Owing to Lemma 4.2 and Lemma 4.3 we can apply Schauders fixed
point theorem which yields existence of (f∗w, f

∗
h) ∈ K with A(f∗w, f

∗
h) = (f∗w, f

∗
h). Then

(w, h) = S(f∗w, f
∗
h) is a solution of Problem (PL) due to Lemma 4.1.

(ii) Nonnegativity: Assume there is a solution of Problem (PL) with w(x0) < 0 for
some x0 ∈ (−`, 0]. By the argument given in the proof of Lemma 3.2 w cannot have
a negative local minimum in (−`, 0). Hence, since w(−`) = w` ≥ 0, min−`≤x≤0w(x) =
w(0) < 0 and w′(0) ≤ 0. Contact condition (2.5) then implies h(0) ≤ ψ(w(0)) < 0
and h′(0) ≤ 0. Since h(`) = 0 and also h cannot have a negative minimum, the only
possible situation is min0≤x≤` h(x) = h(0) < 0 with h′(0) = 0, h′′(0) ≥ 0. But this is a
contradiction to equation (2.2) at x = 0.
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If, on the other hand, w(x) ≥ 0 for all x ∈ [−`, 0] and h(x0) < 0 for some x0 ∈ [0, `),
then again min0≤x≤` h(x) = h(0) < 0 and h′(0) ≥ 0. Condition (2.5) now implies
ψ(w(0)) ≤ h(0) < 0 which is a contradiction to w(0) ≥ 0, too.

(iii) Uniqueness follows from Corollary 3.2 in combination with Lemma 3.2. 2

We come to step 2.

Theorem 4.2 For given w` ≥ 0 there is a unique weak solution (w, h) of Problem (P)
which is nonnegative on [−`, 0]× [0, `].

Before we prove this theorem we need some a priori estimates for the solution of
Problem (PL).

Lemma 4.4 Let (w, h) be a solution of Problem (PL). Then there are constants ci =
ci(`, w`), i = 1, 2, 3, independent of L > 0 such that∫ 0

−`
|w′(x)|2 dx ≤ c1(`, w`), (4.5)∫ `

0
|h′(x)|2 dx ≤ c2(`, w`), (4.6)

L
∣∣h(0)− ψ(w(0))

∣∣2 ≤ c3(`, w`). (4.7)

Proof: (i) We derive (4.5). Choose test function ϕ = (w(x) + τ(x), 0) with perturbation
τ(x) = x

`w` − (1 + x
` )w(0) and test relation (2.6) with it. Since ϕ−(0) = ϕ+(0) the last

item in (2.6) disappears and we obtain∫ 0

−`

(
w′(w + τ)′ + wm(x(w + τ))′ +

m

1−m
wm(w + τ)

)
dx = 0.

Owing to (3.10) w is bounded by w`, moreover τ and τ ′ are bounded since 0 ≤ w(0) ≤ w`,
hence ∫ 0

−`
|w′(x)|2 dx ≤ c(`, w`) +

∫ 0

−`
|w′(x)τ ′(x)|dx+ `wm`

∫ 0

−`
|w′(x)| dx.

Now Youngs inequality finishes the proof of (4.5).
(ii) To prove (4.6) and (4.7) we test (2.6) corresponding to Problem (PL) (cf. Defini-

tion 2.2) with ϕ(x) =
(
(1 + x

` )ψ(w(0)), h(x)
)

which yields

∫ 0

−`

(
w′

1
`
ψ(w(0)) + wm

(
1 +

2x
`

)
ψ(w(0)) +

m

1−m
wm
(
1 +

x

`

)
ψ(w(0))

)
dx

+
∫ `

0

(
|h′|2 + αhσ(xh)′ +

ωσ

1−m
hσ+1

)
dx+ L

(
h(0)− ψ(w(0))

)2 = 0.

Using again boundedness of w and h by (3.10), Youngs inequality and the already proved
estimate (4.5) it is easy to see that (4.6) and (4.7) hold. 2

Proof of Theorem 4.2: We choose a sequence (Ln) with Ln → ∞ and investigate
the behavior of the corresponding solutions (wn, hn) of Problem (PLn). ((wn, hn))n∈N is
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bounded in V due to (4.5) and (4.6). V is compactly embedded in C([−`, 0])×C([0, `]).
Hence, there is a subsequence ((wnk , hnk))k∈N of ((wn, hn))n∈N with

(wnk , hnk) ⇀ (w, h) in V = H1(−`, 0)×H1(0, `) (4.8)

and

(wnk , hnk)→ (w, h) in C([−`, 0])× C([0, `]). (4.9)

Now test relations (2.6) corresponding to Problems (PLnk ) with ϕ ∈ Ṽ ◦, i.e. ϕ−(0) =
ϕ+(0). This yields∫ 0

−`

(
w′nk(ϕ−)′ + wmnk(xϕ−)′ +

m

1−m
wmnkϕ

−
)
dx

+
∫ `

0

(
h′nk(ϕ+)′ + αhσnk(xϕ+)′ +

ωσ

1−m
hσnkϕ

+
)
dx = 0.

Convergence properties (4.8) and (4.9) allow to go to the limit k → ∞ in this relation,
hence (w, h) fulfils∫ 0

−`

(
w′(ϕ−)′ + wm(xϕ−)′ +

m

1−m
wmϕ−

)
dx

+
∫ `

0

(
h′(ϕ+)′ + αhσ(xϕ+)′ +

ωσ

1−m
hσϕ+

)
dx = 0

for all ϕ ∈ Ṽ ◦ which is (2.6) for this class of test functions. Moreover, owing to (4.9),
w(−`) = w` and h(`) = 0. To check the contact condition (2.8) we see from (4.7)
that hnk(0) − ψ(wnk(0)) → 0 as k → ∞. Since on the other hand hnk(0) → h(0) and
ψ(wnk(0)) → ψ(w(0)) due to (4.9) this yields h(0) = ψ(w(0)). To conclude that (w, h)
is a solution of Problem (P) it only remains to refer to Proposition 2.1 which states
existence of a g such that (2.6) is fulfilled for all ϕ ∈ V ◦.

Finally, nonnegativity holds since the solutions (wn, hn) of Problem (PLn) are non-
negative and uniqueness is given by Corollary 3.1 in combination with Lemma 3.2. 2

Remark 4.1 Since the solution (w, h) of Problem (P) is unique the convergence prop-
erties (4.8) and (4.9) hold for the whole sequence (wn, hn). Hence, the (unique) solution
of Problem (P) may be approximated (uniformly with respect to x) by solutions (wn, hn)
of Problem (PLn) for an arbitrary choice of Ln →∞.

4.2 The contact problem on the real line

We continue with step 3 and return to problem (1.1) in this way. First, we have to define
the proper notion of a solution.

Definition 4.1 A couple (w, h) is called (weak) solution of Problem (1.1) if
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(i) (w, h) ∈ V for any fixed ` > 0;
(ii) it satisfies the relation∫ 0

−∞

(
w′(ϕ−)′ + wm(xϕ−)′ +

m

1−m
wmϕ−

)
dx

+
∫ ∞

0

(
h′(ϕ+)′ + αhσ(xϕ+)′ +

ωσ

1−m
hσϕ+

)
dx = 0 (4.10)

for all test functions ϕ = (ϕ−, ϕ+) with bounded support which belong to Ṽ for any
positive `;
(iii) it holds the contact condition

h(0) = M wω(0) (4.11)

with M,ω > 0 and
(iv) the asymptotic conditions

w(x)− (−ax)1/(1−m) = O
(

(−ax)m/(1−m)
)

as x→ −∞, (4.12)

h(x)→ 0 as x→∞ (4.13)

are fulfilled.

The idea to come to a solution of (1.1) is to observe the solution (w, h) of Problem (P)
as ` → ∞. In order to obtain condition (4.12) for the limit we restrict to ` > ρ and
prescribe the boundary value

w` = w(−`) =
(

b2

1−m
+ a`

)1/(1−m)

(4.14)

where the constants ρ and b are given in Lemma 3.5.
Choose now a sequence `ν := ν → ∞, ν ∈ N, and denote by (wν , hν) the solution of

problem (P) with ` = `ν . Remember the assertion of Theorem 3.3 that supph ⊂ [0, `0]
for all ` > `0 then

hν(x) ≡ 0 ∀x ∈ [`0, ν] (4.15)

if ν > `0.
Hence we fix some R > max{ρ, `0} > 0 and restrict to ν ≥ R. We show that the

corresponding sequence (wν , hν) is nonincreasing w.r.t. ν and bounded on [−R,R]. In
order to conclude that the limit is a solution of our equations we need some a priori
estimates else. Since every test function in Definition 4.1 vanishes outside a compact set
it is enough to derive local a priori estimates on [−R,R].

Lemma 4.5 Let R > max{ρ, `0} be fixed and ν ≥ R. Then there are constants C and
C(R) independent of ν such that

0 ≤wν(x) ≤ C(R), −R ≤ x ≤ 0, and 0 ≤hν(x) ≤ C, 0 ≤ x ≤ ν, (4.16)∫ 0

−R
|w′ν(x)|2 dx ≤ C(R), and

∫ ν

0
|h′ν(x)|2 dx ≤ C. (4.17)
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Proof: Estimate (4.16) follows from Theorem 3.3. For the proof of (4.17) in a first
step we test (2.6) with

ϕ−(x) =

{
w(x) + τ(x) for −R ≤ x ≤ 0,
0 for − ν ≤ x ≤ −R,

τ(x) =
x

R
w(−R)− (1 +

x

R
)w(0),

ϕ+(x) = 0 for 0 ≤ x ≤ ν.

The same manipulations as in the proof of Lemma 4.4 by means of 0 ≤ w(x) ≤ C(R)
lead to the first inequality of (4.17). Secondly, we test with ϕ = (0, h− τ) where τ(x) =
h(0)[1− x

`0
]+. This is an admissible test function since h(x) = 0 for all x ≥ `0. We obtain∫ `0

0

(
h′(h− τ)′ + αhσ(x(h− τ))′ +

ωσ

1−m
hσ(h− τ)

)
dx = 0.

This implies the second inequality of (4.17) by means of Youngs inequality and (4.16).
2

Theorem 4.3 There is a solution of problem (1.1) in the sense of Definition 4.1 which
is the limit of a nonincreasing sequence

(
(wν , hν)

)
ν∈N of solutions of Problem (P) with

` = ν and boundary data (4.14).

Proof: Let R, ν be chosen as above and compare (wν+1, hν+1) and (wν , hν). We have
hν+1(ν) = hν(ν) = 0 due to (4.15) and wν+1(ν) ≤ wν(ν) due to (4.15) and the estimate
from Theorem 3.3 for (wν+1, hν+1). Then Corollary 3.1 and Lemma 3.2 applied to the
interval [−ν, ν] imply wν+1(x) ≤ wν(x) for all x ∈ [−ν, 0] and hν+1(x) ≤ hν(x) for all
x ∈ [0, ν]. Hence,

(wν , hν)↘ (w, h) pointwise on [−R,R] nonincreasingly as ν →∞. (4.18)

By Lebesgue’s Dominated Convergence Theorem the convergence also holds in
L1(−R, 0) × L1(0, R). Owing to the strong convergence of the whole sequence in this
larger function space the estimates of Lemma 4.5 and the compact embedding H(a, b) ⊂
C([a, b]) yield

(wν , hν) ⇀ (w, h) in H1(−R, 0)×H1(0, R) (4.19)

and

(wν , hν)→ (w, h) in C([−R, 0])× C([0, R]) (4.20)

as ν →∞ which is condition (i) of Definition 4.1.
Fix now a test function ϕ ∈ Ṽ with compact support and choose R > max{ρ, `0}

large enough such that suppϕ ⊂ [−R, 0] × [0, R]. Testing relation (2.6) for (wν , hν),
ν > R, with this test function we obtain∫ 0

−R

(
w′ν(ϕ−)′ + wmν (xϕ−)′ +

m

1−m
wmν ϕ

−
)
dx

+
∫ R

0

(
h′ν(ϕ+)′ + αhσν (xϕ+)′ +

ωσ

1−m
hσνϕ

+
)
dx = 0.
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Passing to the limit by means of (4.19),(4.20) this yields relation(4.10).
Condition (4.11) holds since it holds for every approximate (wν , hν). Moreover, (4.13)

is fulfilled since (4.15) holds for all hν and convergence goes on in C([0, R]). Finally, due
to Theorem 3.3 every wν is estimated independently of ν by

(−ax)1/(1−m) ≤ wν(x) ≤
(

b2

1−m
− ax

)1/(1−m)

for − ν ≤ x ≤ −ρ

with constants some ρ > a/m and b > a. The locally uniform convergence (4.20) implies
the same estimate for the limit w on (−∞,−ρ] and thus

0 ≤ w(x)− (−ax)1/(1−m) ≤
(

b2

1−m
− ax

)1/(1−m)

−
(
− ax

)1/(1−m)

≤ b2

(1−m)2

(
b2

1−m
− ax

)m/(1−m)
(4.21)

which implies the asymptotic condition (4.12). 2

Remark 4.2 From the proof we see that the solution constructed in Theorem 4.3 is
bounded by the bounds given in Theorem 3.3, i.e.

(−ax)1/(1−m) ≤ w(x) ≤ w(x) for −∞ < x ≤ 0,
0 ≤ h(x) ≤ hB(x) for 0 ≤ x <∞,

(4.22)

where the functions w and hB are defined by (3.15) and (3.13), respectively. More than
required in (4.13), these estimates together with Lemma 3.3 show that there is a number
ζ > 0 such that supph = [0, ζ].

Remark 4.3 Replacing boundary condition (4.14) by w` = (a`)1/(1−m) in the same way
we obtain a nondecreasing sequence (wν , hν) converging to a solution (w, h) of problem
(1.1). It fulfils the estimate (4.22), too.

Unfortunately, we could not verify the question of uniqueness of a solution of problem
(1.1). However, in view of the results of Section 3, we may conclude that the set of
solutions is an ordered set without points of intersection. Moreover, the bounds given
in Remark 4.2 hold for all possible solutions. Actually, all possible solutions are even
enclosed between the two solutions given in Theorem 4.3 and Remark 4.3. We finish this
section with the proof of these facts.

Corollary 4.1 Let (w1, h1) and (w2, h2) be two solutions of problem (1.1). Then

w1(−x) ≤ w2(−x) ∧ h1(x) ≤ h2(x) ∀x ∈ [0,∞) or
w1(−x) ≥ w2(−x) ∧ h1(x) ≥ h2(x) ∀x ∈ [0,∞).

If there is a point x0 ∈ R with w1(x0) = w2(x0) or h1(x0) = h2(x0) > 0, respectively,
then (w1, h1) ≡ (w2, h2).
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Proof: Let (w1, h1), (w2, h2) be two solutions of Problem (1.1) and w1(x1) > w2(x1),
w1(x2) < w2(x2) (or h1(x1) > h2(x1), h1(x2) < h2(x2), respectively) for some x1, x2 ∈ R.
Let now ` ≥ max{|x1|, |x2|} be large enough such that h1(`) = h2(`) = 0, and observe
e.g. w1(−`) ≤ w2(−`). Corollary 3.1 together with Lemma 3.2 imply w1(x) ≤ w2(x) for
all x ∈ [−`, 0] and h1(x) ≤ h2(x) for all x ∈ [0, `], which is a contradiction at x1.

Let now w1(x0) = w2(x0) (or h1(x0) = h2(x0) > 0, resp.) for some x0 ∈ R. Since the
solutions cannot intersect and every solution of problem (1.1) is a classical solution at all
points where it is positive, furthermore we have w′1(x0) = w′2(x0) (or h′1(x0) = h′2(x0),
resp.). Then the classical uniqueness theorem yields (w1, h1) ≡ (w2, h2). 2

For the next corollary we denote the solution of problem (1.1) obtained as a limit
of a nonincreasing sequence (wν , hν) due to Theorem 4.3 by (wmax, hmax) and the limit
of the nondecreasing sequence (wν , hν) due to Remark 4.3 by (wmin, hmin), respectively.
Obviously, due to construction and Corollary 4.1 it holds (wmin, hmin) ≤ (wmax, hmax)
(where this ordering of pairs means the ordering of components due to Corollary 4.1).

Corollary 4.2 Every solution (w, h) of problem (1.1) fulfils the estimate (4.22) and,
moreover, (wmin, hmin) ≤ (w, h) ≤ (wmax, hmax).

Proof: We carry out the proof of the lower estimates for any solution (w, h).
1. We prove w(x) ≥ (−ax)1/(1−m). Suppose there is x0 < 0 with w(x0) < (−ax)1/(1−m).
Then we choose ã < a such that

w(x0) < (−ãx0)1/(1−m). (4.23)

Moreover, because of the asymptotic condition (4.12) which implies (1.10) and Re-
mark 4.2, there is a ` > 0 it such that w(x) > (−ãx)1/(1−m) for all x ≤ −` and h(x) = 0
for all x ≥ `.

Consider now (w, h) and (w, h) = ((−ãx)1/(1−m), 0) on [−`, `]. Then (w, h) is a
subsolution and (w, h) is a supersolution, resp., since w(−`) < w(`) and h(`) = h(`) = 0.
Hence Corollary 3.1 yields w(x) ≤ w(x) for all x ∈ [−`, 0] which is a contradiction to
(4.23).

2. Suppose there is a solution (w, h) with w(x) ≥ (−ax)1/(1−m) for all x ∈ (−∞, 0]
and w(x0) < wmin(x0) for some x0 ≤ 0. Owing to uniform convergence (4.20) there is
a solution (wν , hν) of Problem (P) constructed due to Remark 4.3 with wν(x0) > w(x0)
and wν(−ν) = (aν)1/(1−m) ≤ w(−ν) which is a contradiction to Corollary 3.1 again. The
same idea is used if 0 < h(x0) < hmin(x0) for some x0 ≥ 0 or for the upper estimate by
(wmax, hmax), respectively.

3. The same argument as in step 1 with ã > a applies to the upper bound (w, hB)
since it depends continuously and increasingly on a for all x ≤

√
C/D(σ). 2

5 Self-similar solutions

The main aim of this section is to prove that the couple (u, v) given by (1.5) is the
solution of (1.6) in the sense of the following

Definition 5.1 A couple (u, v) is called a solution of Problem (1.6) if
(i) (u, v) ∈ L∞(0, T ;V ) for any fixed `, T > 0 ;
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(ii) the integral identity∫ ∞
0

∫ 0

−∞

(
(−ax)m/(1−m) − um)ϕ−t + uxϕ

−
x

)
dx dt

+
∫ ∞

0

∫ ∞
0

(
−vσϕ+

t + vxϕ
+
x

)
dx dt = 0 (5.1)

holds for all sufficiently smooth test functions ϕ = (ϕ−, ϕ+) with bounded support, i.e.
ϕ ∈ L1(0, T ;V ) and ϕt ∈ L1 for any positive T, ` and ϕ−(0, t) = ϕ+(0, t) ;
(iii) the contact condition

v(0, t) = Muω(0, t)

is satisfied for any t ≥ 0.

As
ux(x, t) = tm/(1−m)w′

(x
t

)
and ∫ 0

−`
|ux(x, t)|2 dx = t(1+m)/(1−m)

∫ 0

−`/t
|w′(y)|2dy ,

the next proposition seems to be useful.

Proposition 5.1 ∫ 0

−`
|w′(y)|2dy = O

(
`(1+m)/(1−m)

)
as `→∞ .

Proof of Proposition 5.1: Let 0 < δ � 1 and 1 � ` be given. Note that ϕ =
(χδw, 0) , where

χδ(x) =


0 for x ≤ −`− 1
x+ `+ 1 for − `− 1 ≤ x ≤ −`
1 for− ` ≤ x ≤ −δ
−δ−1x for− δ ≤ x ≤ 0

is the admissible test function in the weak formulation (2.6) of our problem. Performing
tedious but straightforward manipulations we get

w2(−`) + 2
∫ 0

−`−1

(
|w′|2 +

2m
1−m2

|w|m+1

)
χδ(x) dx

+
2m

(m+ 1)δ

∫ 0

−δ
(−x)wm+1(x) dx +

w2(−δ)− w2(0)
δ

= w2(−`− 1) +
2m
m+ 1

∫ −`
−`−1

(−x)wm+1(x) dx .

Omitting nonnegative terms on the left–hand side of the above equality and letting δ → 0
we arrive at

w2(−`) +
4m

1−m2

∫ 0

−`
wm+1(x) dx + 2

∫ 0

−`
|w′|2(x) dx

≤ w2(−`− 1) +
2m
m+ 1

∫ −`
−`−1

(−x)wm+1(x) dx . (5.2)
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Let us now recall the estimate (4.22), i.e.

(−ax)1/(1−m) ≤ w(x) ≤
(

b2

1−m
− ax

)1/(1−m)

in which the first inequality holds for any x ≤ 0 and the second one for all sufficiently
large |x| . With the assistance of (4.22) we can now estimate the first two terms on the
left hand side from below and both terms on the right hand side from above to obtain

(a`)1/(1−m) +
2m

a(m+ 1)
(a`)2/(1−m) + 2

∫ 0

−`
|w′|2(x) dx ≤(

a`+ a+
b2

1−m

)1/(1−m)

+
2m

a(m+ 1)
a(`+ 1)

(
a`+ a+

b2

1−m

)(m+1)/(1−m)

. (5.3)

Next, (5.3) easily yields

2
∫ 0

−`
|w′|2(x) dx ≤

(
a`+ a+

b2

1−m

)1/(1−m)

− (a`)1/(1−m)

+
2m

a(m+ 1)

[(
a`+ a+

b2

1−m

)2/(1−m)

− (a`)2/(1−m)

]
(5.4)

and the required estimate of Proposition (5.1) follows easily. 2

We are now ready to formulate the main result of this section.

Theorem 5.1 There is a solution (u, v) of problem (1.6) in the sense of Definition 5.1.
This solution is given by (1.5) where (w, h) solves problem (1.1). It has the following
interface (free boundary)

I[v] = {(x, t) ∈ [0,∞)× [0,∞) : x = ξ(t) = ζtα}

with ζ = inf{x ≥ 0 : h(x) = 0} > 0 .

Proof: 1. The item (i) of Definition 5.1 follows directly from Proposition 5.1.
2. Let ` � 1 and T � 1 be arbitrary but from now on fixed. Assume a sufficiently
smooth function g = g(y, t) such that its support lies in [−`, 0]× [0, T ] and a sufficiently
smooth function f = f(y, t) such that its support lies in [0, `]× [0, T ] , g(0, t) = f(0, t) .
With the help of g and f we construct test functions

ϕ−(x) = g(tx, t) for x ≤ 0 and ϕ+(x) = f(tαx, t) for x ≥ 0

with some fixed t ∈ (0, T ), that we insert as test functions into the identity (4.10).
As (wm)′ ∈ L1(−`/t, 0) and (hσ)′ ∈ L1(0, `/t) , see Lemma 3.1, we easily arrive at∫ 0

−`/t

(
w′(x)gy(tx, t)t− x(wm)′(x)g(tx, t) +

m

1−m
wm(x)g(tx, t)

)
dx

+
∫ `/tα

0

(
h′(x)fy(tαx, t)tα − αx(hσ)′(x)f(tα, t) +

ωσ

1−m
hσ(x)f(tαx, t)

)
dx = 0
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Setting
x =

y

t
for x ≤ 0 and x =

y

tα
for x ≥ 0

and recalling (1.5), see also [8], we obtain

t−m/(1−m)

∫ 0

−`

(
(um)t g + uygy

)
(y, t) dy

+ t1−α−ωσ/(1−m)

∫ `

0

(
(vσ)tf + vyfy

)
(y, t) dy = 0

As
1 − α − ωσ

1−m
= − m

1−m
,

taking 0 < δ � 1 we get, after some manipulations,

−
∫ 0

−`
um(y, δ)g(y, δ)dy +

∫ T

δ

∫ 0

−`

(
−umgt + uygy

)
(y, t) dy dt

−
∫ `

0
vσ(y, δ)f(y, δ) dy +

∫ T

δ

∫ `

0

(
−vσft + vyfy

)
(y, t) dy dt = 0 . (5.5)

Since um(y, δ) = δm/(1−m)wm(y/δ) and there exists a positive constant C such that∣∣∣δ1/(1−m)w
(y
δ

)
− (−ay)1/(1−m)

∣∣∣ ≤ C (a`)m/(1−m) δ

holds for any −` ≤ y ≤ −δρ due to (4.21) (as well as for −δρ ≤ y ≤ 0 since |w(y/δ) −
(−ay/δ)1/(1−m)| ≤ C), we see that∫ 0

−`
umg(y, δ)dy →

∫ 0

−`
(−ay)m/(1−m)g(y, 0)dy = −

∫ T

0

∫ 0

−`
(−ay)m/(1−m)gt(y, t) dydt

as δ → 0 . Therefore we can let δ → 0 in (5.5) to obtain (5.1) with ϕ = (ϕ−, ϕ+) =
(g, f) . 2

Appendix

Proof of Proposition 2.1:
The implication (i) ⇒ (ii) is obvious since the item g(ϕ+(0) − ϕ−(0)) disappears if

ϕ ∈ Ṽ ◦. It remains to prove
(ii)⇒ (i): Let first w ∈ H1(−`, 0) and φ ∈ C[−`, 0]. Then the limit

lim
δ→0+

1
δ

∫ 0

−δ
w′(x)φ(x) dx

= lim
δ→0+

{
1
δ

∫ 0

−δ
w′(x)dxφ(0) +

1
δ

∫ 0

−δ
w′(x)

[
φ(x)− φ(0)

]
dx

}
= gw φ(0)

exists with the Steklov average

gw := lim
δ→0+

1
δ

∫ 0

−δ
w′(x)dx
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since ∣∣∣∣1δ
∫ 0

−δ
w′(x)

[
φ(x)− φ(0)

]
dx

∣∣∣∣ ≤ 1
δ

∫ 0

−δ
|w′(x)|dx max

x∈[−δ,0]
|φ(x)− φ(0)| → 0

as δ → 0. Analogously, it is

lim
δ→0+

1
δ

∫ δ

0
h′(x)φ(x) dx = gh φ(0) with gh := lim

δ→0+

1
δ

∫ δ

0
h′(x)dx

for h ∈ H1(0, `) and φ ∈ C[0, `].
Consider now a couple (w, h) fulfilling relation (2.9), an arbitrary test function φ ∈

V ◦ ⊂ C[−`, 0]×C[0, `] and the cut-off function χδ(x) := max
{

1− |x|δ , 0
}

. We test (2.9)

with ϕ = (1− χδ)φ = φ− χδφ ∈ Ṽ ◦ and obtain∫ 0

−`

(
w′(φ−)′ + wm(xφ−)′ +

m

1−m
wmφ−

)
dx

+
∫ `

0

(
h′(φ+)′ + αhσ(xφ+)′ +

ωσ

1−m
hσφ+

)
dx

− 1
δ

∫ 0

−δ
w′(x)φ−(x)dx+

1
δ

∫ δ

0
h′(x)φ+(x)dx

−
∫ 0

−δ

(
w′(φ−)′ + wm(xφ−)′ +

m

1−m
wmφ−

)
χδ(x)dx

−
∫ `

0

(
h′(φ+)′ + αhσ(xφ+)′ +

ωσ

1−m
hσφ+

)
χδ(x)dx

+
1
δ

∫ 0

−δ
wmxφ− dx− 1

δ

∫ δ

0
αhσxφ+ dx

= 0.

The last four integrals tend to zero as δ → 0, hence the considerations at the beginning
of the proof yield∫ 0

−`

(
w′(φ−)′ + wm(xφ−)′ +

m

1−m
wmφ−

)
dx

+
∫ `

0

(
h′(φ+)′ + αhσ(xφ+)′ +

ωσ

1−m
hσφ+

)
dx− gwφ−(0) + ghφ

+(0) = 0.

If we choose for a moment φ ∈ Ṽ ◦ with φ(0) 6= 0 then in addition (w, h) fulfils relation
(2.9). Together with our above result this implies

−gwφ−(0) + ghφ
+(0) = (gh − gw)φ(0) = 0,

hence gw = gh =: g. This yields relation (2.6) which concludes the proof. 2
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