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Exponential Peer Methods

Rüdiger Weiner∗and Tamer El-Azab †

Abstract

We present a new class of exponential integrators, exponential peer methods, for the
solution of stiff differential systems. Order conditions are derived. For a special class
of methods of order p = s− 1, s the number of stages, we show optimal zero stability
and prove that for a wide class of stiff systems the methods are of order p ≥ s − 1.
Numerical tests and comparison with exponential integrators of the Expint package
are given. The numerical tests confirm the theoretical results, no order reduction is
observed.

Keywords: Exponential integrators, peer methods, Expint.

1 Introduction

In the past few years exponential integrators have attracted a lot of interest. They are
especially useful for differential equations coming from the spatial discretization of partial
differential equations, where the problem often splits into a linear (stiff) and a nonlinear
(nonstiff) part. Exponential integrators can be considered as numerical methods which
involve exponential functions (or related functions) of the Jacobian or an approximation
to it [2]. A historical survey is given by Minchev and Wright [6]. Recently exponential
Rosenbrock-type methods were considered by Hochbruck et al. [4], exponential general
linear methods have been studied by Ostermann et al. [8].

In this paper we present a new class of exponential integrators, exponential peer methods
(EPM). Linearly-implicit peer methods have been studied e.g. in [9], [10], [11]. They are
characterized by a high stage order what makes them attractive for very stiff systems. Expo-
nential peer methods are based on explicit peer methods, which were introduced by Weiner
et al. [13], [14].

The outline of this paper is as follow: In Section 2 we will define the new methods.

In Section 3 we investigate consistency and zero stability of the methods. We formulate
simplifying conditions which guarantee order p = s − 1, where s is the number of stages.
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For the nonstiff case the order is p = s. Due to the two step character of the methods zero
stability has to be discussed.

In Section 4 we consider a special class of EPM of stiff order p = s− 1 with only 2 different
arguments for the exponential functions. By a special choice of the nodes we obtain optimally
zero stable methods. We show that the methods solve linear problems y′ = Ty exactly.

In Section 5 we present numerical results obtained using the framework of the Expint package
by Berland et al. [1]. We compare the new methods with other exponential integrators
implemented in Expint. The results confirm our theoretical results and show the potential
of the new class of methods. Finally, we give some conclusions and an outlook for future
work.

2 Exponential Peer Methods

We consider the initial value problem

dy

dt
= f(t, y), t ∈ [t0, tend] (1)

y(t0) = y0 ∈ Rn,

y(t) : R 7→ Rn and f : R × Rn 7→ Rn. For the formulation of exponential peer methods we
assume as usual in exponential integrators a linearization of the form

dy

dt
= f(t, y) = Ty + g(t, y), t ∈ [t0, tend] (2)

y(t0) = y0 ∈ Rn.

where g(t, y) = f(t, y)−Ty. Here T ∈ Rn×n is an arbitrary matrix which should approximate
the Jacobian fy for stability reasons. In our tests with the Expint package [1] T is constant
over the whole integration interval, in principle, however, T may change in every step.

We consider the following class of exponential peer methods

Ymi = ϕ0(αihT )
s∑
j=1

bijYm−1,j + h

s∑
j=1

Aij(hT )[fm−1,j − TYm−1,j]

+ h
i−1∑
j=1

Rij(hT )[fm,j − TYm,j], i = 1, 2, ...s, (3)

where we assume αi ≥ 0 and the nodes ci to be pairwise distinct. In this paper we will
assume constant stepsizes. By setting T = 0 we obtain explicit peer methods, which have
been proved to be very efficient for nonstiff systems [14]. The values Ymi ≈ y(tm + cih) have
the same characteristics so we call them ‘peer’ [11], fm,j = f(tmj, Ymj), tmj = tm + cjh.

The coefficients bij are constant, the matrix functions Aij (hT ) and Rij (hT ) are linear com-
binations of the well known ϕ-functions. These are defined as follows (e.g. [8]):
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For integers l ≥ 0 and complex numbers z ∈ C, we define ϕl (z) through

ϕl (z) =

∫ 1

0

e(1−θ)z
θl−1

(l − 1)!
dθ, l ≥ 1, ϕ0 (z) = ez.

The ϕ-functions are related by the recurrence relation

ϕl+1 (z) =
ϕl (z)− ϕl (0)

z
, ϕl (0) =

1

l!
(4)

Several methods have been proposed for evaluating these function [7]. We will use the
Expint package relying on Padé approximations combined with scaling-and-squaring. For
large dimensions, however, Krylov techniques will be advantageous, e.g. [3], [4], [12].

3 Consistency and convergence

In this section we will derive order conditions for EPM. We are interested in the application
of exponential peer methods to stiff systems. We will assume that the stiffness is due to
the linear part Ty. Therefore we want error estimates, which may depend on bounds of
derivatives of the exact solution, but not on the norm of T . We assume that T has a
bounded logarithmic matrix

µ(T ) ≤ ω. (5)

If we use different matrices T in different steps, then we will assume (5) for all steps. If
the system (2) comes from semidiscretization of parabolic equations then this condition is
usually satisfied. Assumption (5) implies

‖ϕ0(hT )‖ = ‖ehT‖ ≤ eωh, (6)

see e.g. [5]. A further consequence is, that ‖ϕl(hT )‖ and ‖hTϕl(hT )‖ are uniformly bounded.
Furthermore, we will assume that the Lipschitz constant of g(t, y) is of moderate size.

We insert the exact solution y(tm + cih) into the numerical method and drop the argument
hT of the matrix functions to simplify the presentation. Then by Taylor expansion at tm,
assuming that the righthand side is sufficiently differentiable, we obtain for the local residual
errors

∆m,i =
∑
l=0

{
cliI − ϕ0

s∑
j=1

bij (cj − 1)l − l
s∑
j=1

Aij (cj − 1)l−1 − l
i−1∑
j=1

Rijc
l−1
j

+hT
s∑
j=1

Aij (cj − 1)l + hT
i−1∑
j=1

Rijc
l
j

}
hl

l!
y(l)(tm). (7)

Definition 1 The exponential peer method (3) is consistent of order p if

∆m,i = O(hp+1) for all 1 ≤ i ≤ s.
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Note, that for peer methods the order of consistency is equal to the stage order.

To determine the coefficients of the method

B = (bij)
s
i,j=1, A = (Aij)

s
i,j=1, R = (Rij)

s
i,j=1, c = (ci)

s
i=1, α = (αi)

s
i=1,

such that the method has high order, it is advantageous to consider the linear case first.

Theorem 1 If the exponential peer method satisfies the condition

s∑
j=1

bij(cj − 1)l = (ci − αi)l, l = 0, 1, ..., q, (8)

then it is of order of consistency p = q for the linear equation y′ = Ty.

Proof. From (7), for the equation y′ = Ty the local residual errors will be

∆m,i =
∑
l=0

{
cliI − ϕ0

s∑
j=1

bij (cj − 1)l
}
hl

l!
y(l)(tm), y(l)(tm) = T ly(tm).

With ϕ0(αihT ) =
∑
k=0

αki h
k

k!
T k and comparison of the coefficients of T ry(tm) we get the

condition

cri = r!
s∑
j=1

bij

r∑
l=0

(cj − 1)l

l!

αr−li

(r − l)!
=

s∑
j=1

bij(cj − 1 + αi)
r, r = 0, ..., q. (9)

With (8) the right hand side is just

s∑
j=1

bij

r∑
l=0

(
r

l

)
(cj − 1)lαr−li =

r∑
l=0

(
r

l

)
αr−li

s∑
j=1

bij(cj − 1)l

=
r∑
l=0

(
r

l

)
αr−li (ci − αi)l = cri .

The method is therefore of order p = q. �

Corollary 1 Let

B = VαV
−1
1 . (10)

where

c =

c1...
cs

 , α =

α1
...
αs

 , Vα =
(
1l, c− α, . . . , (c− α)s−1

)
, 1l =

1
...
1

 .

Then the exponential peer method has order p = s− 1 for the equation y′ = Ty.
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Corollary 2 Let α = c, cs = 1. Then with (10) we have B = 1leTs , es = (0, 0, ..., 1)T , and

s∑
j=1

bij(cj − 1 + αi)
r = αri = cri .

Therefore (8) is satisfied for all r, the exponential peer method solves the system y′ = Ty
with exact starting values exactly.

Proof. By (3), we have

Y1i = eαihT

s∑
j=1

bijY0j = eαihTY0s

= eαihT ehTy(t0) = e(1+ci)hTy(t0),

i.e. Y1i is exact. �

The coefficients bij are determined by Theorem 1 for given α and c . Using these order
conditions we now will consider the general case (2) to obtain conditions for the matrix
coefficients Aij(hT ) and Rij(hT ).

Theorem 2 Let the conditions (8) be satisfied for l = 0, ..., q. Let further

s∑
j=1

Aij (cj − 1)r +
i−1∑
j=1

Rijc
r
j =

r∑
l=0

l!αl+1
i

(
r

l

)
(ci − αi)r−l ϕl+1 (11)

for r = 0, ..., q. Then the exponential peer method is at least of order p = q for (2).

Proof. From (7), we get for the coefficient of hr

r!
y(r)(tm):

cri I − ϕ0

s∑
j=1

bij(cj − 1)r − r
s∑
j=1

Aij(cj − 1)r−1 + hT

s∑
j=1

Aij(cj − 1)r (12)

− r
i−1∑
j=1

Rijc
r−1
j + hT

i−1∑
j=1

Rijc
r
j

This coefficient should be equal to zero. We will prove this by induction.

Let r = 0. With (10) and (11) we have

I − ϕ0

s∑
j=1

bij + hT
s∑
j=1

Aij + hT
i−1∑
j=1

Rij = I − ϕ0 + hTαiϕ1 = 0 by (4).

Let the statement be correct up to r − 1. Then for r holds

cri I − ϕ0

s∑
j=1

bij(cj − 1)r − r
s∑
j=1

Aij(cj − 1)r−1 + hT

s∑
j=1

Aij(cj − 1)r

5



− r
i−1∑
j=1

Rijc
r−1
j + hT

i−1∑
j=1

Rijc
r
j

=cri I − ϕ0(ci − αi)r − r
r−1∑
l=0

αl+1
i

(
r − 1

l

)
(ci − αi)r−1−ll!ϕl+1

+ hT

r∑
l=0

αl+1
i

(
r

l

)
(ci − αi)r−ll!ϕl+1

=cri I − ϕ0(ci − αi)r − r
r∑
l=1

αli

(
r − 1

l − 1

)
(ci − αi)r−l(l − 1)!ϕl

+
r∑
l=0

αli

(
r

l

)
(ci − αi)r−l(l!ϕl − I)

=cri I − ϕ0(ci − αi)r −
r∑
l=1

αli

(
r

l

)
(ci − αi)r−ll!ϕl

+
r∑
l=0

αli

(
r

l

)
(ci − αi)r−ll!ϕl − cri I = 0. �

Corollary 3 Let α = c, cs = 1 and B = 1leTs . Let

s∑
j=1

Aij(cj − 1)r +
i−1∑
j=1

Rijc
r
j = r!αr+1

i ϕr+1 for r = 0, ..., q. (13)

Then the exponential peer method is consistent of order at least p = q.

Note, that for q = s − 1 for any given strictly lower triangular matrix R we can solve (11)
for A due to the regularity of V1. Therefore we can construct exponential peer methods of
any order.

If we allow the bounds to depend on T (nonstiff case), then the order of the methods will
be p = q + 1,

Theorem 3 Let the assumptions of Theorem 2 be satisfied. If in addition for the solution
of (1), y(l)(tm), Ty(l)(tm) are bounded for all l, then the method is of order p = q + 1.

Proof. For the term with hq+1 in (7), we have{
cq+1
i I − ϕ0

s∑
j=1

bij (cj − 1)q+1 − (q + 1)
s∑
j=1

Aij (cj − 1)q − (q + 1)
i−1∑
j=1

Rijc
q
j

+ hT
i−1∑
j=1

Rijc
q+1
j +hT

s∑
j=1

Aij (cj − 1)q+1

}
hq+1

(q + 1)!
y(q+1) (tm)

=

{
cq+1
i I − ϕ0 (ci − αi)q+1 − (q + 1)

q∑
l=0

l!αl+1
i

(
q

l

)
(ci − αi)q−lϕl+1

}
hq+1

(q + 1)!
y(q+1) (tm) +O

(
hq+2

)
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=

{
cq+1
i I − ϕ0 (ci − αi)q+1 −

q+1∑
l=1

l!αli

(
q + 1

l

)
(ci − αi)q+1−lϕl

}
hq+1

(q + 1)!
y(q+1) (tm) +O

(
hq+2

)
=

{
cq+1
i I −

q+1∑
l=0

l!αli

(
q + 1

l

)
(ci − αi)q+1−lϕl

}
hq+1

(q + 1)!
y(q+1) (tm) +O

(
hq+2

)
=

{
cq+1
i I −

q+1∑
l=0

αli

(
q + 1

l

)
(ci − αi)q+1−l

}
hq+1

(q + 1)!
y(q+1) (tm) +O

(
hq+2

)
=O

(
hq+2

)
. �

So ∆m,i = O (hq+2) and the method is of order p = q + 1. �

For the convergence of the method we need in addition zero-stability. Consider the linear
test problem y′ = Ty. By applying the EPM we obtain

Ym = M (z)Ym−1 = (M (z))mY0, M (z) = Φ(B ⊗ I), z = hT, (14)

where Φ = diag(ϕ0(α1hT ), ..., ϕ0(αshT )) and Ym =
(
Ymi
)s
i=1

. M (z) is the stability matrix
of the method. For zero-stability we consider z = 0.

Definition 2 The exponential peer method (3) is zero-stable if the spectral radius of the
stability matrix at z = 0 is one ( i.e. %(M (0)) = 1) and all eigenvalues on the unit circle
are simple.

From (14) we have M (0) = B. Analogously to Adams methods we will consider methods
where the matrix B has the eigenvalues

λ1 = 1, λ2 = λ3 = .... = λs = 0, (15)

i.e. the parasitic roots are zero, a property also shared by the exponential general linear
methods of Ostermann et al. [8]. We call such methods optimally zero-stable. The nodes
ci are chosen such that cs = 1 and the other nodes satisfy ci < 1, i = 1, ..., s − 1. Since the
matrix B is constant, zero-stability implies that powers of B are uniformly bounded.

For convergence consider first the nonstiff case. Then for sufficiently small h we have

Φ = I +O(h)

for h→ 0. With our assumption on g(t, y) follows by standard arguments (e.g. [14])

Theorem 4 Let the exponential peer method be consistent of order p and zero-stable. Let
for the starting values hold Y0i−y(t0+cih) = O(hp). Then the method is convergent of order
p. �

Note that here the O(h)-terms may depend on ‖T‖. For special methods this can be avoided.
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Theorem 5 Let the exponential peer method be consistent of order p and zero-stable. Let
for the starting values hold Y0i − y(t0 + cih) = O(hp). Let bij ≥ 0 for all 1 ≤ i, j ≤ s. Then
the method is convergent of stiff order p.

Proof. For the global error
εmi = y(tmi)− Ymi

holds

εmi = ϕ0(αihT )
s∑
j=1

bijεm−1,j + h

s∑
j=1

Aij(g(tm−1,j, y(tm−1,j))− g(tm−1,j, Ym−1,j)

+ h
i−1∑
j=1

Rij(g(tmj, y(tmj))− g(tmj, Ymj)) + ∆m,i

From (8) we have for l = 0 the relation
∑s

j=1 bij = 1. With the assumptions on bij and on g
for ‖εm‖ = maxi ‖εmi‖, (6) then follows

‖εm‖ ≤ (1 + Cαh)‖εm−1‖+ h(CALg‖εm−1‖+ CRLg‖εm‖) + Chp+1.

Here the constants are independent on ‖T‖. The order of convergence p follows by standard
arguments. �

4 A special class of methods

In our numerical tests we will use the framework of Expint. Although there exist relations
between ϕ-functions of special arguments, it seems to be advantageous to have the number
of different arguments as small as possible. In this section we will therefore consider a special
class with only two different values of αi:

α =


α∗

...
α∗

1

 , ci = (s− i)(αi − 1) + 1. (16)

Furthermore we will always assume that B is defined by (10). By Corollary 1 the conditions
(8) are fulfilled up to s− 1. For this choice we immediately obtain

Theorem 6 For
s− 2

s− 1
≤ α∗ < 1

the nodes ci are distinct and satisfy 0 ≤ ci ≤ 1 with cs = 1. Due to B = VαV
−1
1 the

exponential peer methods are of order p ≥ s− 1 for y′ = Ty.

With (10) and (16) the methods are also optimally zero stable.
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Theorem 7 The methods defined by (10), (16) are optimally zero-stable, the matrix B is
given by

B =



0 1 0 . . . 0 0
0 0 1 . . . 0 0
...

...
. . .

...
...

0 0 0 . . .
. . . 0

0 0 0 . . . 0 1
0 0 0 . . . 0 1


. (17)

Proof. (17) is equivalent to

BV1 =


1 c2 − 1 . . . (c2 − 1)s−1

...
...

...
1 cs−1 − 1 . . . (cs−1 − 1)s−1

1 0 . . . 0
1 0 . . . 0


This is equal to Vα iff

cs−1 = αs−1

ci+1 − 1 = ci − αi, i = 1, ..., s− 1. (18)

Inserting (16) immediately proves the statement. �

Exponential integrators are designed to solve the linear system y′ = Ty exactly. However,
due to their two-step character this is not trivial for peer methods. For the choice α = c this
was proved in Corollary 2. Here we will prove this property also for the choice (16).

Theorem 8 Let the starting values Y0i be exact. Then Y1i = e(1+ci)hTy(t0), i.e. the exact
solution of y′ = Ty.

Proof. By (3) we have

Y1i = eαihT

s∑
j=1

bijY0j = eαihT

s∑
j=1

bije
cjhTy(t0)

Due to the structure of B for i = 1, ..., s− 1 this simplifies to

Y1i = e(ci+1h+αih)Ty(t0)

= e(cih+h)Ty(t0) (by (18))

= e(1+ci)hTy(t0),

i.e. Y1i is exact. For the last stage we have

Y1s = ehTY0s = ehT ehTy(t0) = e2hTy(t0). �
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The matrix coefficientsA andR can be computed by solving the system of algebraic equations
(11) for r = 0, ..., s−1 using Maple. We have done this for s = 3, 4, 5, 6, 7. The corresponding
methods are called epm3 – epm7. By Theorem 2 the methods are of order and stage order
p ≥ s−1. There are free parameters when solving (11), which we set to zero for simplicity to
obtain an upper triangular matrix A and a strictly lower triangular matrix R. However, this
may be not the best choice. For instance it is possible to set R = 0 and to obtain parallel
methods. As example we present the coefficients of epm4.

Example 1 Method epm4 with 4 stages of order p ≥ 3:

α =

[
3

4
,
3

4
,
3

4
, 1

]T
, C =

[
1

4
,
1

2
,
3

4
, 1

]T
, B =


0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 1



A =


A11 A12 A13 A14

0 A11 A12 A13

0 0 A11 A12

0 0 0 A44

 , R =


0 0 0 0
A14 0 0 0
A13 A14 0 0
R41 R42 R43 0


where

A11 =
3

4
φ2 +

27

4
φ3 −

81

4
φ4, A12 =

3

4
φ1 −

9

8
φ2 −

27

2
φ3 +

243

4
φ4,

A13 =
9

4
φ2 +

27

4
φ3 −

243

4
φ4, A14 = −3

8
φ2 +

81

4
φ4

A44 = φ1 −
22

3
φ2 + 32φ3 − 64φ4, R41 = 12φ2 − 80φ3 + 192φ4

R42 = −6φ2 + 64φ3 − 192φ4, R43 =
4

3
φ2 − 16φ3 + 64φ4.

5 Numerical Tests

In this section we use the framework of Expint [1] to test our methods. We have put our
methods in the structure required and we use the computation of the ϕ-functions imple-
mented in Expint. Expint contains several semidiscretized PDEs as test problems and a
collection of well-known exponential integrators implemented with constant stepsize. We
compare our exponential peer methods with some of the exponential integrators included in
Expint at these test problems. In our figures we will use the same names for the integrators
and problems as in Expint, see [1] for references of problems and methods.

The s starting values for the exponential peer methods are computed with either Hochost4
(one of the integrators included in the package) or ode15s. To avoid computations with
negative stepsizes we proceed as follows:

hpeer =
tend − t0

nsteps + 1− c1
hstart = (ci − c1)hpeer, i = 1, ..., s.

10



In the following figures we present the accuracy of the numerical solution Y at tend versus
the timestep h. The error is computed by

error = max
i=1,...,n

|Yi − Yref,i|
|Yref,i|

,

where Yref is a reference solution which is computed with ode15s and high accuracy.

In the following figures we present our test results. The dimension of the problems is denoted
by ND . Figure 1 shows the results of the peer methods for the Gray-Scott problem. It

10−3 10−2 10−1

10−14

10−12

10−10

10−8

10−6

10−4

 Timestep h

 E
rr

or

 Gray−Scott, ND=128, IC: Smooth, α=0.035, β=0.065

 

 

epm3
epm4
epm5
epm6
epm7

Figure 1: Exponential peer methods for Gray-Scott

confirms our theoretical order results for the peer methods. For comparison we included
lines with slopes corresponding to 3–7 into the figure.

In Figures 2–8 we compare the 4- and 5-stage peer methods epm4 and epm5 with exponential
integrators of the Expint package. The results show that the peer methods in general give
very accurate results.

Some methods, e.g. lawson4, suffer from order reduction when applied to some test problems
(see Fig. 6–8), but for peer methods no order reduction is observed. This is also the case
for the peer methods of higher order, as illustrated in Figure 9, where we apply all methods
to the parabolic test problem.
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Figure 2: Results for Gray-Scott
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Figure 3: Results for the Allen-Cahn equation
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Figure 4: Results for the Kuramoto-Sivashinsky equation
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Figure 5: Results for the Nonlinear Schrödinger equation
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Figure 6: Results for the Hochbruck-Ostermann equation
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Figure 7: Results for the hyperbolic test equation
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Figure 8: Results for the parabolic test equation
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Figure 9: Results of exponential peer methods for the parabolic test problem
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6 Conclusion

In this paper we have constructed and analyzed exponential peer methods with constant
stepsize. We have presented a special class of methods which are optimally zero stable. We
have derived order conditions, which allow to construct methods of arbitrary high order, in
this paper we have considered methods up to 7 stages.

We have proved that for a wide class of stiff problems an s-stage method is of order and
stage order p ≥ s− 1. These results are confirmed by our numerical tests.

The aim of the present work was to look if peer methods can be used successfully in expo-
nential integrators. The results obtained in our numerical tests are promising. Of course
this can be only a first step, for instance it is necessary to extend the methods for variable
stepsizes. A further challenge is the application to higher dimensional problems using Krylov
techniques for the computation of the ϕ-functions multiplied by a vector. This will be the
topic of future work.
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