MARTIN-LUTHER—UNIVERSITAT
HALLE-WITTENBERG
INSTITUT FUR MATHEMATIK

Analytic solutions for the two-phase
Navier-Stokes equations with surface tension

and gravity

J. Priiss and . Simonett

Report No. 11 (2009)




Editors:
Professors of the Institute for Mathematics, Martin-Luther-University Halle-Wittenberg.

Electronic version: see http://www2.mathematik.uni-halle.de/institut/reports/



Analytic solutions for the two-phase

Navier-Stokes equations with surface tension

and gravity

J. Priiss and . Simonett

Report No

Jan Priiss

Martin-Luther-Universitdt Halle-Wittenberg
Naturwissenschaftliche Fakultat I11

Institut fiir Mathematik
Theodor-Lieser-Str. 5

D-06120 Halle/Saale, Germany

Email: jan.pruess@mathematik.uni-halle.de

Gieri Simonett

Department of Mathematics
Vanderbilt University Nashville, TN
Email: gieri.simonett@vanderbilt.edu

.11 (2009)






Analytic solutions for the two-phase Navier-Stokes
equations with surface tension and gravity

Jan Priss and Gieri Simonett

Dedicated to Herbert Amann on the occasion of his 70th birthday

Abstract. We consider the motion of two superposed immiscible, viscous, in-
compressible, capillary fluids that are separated by a sharp interface which
needs to be determined as part of the problem. Allowing for gravity to act
on the fluids, we prove local well-posedness of the problem. In particular,
we obtain well-posedness for the case where the heavy fluid lies on top of the
light one, that is, for the case where the Rayleigh-Taylor instability is present.
Additionally we show that solutions become real analytic instantaneously.
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1. Introduction and Main Results

We consider a free boundary problem describing the motion of two immiscible,
viscous, incompressible capillary fluids, fluid; and fluids, occupying the regions

Qi(t) = {(z,y) ER" xR : (=1)"(y — h(t,z)) >0, t >0}, i=1,2.
The fluids, thus, are separated by the interface
I't):={(z,y) e R" xR:y=h(t,z) :x € R", t >0},

called the free boundary, which needs to be determined as part of the problem.
The motion of the fluids is governed by the incompressible Navier-Stokes equations
where surface tension on the free boundary is included. In addition, we also allow

The research of GS was partially supported by NSF, Grant DMS-0600870.
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for gravity to act on the fluids. The governing equations then are given by the
system

p(Ou+ (u|V)u) — pAu+ Vg =0 in Q)
divu =0 in Q)
—[S(u,q)v] = okv + [p]vay on T'(¢)
[u] =0 on I'(t) (1.1)
V = (ulp) on T'(¢)
u(0) = ug in
I(0)=T.

Here p and p are given by

P = P1XQ(t) T P2XQa(t)s M= B1XQ(t) T H2XQa(t)>
with x the indicator function, where the constants p; and u; denote the densities
and viscosities of the respective fluids. The constant ¢ > 0 denotes the surface
tension, and -, is the acceleration of gravity. Moreover, S(u, q) is the stress tensor
defined by
S(uq) = pi(Vu+ (Vu)T) —glin Qi(1),
where ¢ = ¢ + py,y denotes the modified pressure incorporating the potential of
the gravity force, and
[[U] = (U\Qz(f,) - v\szl(t))lf‘(t)
denotes the jump of the quantity v, defined on the respective domains €;(t), across
the interface I'(t). Finally, k = k(t,-) is the mean curvature of the free boundary
I'(t), v = v(t,-) is the unit normal field on I'(t), and V = V(¢t,) is the normal
velocity of T'(t). Here we use the convention that v(t,-) points from Q;(¢) into
0y(t), and that x(z,t) is negative when Q4(¢) is convex in a neighborhood of
x € I(t).
Given are the initial position Iy = graph (hg) of the interface, and the initial
velocity
ug 1 Qo — R Qg := Q1(0) U Q5(0).
The unknowns are the velocity field u(t,-) : Q(¢t) — R"T! the pressure field
q(t,-) : Q(t) — R, and the free boundary I'(t), where Q(t) := Q;(¢) U Qa(2).
Our main result shows that problem (1.1) admits a unique local smooth solution,
provided that ||[Vho||s := Sup,egn |Vho(2)| is sufficiently small.

Theorem 1.1. Let p > n + 3. Then given 3 > 0, there exists n = n(3) > 0 such
that for all initial values

(uo, ho) € W2=2/2(Qo, R™™) x W22/P(R™),  [ue] =0,
satisfying the compatibility conditions

[eD(uwo)vo — p(vo|D(ug)vo)ro] =0, divug =0 on Qo,



Two-Phase Navier-Stokes Equations 3

with D(ug) := (Vuo + (Vug)T), and the smallness-boundedness condition

[Vholloo <m0 luolloe < 5,

there is to = to(uo,ho) > 0 such that problem (1.1) admits a classical solu-
tion (u,q,T') on (0,t9). The solution is unique in the function class described in
Theorem 4.2. In addition, T'(t) is a graph over R™ given by a function h(t) and
M = Ue(0,10) ({t} x T'(t)) is a real analytic manifold, and with

O :={(t,z,y): t€(0,t), z € R",y £ h(t,z)},
the function (u,q) : O — R"*2 is real analytic.

Remarks 1.2. (a) More precise statements for the transformed problem will be
given in Section 4. Due to the restriction p > n + 3 we obtain

h € C(J; BUC*(R™)) n C*(J; BUCY(R™)),

where J = [0,%o]. In particular, the normal of (), the normal velocity of I'(t),
and the mean curvature of I'(t) are well-defined and continuous, so that (1.1)
makes sense pointwise. For v we obtain

u e BUC(J x R™1! R vu € BUC(O, RV,

Also interesting is the fact that the surface pressure jump is analytic on M as
well.

(b) It is possible to relax the assumption p > n + 3. In fact, p > (n + 3)/2 turns
out to be sufficient. In order to keep the arguments simple, we impose here the
stronger condition p > n + 3.

(c) It is well-known that the situation where gravity is acting on two superposed
immiscible fluids - with the heavier fluid lying above a fluid of lesser density - leads
to an instability, the Rayleigh-Taylor instability. In this case, small disturbances
of the equilibrium situation (u, h) = (0,0) can cause instabilities, where the heavy
fluid moves down under the influence of gravity, and the light material is displaced
upwards, leading to vortices. Our results show that problem (1.1) is also well-
posed in this case, provided ||[Vhgl|/co is small enough, yielding smooth solutions
for a short time. In the forthcoming publication [29] we will give a rigorous proof
showing that the equilibrium solution (u,h) = (0,0) is Ly-unstable. To the best
of our knowledge these are the first rigorous results concerning the Navier-Stokes
equations subject to the Rayleigh-Taylor instability.

(d) If v, = 0 then it is shown in [28] that problem (1.1) admits a solution with
the same regularity properties on an arbitrary fixed time interval [0, #], provided
that ||u0Hszz/p(QO) and ||h0||W372/p(Rn) are sufficiently small (depending on ¢y).

(e) We point out that in Theorem 1.1 we only need a smallness condition on the
sup-norm of Vhg (relative to the vertical component of the velocity). In case of a
more general geometry, this condition can always be achieved by a judicious choice
of a reference manifold.
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The motion of a layer of viscous, incompressible fluid in an ocean of infi-
nite extent, bounded below by a solid surface and above by a free surface which
includes the effects of surface tension and gravity (in which case Qg is a strip,
bounded above by I'y and below by a fixed surface I';) has been considered by
Allain [1], Beale [7], Beale and Nishida [8], Tani [35], by Tani and Tanaka [36], and
by Shibata and Shimizu [32]. If the initial state and the initial velocity are close
to equilibrium, global existence of solutions is proved in [7] for o > 0, and in [36]
for ¢ > 0, and the asymptotic decay rate for ¢ — oo is studied in [8]. We also refer
to [9], where in addition the presence of a surfactant on the free boundary and in
one of the bulk phases is considered.

In case that Q1 (¢) is a bounded domain, v, = 0, and Q5(¢) = ), one obtains the
one-phase Navier-Stokes equations with surface tension, describing the motion of
an isolated volume of fluid. For an overview of the existing literature in this case
we refer to the recent publications [28, 31, 32, 33].

Results concerning the two-phase problem (1.1) with v, = 0 in the 3D-case are
obtained in [11, 12, 13, 34]. In more detail, Densiova [12] establishes existence and
uniqueness of solutions (of the transformed problem in Lagrangian coordinates)
with v € W;’S/2 for s € (5/2, 3) in case that one of the domains is bounded. Tanaka
[34] considers the two-phase Navier-Stokes equations with thermo-capillary con-
vection in bounded domains, and he obtains existence and uniqueness of solutions
with (v,0) € W;’S/Q for s € (7/2,4), with 0 denoting the temperature.

In order to prove our main result we transform problem (1.1) into a problem on
a fixed domain. The transformation is expressed in terms of the unknown height
function h describing the free boundary. Our analysis proceeds with establish-
ing maximal regularity results for an associated linear problem. relying on the
powerful theory of maximal regularity, in particular on the H°-calculus for sec-
torial operators, the Dore-Venni theorem, and the Kalton-Weis theorem, see for
instance [2, 14, 16, 22, 23, 26, 30].

Based on the linear estimates we can solve the nonlinear problem by the
contraction mapping principle. Analyticity of solutions is obtained as in [28] by
the implicit function theorem in conjunction with a scaling argument, relying on
an idea that goes back to Angenent [4, 5] and Masuda [24]; see also [17, 18, 20].

The plan for this paper is as follows. Section 2 contains the transformation of
the problem to a half-space and the determination of the proper underlying linear
problem. In Section 3 we analyze this linearization and prove the crucial maxi-
mal regularity result in an L,-setting. Section 4 is then devoted to the nonlinear
problem and contains the proof of our main result. Finally we collect and prove in
an appendix some of the technical results used in order to estimate the nonlinear
terms.
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2. The transformed problem
The nonlinear problem (1.1) can be transformed to a problem on a fixed domain
by means of the transformations
v(t, z,y) = (u1,...,un)(t, z,y + h(t, x)),
w(t, z,y) := uny1(t, z,y + h(t, z)),
w(t,x,y) = q(t,x,y + h(t, x)),
where t € J = [0,a], x € R", y € R, y # 0. With a slight abuse of notation we will

in the sequel denote the transformed velocity again by u, that is, we set u = (v, w).
With this notation we obtain the transformed problem

pOru — pAu + Vr = F(u,m, h) in R"H
divu = Fy(u, h) in R
[p0y0] — [1Vau] = Go(w, [7, ) on R”
—2[poyw] + [r] — cAh — [plvah = Guw(u, h) on R" (2.1)
[u] =0 on R"
Oth — yw = —(yv|Vh) on R"
u(0) = uo, h(0) = ho,

for t > 0, where R"*! = {(z,y) € R x R : y # 0}.
The nonlinear functions have been computed in [28] and are given by:
Fy(v,w,m, h) = p{-2(Vh|Vy)0yv + |Vh|28§fu — AhOyv} + 0ymVh
+ p{—(|Vz)v + (Vh|v)0yv — wdyv} + pdthdyv,
Fy(v,w,h) = p{—2(Vh|V,)0yw + |Vh|23§w — AhOyw} (2.2)
+ p{—(|Vy)w + (Vh|v)dyw — wyw} + pOhdyw,
Fa(v, h) = (Vh|d,v)
and
G (v, w, [7], h) =~ (Va0 + (Vo) )IVh + [VAR[0,0] + (VA [40,0]) Vh
— [poyw]Vh + {[r] — o0(Ah — G, (h))}Vh,
G (v, w0, ) = —(VA| [1]) — (V] [10,2]) + |V [ud, ] — oGl

with
Gulh) = |Vh|2Ah (Vh|V2hVh)
§ (1+/1+|VR2)/1T+ VA2 (1+|Vh[2)3/2

where V2h denotes the Hessian matrix of all second order derivatives of h.

(2.4)

Before studying solvability results for problem (2.1) let us first introduce
suitable function spaces. Let 2 C R™ be open and X be an arbitrary Banach
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space. By L,(; X) and Hy(Q;X), for 1 < p < o0, s € R, we denote the X-
valued Lebegue and the Bessel potential spaces of order s, respectively. We will
also frequently make use of the fractional Sobolev-Slobodeckij spaces W;(Q;X ),
1<p<oo,s€R\Z, with norm

0°9(@) ~ 09I . N
lolwsa = lolhwpa + 3 ([ [ 1T 20l o cdy) . (25)
lal=1s]

Q

where [s] denotes the largest integer smaller than s. Let a € (0, 00] and J = [0, a].
We set

{9 e Wy(J;X) : g(0) = ¢'(0) = ... = g¥)(0) = 0},
Wi(J;X) =3¢ if k+i<s<k+1+1, keNU{0},
Wi(J; X), if s<1.
The spaces oH,, (J; X) are defined analogously Here we remind that H), k— W’C for

kGZand1<p<oo and that W7 = B, for s € R\ Z.

For Q@ C R™ open and 1 < p < oo, the homogeneous Sobolev spaces H;(Q) of
order 1 are defined as

Hy(Q) = ({9 € L1aoc() < [Vallz,0) < oo} Il [l )

y (2.6)
HQHHl @ = 2”839”1; (Q)) g

Then H; (Q) is a Banach space, provided we factor out the constant functions
and equip the resulting space with the corresponding quotient norm, see for in-
stance [21, Lemma II1.5.1]. We will in the sequel always consider the quotient space
topology without change of notation. In case that € is locally Lipschitz, it is known
that HI}(Q) C H) IOC(Q), see [21, Remark I1.5.1], and consequently, any function
in H; (Q) has a Well defined trace on 0f.

For s e Rand 1 < p < oo we also consider the homogeneous Bessel-potential
spaces Hlf (R™) of order s, defined by

Hy(R") :=({g € S'(R") : I"g € Ly(R™)}, || - [l g ) e

9l iy 2= 10112 -

where S'(R") denotes the space of all tempered distributions, and I* is the Riesz
potential given by

I*g:= (-A)2g:= F (€ Fg), g€ S' (R,
By factoring out all polynomials, H » (R™) becomes a Banach space with the natural
quotient norm. For s € R\Z, the homogeneous Sobolev-Slobodeckij spaces T/V]DS (R™)

of fractional order can be obtained by real interpolation as
WER™) = (HY(R™), HF T (R™))smpp, bk <s<k+1,
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where (-, ), is the real interpolation method. It follows that
I* € Tsom(HL™ (R™), HL(R™)) NIsom (W T*(R"), WE(R™)), s,teR, (2.8)

with W}f = H}’f for k € Z. We refer to [6, Section 6.3] and [37, Section 5] for
more information on homogeneous functions spaces. In particular, it follows from
parts (ii) and (iii) in [37, Theorem 5.2.3.1] that the definitions (2.6) and (2.7) are
consistent if § =R", s =1, and 1 < p < co. We note in passing that

|p 1/p /OO (175)17 i dt
</n /n ‘CL‘— |n+5p dx dy s ) t ”dt ()QHL (Rn)t (2.9)

define equivalent norms on W;(R”) for 0 < s < 1, where P(-) denotes the Poisson
semigroup, see [37, Theorem 5.2.3.2 and Remark 5.2.3.4]. Moreover,

ve € LOWHRE), Wi /P (R™)), (2.10)

where 4 denotes the trace operators, see for instance [21, Theorem I1.8.2].

3. The Linearized Two-Phase Stokes Problem with Free boundary

It turns out that, unfortunately, the nonlinear term (yv|Vh) occurring in (2.1)
cannot be made small in the norm of Fy(a), defined below in (4.2), by merely taking
VR oo small. This can, however, be achieved for the modified term (b — yv|Vh),
provided b is properly chosen so that 5(0) = yvy. As a consequence, we now need
to consider the modified linear problem

pou — pAu + Vr = f in R°T!
divu = fy in R"*!
—[pdyv] — [uVaw] = gy on R"
—2[pdyw] + [7] = gw + oAR + [p]ysh  on R" (3.1)
[u] =0 on R"
Oth — vyw + (b(t, z)|V)h = gy on R"
u(0) = ug, h(0) = ho.

Here we mention that the simpler case where b = 0 and 7, = 0 was studied in [28,
Theorem 5.1]. We obtain the following maximal regularity result.

Theorem 3.1. Let p > n + 3 be fized, and assume that p; and p; are positive
constants for j = 1,2, and set J = [0,a]. Suppose

bo €R™, by € Wy~ /2(J; L,(R",R")) N L, (J; W2~ /P(R",R")),
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and set b(-) = by +b1(+). Then the Stokes problem with free boundary (3.1) admits
a unique solution (u, 7, h) with reqularity

we HY(J; L,(R™ R™T) 0 L, (J; HEA(R™ R,

™ € Ly(J; Hy(R™H)),

[7] € W, 27 120(J3 Ly(R™)) N Ly (J; Wy~ P (R™)),

h € W= (J; Ly(R™) 0 Hy (WP (R™) 0 Ly (J; WP (R™))
if and only if the data (f, fa, g, gn, uo, ho) satisfy the following regularity and com-
patibility conditions:

(a) f € Lp(J; Lp(R™H1, R™H)),
(b) fa € Hy(J; Hy ' (R™1)) N Ly (J5 Hy (R™)),
¢) 9= (g0 9w) € Wy "7/ 2(J; Ly(R™ R™ 1) 1 Ly (J; W, ~ /P (R, R™L)),

)

(c)

(A) gn € Wy V/*P(J; Ly(R™) N Ly(J; Wy /P (RM),
)

(f)

(3.2)

(e) up € Wy /PR, R™), ho € W, */P(R™),
£) divug = £4(0) in R*™ and [ue] =0 on R™ if p > 3/2,

(8) —[rdyvo] — [1Vewo] = gu(0) on R™ if p > 3.
The solution map [(f, f4, 9, gn, vo, ho) — (u, 7, h)] is continuous between the cor-

responding spaces.
If by =0 then the result is true for all p € (1,00), p # 3/2,3.

Proof. (i) Since Fy4(a), defined by
Fu(a) := Wy~ V2P (J; Ly(R™)) N Ly (J; W~ V/P(R™)),
is a multiplication algebra for p > n+ 3, the operator [h — (b|V)h] maps the space
Eq(a) = W27Y2P(J; L,(R™) N HY(J; W2TY/P(R™)) N Ly (J; W2~ HP(R™))
continuously into F4(a) with bound [bg| + Cq||b1[|F,(a), see Lemma 5.5(a).
As in the proof of [28, Theorem 5.1] it suffices to consider the reduced problem

pou — pAu+ Vi =0 in R"H!
divu =0 in R
—[poyv] — [uVw] =0 on R"
—2[poyw] + [r] = cAh+ [p]yah  on R (3.3)
[u] =0 on R"
Och —yw + (b(t,x)|V)h = gp, on R"
u(0) =0, h(0) =0,

where the function g5 € ¢F4(a) is defined in a similar way as in formula (5.5) in
[28]. This can be accomplished by choosing hq := h1 € E4(a) such that

h1(0) = ho,  0¢h1(0) = gn(0) + ywo — (b(0)[Vho),
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and then setting gy, := gnp := gn + ywi — (b|Vh1) — 9,h1, where wy has the same
meaning as in step (i) of the proof of [28, Theorem 5.1].

(ii) We first consider the reduced problem (3.3) for the case where b = by is
constant. The corresponding boundary symbol s, (A, ) is given by

sb0 (A, &) = A+ (alé] = [p]va/€]) E(2) +i(bol€), (3-4)

where we use the same notation as in the proof of [28, Theorem 5.1]. Here we
remind that & has the following properties: k is holomorphic in C \ R_ and

1
k() = ——, zk(z) —
©) 2(p1 + p2) ) p1+ p2
uniformly in z € Xy for ¥ € [0, 7) fixed. In particular there is a constant N = N (¥9)
such that

for |z| — oo, (3.5)

|k(2)| + |2k(2)] < N, =z € Zy. (3.6)
In the following we fix 3 > 0. For further analysis it will be convenient to introduce
the related extended symbol
ST, Q) = A+ oTk(2) +it¢ — [p]vak(2) /T, (3.7)
where (A, 7) € X:/94y X X, with n sufficiently small, z := N72 and ¢ € Ugs
with Ugs = {¢ € C : |Re(|] < B+ 1, |Im¢| < 6} and 6 € (0,1]. Clearly
(A, 1€]5 (Dol&/1€1)) = sby (A, €) for (A,€) € Xy x R™.
We are going to show that for every fixed § > 0 there are positive constants \g,
6, n=mn(B), and ¢; = ¢; (B, Ao, d,7) such that
co A+ I71] < 13O 7,.O1 < e [|Al + |71, (3.8)
for all (A, 7,¢) € Xr/24y X By x Ug,s with [A] > Ag. The upper estimate is easy
to obtain: fixing ¥ € (7/2,7) and Ay > 0, it follows from (3.6) and the identity
k(z)/T = zk(z)T /A that
157, Ol S AL+ (0N + (8 +2) +[[o][7aN/Xo) 7] < e [N + |7]] (3.9)
for all (X, 7,() € Xr/o4n X Xy X Ug s, where [A| > Ag and 7 € (0,70) with o :=
(9 —7/2)/3.

In order to obtain a lower estimate we proceed as follows. Suppose first that
B, A0 > 0 are fixed and 7 is as above. Then we obtain

ST, O = A = (0N + (8+2) + |[pl17aN/Xo) 7|
= (1/2)Al+ (m/4)|7] = co(B; M) [IAl + 7],

provided (A, 7,¢) € ¥r/24y X Xy x Ugs, n € (0,m0), and [A| > Ag as well as
[A| > m|7| with

(3.10)

(m/4) > aN + (8 +2) + [[p)l7a N/ Do,
Next we will derive an estimate from below in case that |A| < M|7|? with M a pos-
itive constant. From (3.5) follows that there are constants H, L, R > 0, depending
on M, such that

L<Re(ok(z)) <R, [Im(ok(2))| < H, (3.11)
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whenever (X, 7) € X /24y X By, for n € (0,70) and |A| < M|7|?, where z = \/72.
By choosing ¢ small enough we obtain from (3.11) and the definition of Ug s

0<L—-06<Re(ok(z)+i) <R+6, [Im(ck(z)+il)|<HA+(B+1)

provided (A, 7,¢) € Zr/a4y X By X Ugs, 1 € (0,m0) and [\ < M|7|?, where
z = \/72. By choosing 1 small enough we conclude that there is o = a(M, 3,6,7) €
(0,7/2) such that
T(ok(z) +i¢) € Ey (3.12)
whenever (A, 7,¢) € Yr/o4y X Xy x Ugs and [z] < M with z = A/7%. We can
additionally assume that 7 is chosen so that ¢ := /2 — a — 5 > 0. This implies
57,0 = e(@) [ + [7] |ok(2) + icl] = [7llTpllva N/ A
> c(y) min(1, L = §)[IA] + |7]] = [7ll[p]lvaN/ A (3.13)
2 CO(Mv ﬂv )\1) [|>‘| + |T‘] ’
provided (A, 7,¢) € Era1y X By x Upgs, [N < M|7]* and |A] > A1, where A; is
chosen big enough.
Noting that the curves || = m|7| and |\| = M|7|? intersect at (m /M, m? /M)
we obtain (3.8) by choosing Ao := max(A, m?/M).
(iii) In the following, we fix § > 0 and we assume that by € R™ with [by| < 5.
Let then Sy, be the operator corresponding to the symbol s;,. It is clear that
S, is bounded from oE4(a) to oFy(a) =: X and it remains to prove that it is
boundedly invertible. For this we use the H°-calculus and similar arguments as
in [27, Section 4] and [28, Section 5]. First we note that D,, admits an R-bounded

H-calculus in X with angle 0; this follows from [14, Theorem 4.11]. Therefore
by the estimates obtained in (3.8), the operator family

{A+ D257 A DY/2,0) £ (M) € Sajary X Upso Al 2 Ao}
is R-bounded. Since G = 9, is in H*°(X) with angle 7/2, the theorem of Kalton
and Weis [22, Theorem 4.4] implies that the operator family
{(G+ D)5 H(G,DY?.() - ¢ € Upg}

is bounded and holomorphic on Ug 5. Finally, we employ the Dunford calculus for
the bounded linear operator Ry, := (bg|R), where R denotes the Riesz operator
with symbol &/|¢], € € R™. The operator Ry, is bounded and its spectrum is
o(Rpy) = [—|bol, |bol], as e.g. the Mikhlin theorem shows. Since the operator family

{(G+DY?*)5Y(G,DY?¢) : ¢ € Us s}

is bounded and holomorphic in a neighborhood of o(Ry,), the classical Dunford
calculus shows that the operator

(G + D}L/2)§_1(G7 Drlz/Z’ Rbo)

is bounded in X, uniformly for all by € R™ with |bg| < 8. This shows that Sy, :
0E4(a) — ¢F4(a) is boundedly invertible, uniformly for all by € R™ with |bg| < .
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We emphasize that the bound for the operator Sl;)l i oF4(a) — oE4(a) de-
pends only on the parameters p;, p;, 0, V4, p and 3, for |by| < 3.

(iv) By means of a perturbation argument the result for constant b can be extended
to variable b = by + b1 (¢, ). In fact, given 8 > 0 there exists a number 7 > 0 such
that the solution operator S, ! exists and is bounded uniformly, provided |bo| <
and [[b1]|oc + [|b1]lF,(a) < 27. This follows easily from the estimate

101V Ry (a) < col[balloo + 11011l (@) 1 2llozy a)
see Lemma 5.5(c).

(v) In the general case we use a localization technique, similar to [3, Section 9].
For this purpose we first decompose J into subintervals J, = [kd, (k + 1)d] of
length 6 > 0 and solve the problem successively on these subintervals. Since b €
BUC(J; Co(R™,R™)), given any n > 0 we may choose § > 0 and € > 0 such that

[b(t,x) — b(s,y)| <n forall (¢ z),(s,y)€JxR"
with |t—s| < § and |[z—y|s < €. Let {U; := x;4+(¢/2)Q : j € N} be an enumeration
of the open covering {(¢/2)(z/2 + Q) : z € Z"} of R™, where Q = (—1,1)". Clearly,
[b(t,z) —b(s,y)| <m, s,tedy, =zy€elUj. (3.14)

Let ¢ be a smooth cut-off function with support contained in (£/2)Q such that
¢ =1 on (¢/4)Q. Define

0 1= (re,0) (D re0?) L GeN,

keN

where (7,,¢)(x) := ¢(x — x;). Consequently, ¢; is a smooth cut-off function with
supp(¢;) C Uj and )~ ¢7 = 1. For a function space F(J; R™) C Ly(J; L,(R")) we
define
r(hy) = dshy (b)) € F(LRMY,
J
r°h . = (¢;h), h e F(J;R™).

Similarly as in [3, Section 9] one shows that

r € LUF(J;R™)),§(J;RY), r¢ e LF(S;R™), 6, (F(J;R™))), rre=1, (3.15)

for F(J;R™) € {F4(a),Es(a)}.
Let 6 be a smooth cut-off function with supp(f) C (¢/2)Q such that 6 = 1
on supp(¢) and let 0; := 7, 6. Define

bjr(t,x) :=0;(z) (b(t,x) — b(kd,xz;)), (t,z)€ JxR"
It follows that

||bj’kHBC(Jk xR™) + ||bj’k ‘]F4(Jk) é Co, k= 07 cee,Mm, ] S N? (316)

provided ¢ is chosen small enough. Indeed, the estimates for ||b; || (., rn) follow
immediately from (3.14), while the estimates for [|b; ||r,(s,) can be shown by
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approximating b by functions that have better time regularity and by carefully
estimating the products [|6;(b — b(kd, z;))|r,(s,)-

We now concentrate on the first interval Jy = [0, d]. Let L € L(oE4(a), oF4(a))
denote the operator with symbol o7k(2), i.e.

L= (6DY? — [plaD; Y?)k(GD; ') == Ly + Lo.

If follows from (3.16) and step (iii) that the operator
Sj =G+ L+ (b(O,[EJ) + bj70|V) : 0E4(5) — 0F4(5)
is invertible. Moreover, there is a constant Cy, depending only on sup; [b(0,z;)| -
and therefore only on ||b|| pc(.sxrn) - such that ||S;1||£(0F4(5)70E4(5)) <Cy, jE€N.
(vi) Suppose that for a given g € oF,(d) we have a solution h € ¢E4(d) of
Gh+ Lh+ (b|V)h = g.
Multiplying this equation by ¢;, using that b9%¢; = (b(0,z;) + b; ) ¢, and
rr® = I this yields
Sjpih — L, ¢5lh = (b|V¢;)h = (Sj — [L, ¢5]r — (b|Ve;)r) rh = r°g,
where [+, -] denotes the commutator. We now interpret this equation as an equation
in £,(oF4()). It follows from step (iv) that (S;) € Isom(¢,(0E4(9)), £p(0F4(d))) and
0S5 )2y (oFa(8)),0 (oEa(8))) < Co- (3.17)
We shall show below in step (vi) that the commutators satisfy
(L, &5] + (b]V;)) € L(0F(a), £p(oFa(a))). (3.18)
Assuming this property, it follows from (3.15) that
I(([L, 5] + (bINV D)) (hi)lle, (oFas)) < CHR ) e, (oFa(s)) < COMN(Rs)lle, (0B (5))
for some « depending only on p and n. Therefore, choosing § small enough we can
conclude that (S; — ([L, ¢;] + (b|V@;))r) € Isom(€y(,Ea(9)), £p(0F4(6))) with
1S5 = ([L, &3] + (6] V;))r) ™ || < 2Co.
Let Ty := 7 (S; — ([L, ¢;] + (b|V¢;))r) " 7¢. Then T, € L(oF4(8),0E4(0)) is a left
inverse of Sy := G + L + (b|V). Hence
12lloEs(6) = 1 TbSbhlloEs5) < 2Collrll 17l 1Sohlloea(s), 7 € oEa(d).  (3.19)

Replacing b by pb, p € [0,1], we have a continuous family {S,,} of operators S,
which all satisfy the a-priori estimate (3.19) uniformly in p € [0, 1]. Since Sy is an
isomorphism, we can infer from a homotopy argument that Sj is an isomorphism
as well. Repeating successively these arguments for the intervals Jj, including the
reduction from step (i), proves the assertion of the corollary.

(vii) We still have to verify the estimate in (3.18). Since the covering {U; : j € N}
has finite multiplicity, one obtains

10%65)9) e, (0Fata)) < ClA)gllorica), 9 € oFala). (3.20)
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This together with Proposition 5.5(b) shows that
11V @) Rlle, (oFsta) < ClIOANFa(@) < Collblloc + [1llEs(@)) 12l oFa(a)-

The estimates for the commutators [L, ¢;] are more involved. The operator A =
GD,;;! with canonical domain is sectorial and admits a bounded H*-calculus with
angle 7/2 in oH,(J; K)(R")), for K € {H,W}, and also in (W, (J; K, (R")) by
real interpolation. Hence fixing 6§ € (0, 7/2), the following resolvent estimate holds
in these spaces:
|2(z — A~ < M, forall z€ —%,.

The function k(z) is holomorphic in C\ (—o0, —24y] for some dy > 0 and behaves
like 1/z as |z| — oo. Choose the contour

I = (00, dole™ U doe¥ 2™ =¥1 U [85, 00)e ™,
where ™ > ¢ > m — . Then we have the Dunford integral
1
—/ E(2)(z — A)"ldz,
r

21

k(A) =

which is absolutely convergent. This shows that k(A) is bounded, as is Ak(A)
thanks to A € H>, thus A'/2k(A) is bounded as well. Therefore the identity

k(A)Dy'/? = G=1/2AY/2k(A) shows that Lo is bounded since G—1/2 is, and (3.18)
follows for [L, ¢;]. For the commutator [L1, ¢;] we obtain

(L1, 65] = o[k(A)D}/?, 65] = olk(A), §51D,/% + ok(A)[D}/?, 6;).
Using the Dunford integral for k(A) this yields

k(4,05 = 5 [ A=Az = 5 [ K E=4)7 (A 0)-4)
hence with
[4,6;] = GD; (¢, Dn] Dy = A(Ag; +2(V;|V)) D,
= A(A¢; D, +2i(V,|R)D, ),
we have
K(A).01DY? = 5 | h)AG=A){=0,67 241 220(V o R)H(e—A)

Let h € ¢F4 be given. Then we obtain from
1k(2)A(z = A)Mlgra < C/lzl, 1A (2 = A) 7 Hlgry < C/l2Y?, z €T,

from (3.20), and from Minkowski’s inequality for integrals

(/ (2)A(z — A) " Ag,GH2AY2 (2 — A)*lhdz)
T

£p(0Fa)

1 _ —
= C/r (A8 G242 = A7 )l omy 2]

1
<C [ rlibloe, bzl < Clhle
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where we also used that G~1/2 is bounded on compact intervals. In the same way
we can estimate the second term in the integral representation of [k(A), ¢;]D'/2,
this time using the fact that R is bounded.

To estimate the commutators [D}/ 2, ¢;] in oF4 note that

1 & 1
(Dn)l/Q _ Dn(Dn)71/2 _ 7Dn efDnttfi dt
VT 0
1

1 ( / —Dpty—% /Oo —Dpty—% >
=—1|D e “"tT2dt+ D e" it dt
VT “Jo "h

1
— (T + T
\/’TT( 1+ 2)’
with et denoting the bounded analytic semigroup generated by the Laplacian
in Hj(R"™) which extends by real interpolation to W;(R"), and then canonically
to oF4. Thus by (3.20) there is a constant C' > 0 such that for h € oF, we have

> _ _1
1G5l sy = 1165 / Due Pt ) g, o5
gcu/ Due P4 dt]| 5,
1
<C [ e Eatlle, < Clhe,
1

o0
_ _1
I(To65m)l, e = | / Dye Pt (¢;h) dil g, om
< Cl@sh) e, o5y < Clltlos,.

Hence [|([¢;, T2]R) e, or,) < CllAlloE,-

We consider next the commutator [T}, ¢;]. Let k;(x) = (27t) ~"/2 exp(—|z|?/4t)
denote the Gaussian kernel. Then for fixed ¢ > 0, the operator D,,e~ P! is the con-
volution with kernel —Ak,(z), which is of class C*°. It is not difficult to see that
there are constants C, c > 0 such that

|Aky(z)] < Ct=(F2/2 g=clal*/t e R ¢ > 0. (3.21)

Choosing a cut-off function xy € C*°(R") with x =1 in B,(0), supp (x) C B2,(0)
and 0 < x < 1 elsewhere, we set

—Aky(x) = —(1— x(x))Aki(x) — x(2) Ak (z) =: ks (x) + kae(x), x€R™, t>0,

and we denote by T; the convolution operators with kernels fol klytt’l/th, l=3,4.
For the kernel of T3 we obtain from (3.21) the estimate

1 1
|/ ks,t(x)t_l/z dt| < C/ e—C|3f|2/tt—(n+3)/2 dt
0 0

9
< Ce—cl\w|2 / e—C2|m|258(n—1)/2d8 < Ce—cl|z\2’
1
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as ks, (z) = 0 for |z| < p. Thus this kernel is in L; (R™) and hence we may estimate
the commutator [T, ¢;] in the same way as [T2, ¢;].
For the remaining commutator [Ty, ¢;] note that

O[Ty, 03] = (g) [T4,0°¢;]0°".
Bl

This shows that it is enough to estimate the commutator [Ty, ¢;] in L,(R™), as it
then extends to H'(R™) and by interpolation to W, (R"), and then canonically
to olF4. Next we observe that for x,y € R™

0 ¢i(y) — 0%¢;(x) = 9°¢(x)(y — x) + 7ja(z,y),

where |1 o (2, y)| < C|z —y|?, with some constant C' independent of j and |a| < 2.
Therefore

(o) = [ [ @300 = 650 hasta ~ o) dye e
—=63(o) [ [ = ohaela — e dtho) dy+

1
+/ / (@, y)kat(x — y)t~2 dt h(y) dy
n Jo
=: T5,jh(.1‘) + Teyjh(x).

We observe that the support of the kernel k4, is contained in Bs,(0), and conse-
quently we may replace h by 1;h, where 1); is a cut-off function which equals 1
on supp(¢;) + Bz,(0). In the following we fix a smooth cut-off function ¢ which
equals 1 on supp(¢) + Ba,(0) and then set ¢; := 7,,1. We then have

(T2 M)e, L) = (T80 e, L) < Sup 1Tk ey 1(iP) e, 2,y < ClikllL,,

provided we can show that the operators 7j; are L,-bounded with bound inde-
pendent of k € N for [ = 5, 6.
The operators 17 ; satisfy

1
Ts jh = ¢j(g*h) with q(z) = x(x)/ T Ak (z)t™2 dt, © € R"
0
1
|Ts,;h] < 7|k with  r(z) = Cx(x)/ |x\2|Akt(z)|t7% dt, r € R".
0

The Fourier transform of ¢ is given by ¢(§) = CX * fol Vg(\§|2e_t|5|2)t_1/2dt and
we verify that

sup sup [¢[l*oG(e)| < M
a<(1,...,1) EERn

for some M < oo. It thus follows from Mikhlin’s multiplier theorem that

IT5.500 L, < Cllfllollllz, < ClRlL,.
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Finally, in order to estimate Tg ; we infer from (3.21) that

1 [e')
r(z) <C |x|2676‘z|2/t £ dt < Cefcllmﬁmr(”*l) / e~c2s5(n=1/2 (g
0 1
for x € R™. It follows that » € L;(R"™) which implies by Young’s inequality
|T6,;h]lp < C| k||, with a uniform constant C. O

Remarks 3.2. (a) We mention that the proof for the estimate of [D,ll/2, ¢;] follows
the ideas of [15, Lemma 6.4].

(b) If p2 < p1, i.e. the light fluid lies above the heavy one, then the estimate (3.8)
can be improved in the following sense: for every § > 0 and Ay > 0 there are
positive constants ¢, n = n(8) and ¢; = ¢;(8, Ao, d,n) such that

co[Al +I7]] < 5\, 7,¢) < er [l + |71 (3.22)

for all (X, 7,{) € Xr/o4n X By x Ugs and |A| > Ag. For this we observe that
estimates (3.9) and (3.10) certainly also hold in case that ps < p;. On the other
hand, given M > 0 we conclude as in (3.11) that L < Re ((p1 — p2)7.k(2)) < R
and |Im ((p1 — p2)v.k(2))| < H, with appropriate positive constants L, R, H. This
shows that there exists o = a(M,n) € (0,7/2) such that

(p1 = p2)Vak(2)/T € Boy (A T) € Xrjoyn X By, [2| <M (3.23)

with 1 € (0,79) chosen small enough, where we can assume that « coincides with
the angle in (3.12). Combining (3.12) and (3.23) yields

50, 7,0 = (@) [IAl + |7(0k(2) +iC) + (p1 — p2)vak(2)/7]]
> c(y)e(a) [[A] + |7(ok(2) +iC)| + |(p1 — p2)vak(2)/7]]
> co(M, B,8,n)[|A] + |7]]

provided (A, 7,¢) € ¥, /24y X 5y x Ugs and [\ < M|7|?. Noting again that the
curves [A| = m|7| and |A\| = M|7|? intersect at (m/M,m?/M) we obtain (3.22) by
choosing M big enough.

(c) If p2 < p1 we can conclude from the lower estimate in (3.22) that the function
§ does not have zeros in ¥, /5 x Ry x [—(, 8]. This holds in particular true for the
symbol s(A, 7) := 3(\, 7,0), indicating that there are no instabilities in case that
the light fluid lies on top of the heavy one.

(d) If p2 > pq then it is shown in [29] that the symbol s has for each 7 € (0, 7,.) with
7o := ((p2 — p1)7Va/0)Y? a zero A = A(7) > 0, pertinent to the Rayleigh-Taylor
instability.

(e) Further mapping properties of the boundary symbol s(A,7) := 3(A,7,0) and
the associated operator S in case that 7, = 0 have been derived in [27]. In par-
ticular, we have investigated the singularities and zeros of s, and we have studied
the mapping properties of .S in case of low and high frequencies, respectively.



Two-Phase Navier-Stokes Equations 17

4. The nonlinear problem

In this section we prove existence und uniqueness of solutions for the nonlinear
problem (2.1), and we show additionally that solutions immediately regularize
and are real analytic in space and time. In order to facilitate this task, we first
introduce some notation. We set

Ei(a) := {ueH (J; Ly(R™T R N L, (J; HZ(R™HLR™Y) ¢ [u] = 0},
Es(a) := L,(J; H)(R™)),

E3(a) := 1/2 V2P (J; Ly(R™)) N Ly (J; Wy~ /P (R™)),

Ey(a) := W2 V2 (J; Ly(R™) N HE(J; W2 H/P(R™))

MW, 22T HE(R™)) O Ly (J; WP (R™)),
E(a) :={(u,m q,h) € E1(a) x Ez(a) x E3(a) x E4(a) : [7] = ¢}

The space E(a) is given the natural norm

(w7, ¢, B)lle(a) = Nulles (@) + [17llE2 @) + 1gllEs@) + [1PllEs(0)

which turns it into a Banach space. Moreover, we set

Fi(a) := Ly(J; L(R™T! R ),

Fa(a) := Hy(J; H, ' (R"1) N Ly (J; Hy (R™)),

Fs(a) == W/2712P(J; Ly(R™, R™ ) N L, (J; Wy~ V/P (R, R ), (4.2)
Fa(a) := Wy =12 (J; Ly(R™)) 0 Ly (J; W~ H/P(R™)),

F(a) :=TFi(a) x Fa(a) x F3(a) x Fy(a).

The generic elements of F(a) are the functions (f, fa, g, gn)-
Let b € Fy(a)™ be a given function. Then we define the nonlinear mapping

Nb(u7 4, h) = (F(u> , h)7 Fd(ua h)7 G(U, q, h)> (b - WU‘Vh)) (43)
for (u,m,q,h) € E(a), where, as before, u = (v,w), F = (F,,F,) and G =
(Gy,Gy). We will now study the mapping properties of N, and we will derive
estimates for the Fréchet derivative of V.
Proposition 4.1. Suppose p > n+3 and b € F4(a)™. Then

Ny € C¥(E(a),F(a)), a>0. (4.4)

Let DNy(u,m,q,h) denote the Fréchet derivative of Ny at (u,7,q,h) € E(a). Then
DNy(u,m,q,h) € L(oE(a),oF(a)), and for any number ag > 0 there is a positive
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constant My = My(ag, p) such that
DNy (u, 7, q, 1)l 2(oE(a), oF(a))
< Mo[|lb =0l Be(s;se) nraa) + 1w, T, ¢, 1) |[E@)]
+ Mo [(IVPll Be(sisory + 1hlleaa) + lull Bos;sey) lulls, (@)
+ Mo [P(|Vhlse:se) VRl Bew:soy + QUIVRI ser.seny: |AllEsa)) 1]y (@)]

for all (u,m,q,h) € E(a) and all a € (0,a0]. Here, P and Q are fized polynomials
with coefficients equal to one.

Proof. The proof of the proposition is relegated to the end of the appendix. [

Given hg € Wi 2/P(R") we define
On, (z,y) == (z,y + ho(x)), (x,y) € R" xR. (4.5)

Letting Qp, . := {(z,y) € R" xR : (—=1)*(y— (ho(z)) > 0} and Qp, 1= Qpy.1 U, 2
we obtain from Sobolev’s embedding theorem that

On, € Diff? (R, Q) N Diff* (R, Q1) N DI (R, Qg ),

i.e., O, yields a C?-diffeomrphism between the indicated domains. The inverse
transformation obviously is given by @,:01 (z,y) = (x,y — ho(x)). It then follows
from the chain rule and the transformation rule for integrals that

03, € Isom(HE(R™), HE(Q,)), (07,7 =O, k=012,

where we use the notation
Oh,u :=u00Op,, u:y, — R

Ohoy :=wo @;017 v:R" S R™,
We are now ready to prove our main result of this section.

Theorem 4.2. (Ezistence of solutions for the nonlinear problem (2.1)).

(a) For every B > 0 there exists a constant n =n(3) > 0 such that for all initial
values

(uo, ho) € W2=2/P(R™FE R™) 5 W3=2/2(R™)  with [uo] =0,
satisfying the compatibility conditions
[1D(©"0ug) vy — p(vo| D(OMug) )] =0,  div(©Moug) =0, (4.6)
and the smallness-boundedness condition
IVhollso <, luolles < 5, (4.7)

there is a number tg = to(ug, ho) such that the nonlinear problem (2.1) admits
a unique solution (u,m, [r],h) € E1(to).
(b) The solution has the additional regularity properties
(u, ) € C¥((0,t0) x R™L R™2) [x],h € C¥((0,t) x R™). (4.8)
In particular, M = U, .4, ({t} x I'(t)) is a real analytic manifold.
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Proof. The proof of this result proceeds in a similar way as the proof of Theo-
rem 6.3 in [28].
For a given function b € Fy(a)™ we consider the nonlinear problem

pOru — pAu + V7 = F(u, 7, h) in R
divu = Fy(u, h) in Rt
—[60y0] - [1s0] = Golw [7],7) on R”
—2[pdyw] + [7] — cAh = Gy (u, h) on R" (4.9)
[u] =0 on R"
Oth —yw + (b|Vh) = (b—~v|Vh) on R"
u(0) = uo, h(0) = hy,

which clearly is equivalent to (2.1).
In order to economize our notation we set z := (u,m, q,h) for (u,m,q,h) € E(a).
With this notation, the nonlinear problem (2.1) can be restated as

Lyz = Nb(z)7 (’LL(O), h(O)) = (’LL(), hO)v (410)

where L;, denotes the linear operator on the left-hand side of (4.9), and N corre-
spondently denotes the nonlinear mapping on the right-hand site of (4.9).

It is convenient to first introduce an auxiliary function z* = z; € E(a) which
resolves the compatibility conditions and the initial conditions in (4.10), and then
to solve the resulting reduced problem

Lyz = Ny(z+ 2*) — Lpz" =: Kp(2), z € oE(a), (4.11)
by means of a fixed point argument.

(i) Suppose that (ug, ho) satisfies the (first) compatibility condition in (4.6), and
let

[0l == 05, {[1(v0| D(OL ug)r0)] + o},
where 0, := Op, |gn+1x 0} Here we observe that 6 [w] = [©} w] for any function

w : Qp, — R™ which has one-sided limits. It is then clear from the definition in
(2.3)—(2.4) that the following compatibility conditions hold:

—[u0yvo] — [pVawo] = Gy(uo, [mo], ho) on R”

_2[[Nayw0]] + [mo] — 0Ahg = G(ug, ho) on R" (4.12)

where, as before, uy = (vo, wo). Next we introduce special functions (0, £, g%, g}) €
F(a) which resolve the necessary compatibility conditions. First we set

R+€_tD"+1(€+ (Uo‘Vho) in R1+1,
c*(t) =

4.13
R_e Prt1g (19|Vhe) in R™T (4.13)

where £1 € E(W,?d/p(RlH), WifQ/p(R"“‘l)) is an appropriate extension oper-
ator and Ry is the restriction operator. Due to (vo|Vhg) € WZ?_Q/p(R”“) we
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obtain
¢* € HY(J; Ly(R™™)) N Ly (J; H2(R™).
Consequently,
fq:=0,c" €Fa(a) and f7(0) = Fy(vo,ho). (4.14)
Next we set
g*(t) := e PG (ug, [mo], ho). g (t) := e P (B(0) — yvo| Vo). (4.15)

It then follows from (4.14) and [19, Lemma 8.2] that (0, £}, 9%, g5) € F(a). (4.12)
and the second condition in (4.6) show that the necessary compatibility conditions
of Theorem 3.1 are satisfied and we can conclude that the linear problem

Lyz" = (0, fi,9%,91),  (u*(0),h"(0)) = (uo, ho), (4.16)

has a unique solution z* = z; € E(a). With the auxiliary function z* now deter-
mined, we can focus on the reduced equation (4.11), which can be converted into
the fixed point equation

=L, 'Ky(2), z€oE(a). (4.17)
Due to the choice of (f],g*,g;) we have K;(z) € oF(a) for any z € ¢E(a), and it
follows from Proposition 4.1 that
Ky, € C¥(pE(a), oF(a)).
Consequently, L, ' Kj : oE(a) — oE(a) is well defined and smooth.

(ii) An inspection of the proof of Theorem 3.1 shows that given 8 > 0 we can find
a positive number dy = do(b) such that

Lyt € L(oF(a),0B(a), 1Ly | cor(a).or@) < M, a € [0,d), (4.18)

whenever b € Fy(a)" and ||b]|scjo,a],Bc®n)) < B. It should be pointed out that
the bound M is universal for all functions b € Fy(a)™ with ||b||cc < 3, whereas the
number dy = §(b) may depend on b.

(ifi) We will now fix a pair of initial values (uo, ho) € Wa~ 2/P(R"1) x W~ 2/2(R™)
satisfying (4.6) and (4.7) with

n = 1/(16MoM), (4.19)

where the constants My and M are given in (4.1) and (4.18), respectively. We
choose

b(t) :== e Prtyyy, t>0. (4.20)
Then b € Fy(a)” and ||b]| s (jo,a);Bc®r)) < [7v0llBo@ny < B for any a > 0, as
{e=P»t . ¢t > 0} is a contraction semigroup on BUC(R™). Hence the estimate
(4.18) holds true for this (and any other choice) of initial values. It should be
pointed out once more that the bound M is universal for all initial values ug with
lvolloo < B - and hence for b(t) := e~ Prtyvg - whereas the number 6y may depend
on yuy.
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We note in passing that g; = 0 for this particular choice of the function b.
Without loss of generality we can assume that My, M > 1. We shall show that
L; 'K is a contraction on a properly defined subset of oE(a) for a € (0, 5] chosen
sufficiently small. For » > 0 and a € (0, dy] we set

0Be@) (27, 7) := {2 € Ei(a) : z — 2" € oE(a), ||z — 2"||g@) < T}

We remark that a and r are independent parameters that can be chosen as we
please. Let then rg > 0 be fixed. It is not difficult to see that there exists a number
RQ = R() (’ILQ, ho, 60, T()) such that
IV(h+ Bl Berpery + b+ W |lgy @) + v+ vl Bew;o)
+Q(IV(h+ r) (o), Ih + P lgya)) < Ro
for all u € ¢Bg,(q)(0,7) and h € ¢Bg,(q)(0,7), with a € (0,d0] and r € (0, ro]
arbitrary, where z* = (u*, 7, ¢*, h*) is the solution of equation (4.16) and where
Q@ is defined in Proposition 4.1. Let M; := My(1l + Rp). It then follows from
Proposition 4.1 and (4.18) that
ID(Ly  Kb) (2)lok(a)
< MIM[Ib = ~y(v +v)BosBe)nraa) + 12 + 27 [lE@)]  (4.21)
+ MoM[P([|V(h+h* ) es:sey) IV (h+ )| Bes;so))

for all z € oBg(q)(0,7) and a € (0, o).

(iv) For (ug, ho) fixed, the norm of z* in E(a) (which involves various integral
expressions evaluated over the interval (0,a)) can be made as small as we like by
choosing a € (0, dp] small. Let then ay € (0, dp] be fixed so that

IVR* | Be(0,a1),BC) < 21,
MM ([|b — ™| Be(o,a1]:BC) A Faar) + 2% 5 Gar)) < 1/8.

Since (Vh*, b —yv*) € ¢BC([0, o], BC(R™)) and ||[VA*(0)|lec = [|Vho|looc < 1, the
estimates in (4.22) certainly hold for a; sufficiently small.
In a next step we choose 2r; € (0,rg] so that

(4.22)

IVAll,5e(o,a],Bo®) < 1,

(4.23)
My M ([|yvl, Bo(0,011:86) noFa(ar) T 12]loEan)) < 1/8,

for all h € O]BE(QI)(())ZTl)’ v E OBE(aI)(O,Q’fl), and z € QBE(QI)(O,Q’Pl). It follows
from Proposition 5.1 that (4.23) can indeed be achieved. Combining (4.19)—(4.23)
gives

ID(LT ) (2o < 1/2, = € oBigay)(0,201) (4.24)
showing that Lb_le : OEE(QI)(O, r1) — oE(a1) is a contraction, where O@E(al) (0,71)
denotes the closed ball in ¢E(a;) with center at 0 and radius r;.

It remains so show that L; ' Kj, maps oBp(a,)(0,71) into itself. From (4.24) and the
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mean value theorem follows
1Ly Ky (2) g ar) < 1Ly ' Ko(2) = Ly Ko (0) o) + 1125 Kb (0)[loE(ar)
<11 /24 | Ly Ky (0) o5 (@), 2 € 0BE(ay) (0,71)-

Here we observe that the norm of L, 'K,(0) = L, '(K(z*) — (0, f3,9%,9})) in
oE(a1) can be made as small as we wish by choosing a; small enough. We may
assume that a; was already chosen so that || L; " Ky (0)|| g (ar) < 71/2.

(v) We have shown in (iv) that the mapping
Ly Kyt 0By (0,71) — 0Bgay) (0,71)

is a contraction. By the contraction mapping theorem Lb_le has a unique fixed
point £ € oBp(a,)(0,71) C oE(a1) and it follows immediately from (4.10)—(4.11)
that 242* is the (unique) solution of the nonlinear problem (2.1) in oBg(q,) (2", 71).
Setting to = a1 gives the assertion in part (a) of the Theorem.

(vi) The proof that (u,m,q,h) is analytic in space and time proceeds exactly in
the same way as in steps (vi)—(vii) of the proof of Theorem 6.3 in [28], with the
only difference that here g; = 9hap = 0, and that the operator D, in formula
(6.30) of [28] is to be replaced by D, ,, defined by

Dy h = (Abx,, — v|Vh), bay(t,x) == b(At, z + tv). (4.25)

We note that Dy o = (b|V-). In the same way as in [25, Lemma 8.2] one obtains
that

(A V) —=byy]: (1—6,140) x R" — Fy(a) (4.26)
is real analytic. The remaining arguments are now the same as in [28], and this
completes the proof of Theorem 4.2. O

Proof of Theorem 1.1: Clearly, the compatibility conditions of Theorem 1.1 are
satisfied if and only if (4.6) is satisfied. Moreover, the smallness-boundedness con-
dition of Theorem 1.1 is equivalent to (4.7), where we have slightly abused notation
by using the same symbol for ug and its transformed version ©} uo.

Theorem 4.2 yields a unique solution (v, w,r, [r],h) € E(ty) which satisfies
the additional regularity properties listed in part (b) of the theorem. Setting

(u,q)(t, 2, y) = (v, w,m)(t, 2,y — h(t, ), (t,2,y) €O,

we then conclude that (u,q) € C*(O,R"*2) and [q] € C¥(M). The regularity
properties listed in Remark 1.2(a) are implied by Proposition 5.1(a),(c). Finally,
since 7 (t, z,y) is defined for every (¢,z,y) € O, we can conclude that

q(t,-) € Hy(Qt)) € UC(Q(t))

for every t € (0,tp). O
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5. Appendix
In this section we state and prove some technical results that were used above.

Proposition 5.1. Suppose p > n + 3. Then the following embeddings hold:

(a) Ei(a) — BC(J; W2~ ¥P(Rn+1, R"+1)) < BC(J; BCY(R™?!, R"+1)) and there
is a constant Cy = Cy(p) such that

||U|| BO(J: W22/ + ||uHoBC(J;BC1) < COHUHD]El(a)
0 ( sVWp )

for all u € g1 (a) and all a € (0,00).
(b) Es(a) — BC(J; BC(R™)) and there exists a constant Cy = Cy(p) such that

lglloBerBey < Collgllyrs(a)
for all g € gEs(a) and all a € (0,00).
(c) F4(a) — BC(J;W,(R™)) N BC(J; BC'(R™)) and there exists a constant
Co = Cy(p) such that
l9lloserwyy + lglloorsery < Collgllora(a)
for all g € ¢F4(a) and all a € (0, 00).
(d) E4(a) — BCY(J; BC*(R™)) N BC(J; BC*(R™)) and there exists a constant
Co = Co(p) such that
1Plloser sy + Ml soie?) < Collbll gy (a)
for all h € oEy(a) and all a € (0, 00).
(e) 0; € L(Ey(a),Ez(a)) N L(Es(a),Fa(a)) for j =1,---,n. Moreover, for every
given ag > 0 there is a constant Coy = Cy(ag,p) such that
10 lgs () + 1957154 a) < CollPlEs(a)
for all h € Ey4(a) and all a € (0,ap].

Proof. We refer to [25, Proposition 6.2] for a proof of (a)-(b). The assertion in (c)
can established in the same way, using that Fy(a) — BC(J; W§_3/p(R”)), see [19,
Remark 5.3(d)]. In order to show that the embedding constant in (d) does not
depend on a € (0,a0] we define an extension operator in the following way: for
h € ¢BC'([0,a]; X), with X an arbitrary Banach space, we first set h(t) := 0 for
t <0, so that h € BC((—00,a]; X), and then define

h(t) if 0<t<a,
En =4 : |
3h(2a —t) —2h(3a —2t) if a <t
A moment of reflection shows that Eh € ¢BC1([0,00); X), and that Eh is an ex-
tension of h. It is evident that the norm of £ : ¢ BC([0,a]; X) — ¢BC(]0,00); X)

is independent of a € [0, ag]. The assertion follows now by the same arguments as
in the proof of [25, Proposition 6.2].

(5.1)
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Let ag > 0 be fixed. In order to establish part (e) it suffices to show that there is
a constant Cy = C(ag, p,r) such that

lgllws(o,a1:) < Collgllmr(0,a5x), @€ (0,al, (5.2)

where X is an arbitrary Banach space and r € [0, 1]. This follows from Hardy’s
inequality as follows: for r € (0, 1) fixed we have

1 “llg(t) — g(s)II%
(9w, // t_SMp dt ds
T lgls + 1) —g(s)l%
// o drds

p
S/ / 7_1+rp</ |6g(s+a)|ng> drds
< elrp) / / i T)p||89(5+r)|\p dr ds
P - p
= c(r, p)/o Tl—(l—r)i’/o 10g(s + 7)||% ds dr

@ 1
C(T,p)/o de Hagﬂi,,([o,a];)()

where Jg is the derivative of g, and this readily yields (5.2). O

Our next result will be important in order to derive estimates for the nonlin-
earities in (2.1).

Lemma 5.2. Suppose p > n+ 3. Let ag € (0,00) be given. Then
(a) Esz(a) is a multiplication algebra and we have the following estimate
9192l ce) < (l1lloe + 91 s ey (lgzlloe + 192 les(a)) (53)
for all (g1, 92) € Es(a) x Ez(a) and all a > 0.
(b) There exists a constant Cy = Co(ag,p) such that
1919211485 (a) < Co(ll91lloc + 191 /|24 (a) ) |92]l6Es (0) (5-4)
for all (g1, g2) € Es(a) x oE3(a) and all a € (0, ap).
(¢) There exists a constant Cy = Co(ag, p) such that
190;hlloks(a) < Collglles (o) IPllora(a), G =1,---,n, (5.5)
for all (g,h) € Ez(a) X gE4(a) and a € (0, ag].
(d) Suppose (g9,v) € Es(a) x Eg(a) and let B(t,x) := /1 + ¥2(t, x) Then = €
Es(a) for k € N and the following estimate holds

g
B

< (1 [l ()" (lglloo + Nlglles(@)- (5.6)
]Eg(a)
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Proof. The assertions in (a)-(b) follow from (the proof of) Proposition 6.6.(ii) and
(iv) in [25].

(c) To economize our notation we set r =1/2—1/2p and § =1 —1/p.
Suppose that (g, h) € Ez(a) x ¢E4(a). We first observe that
HgathW;(J;Lp) < (”gHLp(J;L,,) + <9>W;(J;Lp)Hajh”oBC’(J;Lx)

+ (/Oa /O“ lg(s)(@;h(t) — D;h(s))II}, %) 1/p

Using Holder’s inequality, and the fact that (1 —r — 1/p) = r > 0, we obtain the
estimate

a ra dt ds
. _A. p 7
/O/OIIQ(S)(@h(t) dih(s)IL, [t 5|1+
a ra t P dtds
< p . R
_/O ; ||g(5)||Lp</s |6t33h(T)IILwdT> F— 5|1+ (5.7)

a a dt a
< [T, ([ =i ) @ [ 1oonol, i

< CO(QOap)||g||€p(J;Lp)Hatajh”ip(J;Lm)
for a € (0, ag]. Hence we conclude that
199;hllowr .2,y < Collgllwy sz, (105hllyBo(r:La) + 10005l L, (1))
(5.8)
< Collglles (@12 lloEaa)
uniformly in a € (0, ag]. It is easy to verify that
Hgajh”L,,(J;Wg) < HQHLP(J;W;?)HathoBc(J;Loo) + ”gHLp(J;Loo)”ajh”oBC(J;Wg)

< COHQHIEg(a) ||h||0E4(a)'
(5.9)

Combining the estimates (5.8)—(5.9) yields (5.5).
(d) As in the proof of Proposition 6.6.(v) in [25] we obtain

H9/5||W,;(J;Lp) < ||1/5||oo(||9||L,,(J;L,,) + <9>W;(J;L,,)) + ||9||oo<1//3>W;(J;Lp)

< (U4 (/B wy i) lgllse + llgllwy s:L,))-
Thus it remains to estimate the term (1/8)wy(;z,)- Using that B2(t, x)—B%(s,x) =
2 (t, ) — 1?(s,x) one easily verifies that
1 o1 B B2(t,x) — B%(s,x)

Bls,x)  plt,x)|  |B(s,2)B(E, ) (Bt x) + H(s, x))

and this yields (1/5>W;~(J;Lp) < <w>WpT(J;Lp). Consequently,

< [Y(t, x) — (s, z)|

lg/Bllws i) < A+ Iellwy () (lglloo + lgllwri,)-
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A similar argument shows that
l9/Blle, ey < L+ 1Lz, crwey)lgllos + lgllz, s

Combining the last two estimates gives (5.6) for k¥ = 1. The general case then
follows by induction. O

Corollary 5.3. Suppose p > n—+3. Let ag € (0,00) and k € N with k > 1 be given.
(a) There exists a constant Cy = Co(ag, p, k) such that
k

(g1 -+ 91)8loEata) < Co [ ] (Igilloe + 19:ll5a(a)) 181l 0Ea(a)
1=1

for all functions g; € Es(a), 1 <i <k, g € oEsz(a), and all a € (0, ag).
(b) There exists a constant Cy = Co(ag,p, k) such that
19(De,h- - - Be, hdih) || oEs (a)

< Co(I VRIS + 1l (@ VRIS + ||Vh||’;C(J;W;—1/p))||9||1E3<a>|\’3||0E4(a)

< Co(IVhllserperny + Il @ VRIS ) 9k [1Allogs @)

for h € Ey(a), h € gE4(a), a € (0,a0), 1 < j < mn, and £; € {1,---n} with
i=1,- k.

Proof. (a) follows from (5.4) by iteration.
(b) The first line in (5.8) shows that
Hg(aflh T afkhajh) ”Wz';'(J;Lp)
< Collgllwy (:L,) (186, - - - Do hdihl| porinocy + 106 (D o - - Do hOh) L,y (5:Lee))-
Next we note that
106, B, W80 )|, (7:00c) < IVRNSNOD; Al L, (55100
and

106, b+ (01, k) - O hOsh L (5ie) < 100D Pl (i) VRIS IOl Bz ) -

Proposition 6.1(d) now implies the assertion for || - [ly(s;z,). On the other hand
we have by (5.9) for 6 =1-1/p

9(De, 1o+ - O, RO L, (rowrey
<N gllz, crwe)l0e b - e, hdihlloo + 1|9l L, (7:20) 106, T2 - - Do BO RN oo

< Collglley e (IVRI + VRIS ¢ 170 Bl

since ng (R™) is a multiplication algebra. The last inequality then follows from
Sobolov’s embedding theorem. O
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Remark 5.4. Tt can be shown that the estimate in (5.5) can be improved as follows:
For every ag € (0,00) there is a constant Cy = Cp(ag,p) > 0 and a constant
0 = 60(p) > 0 such that

Hgajh‘loﬂis(a) < (o a’eHgHE3(a) ||hHoﬂ‘34(a)

holds for all (g, h) € Eg(a) x gE4(a) and a € (0, ag]. In the same way, the constant
Cp in Corollary 5.3(b) can be replaced by Cya?.

Lemma 5.5. Suppose p > n + 3. Let ag € (0,00) be given. Then
(a) Fy(a) is a multiplication algebra and we have the estimate
19192l (@) < Callgrllzs(all92]74(a)
for all (g1, 92) € Fy(a) x Fy(a), where the constant C,, depends on a.
(b) There exists a constant Co = Co(ag, p) such that
9192/l074(a) < Colllgnllc + l911lEs(a)) 192/l oFa(a) (5.10)
for all (g1, 92) € Fa(a) x oFa(a) and all a € (0, ag).
(¢) There exists a constant Cy = Co(ag, p) such that
1995hlloFa@) < Colllgllco + I9llEs@) 1PlloEs(@), 5 =1+ m, (5.11)
for all (g,h) € Fy(a) x oEy4(a) and a € (0, ag).

Proof. Here we equip F4(a) with the (equivalent) norm

n
HQH]F4(G) = ‘|g||W;*1/2P(J;Lp) + Z ||6ig||Lp(J;W;*1/P) . (512)
=1

(a) This follows from Proposition 5.1(c) by similar arguments as in the proof of
Proposition 6.6(ii) and (iv) in [25].
(b) It follows from part (a) and Proposition 5.1(c) that
lg192llowr(70,) < Colllgrllos + g1 llwr 7z, ) 92ll07a(a),  (91,92) € Fala) x oFa(a)
where r =1 — 1/2p. Next, observe that again by Proposition 5.1(c)
1(0:91) 92012, 7wy < 10igallL, 1wy llg2lloBeiie) + 10ig1llL, (5000 l92llo 5o (rwe)
< Collgrllw(a)llg2lloFa(a)
where § =1 — 1/p. Moreover,
l910i92l L, r;wey < lg1llr,(rwe)l0ig2ll, o) + 191llocllOigallL, (7w
< Co(llgallse + llgallzs @) llg2lloraca)-
The estimates above in conjunction with (5.12) yields (5.10).

(c) follows from (b) by setting go = 9;h and from Proposition 5.1(e), which cer-
tainly is also true for gE4(a). O
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Proof of Proposition 4.1:

It follows as in the proof of [28, Proposition 6.2] that N, € C¥(E(a),F(a)),
and moreover, that DH(z) € L(gE(a),oF(a)) for z € E(a). It thus remains to
prove the estimates stated in the proposition.

Without always writing this explicitly, all the estimates derived below will
be uniform in a € (0, ag], for ag > 0 fixed. Moreover, all estimates will be uniform

for (u,7,q,h) € oE(a).
(i) Without changing notation we consider here the extension of h from R™ to
R"™*! defined by h(t,z,y) = h(t,z) for (z,y) € R® x R and t € J. With this

interpretation we have

||ah||oo,J><R"Jrl = ||ah||OO,J><R"a h e E(CL), 0e {8_]7 A7 815}7 (513)
where || - ||co,r denotes the sup-norm for the set U C J x R™*!. Next we observe
that

BC(J; BC(R"™1)) - Ly (J; Ly(R™*1)) — Ly (J; Ly(R™1)),
BO; Ly(R™1) - Ly (J; BOR™)) < L (J; Ly(R™1)), (5.14)

BC(J; BC(R™1)) - BC(J; BC(R™*")) < BC(J; BC(R")),

that is, multiplication is continuous and bilinear in the indicated function spaces
(with norm equal to 1).

Let us first consider the term Fj(u,h) := |Vh\28§u appearing in the definition
of F'. Its Fréchet derivative at (u, h) is given by

DFy(u, h)[a, h] = [Vh|*0%u + 2(Vh|Vh)D:u.

Suppose (i, h) € oE1(a) x ¢E4(a). From (5.13), the first and third line in (5.14)
and Proposition 5.1(d) follows the estimate

IDFy (u, 1) (@, hll ey < CollVhAlloo (IVAlloo + e, (@) (18l &y (@) + 1RlloEa ()

for all (u,h) € Eq(a) x E4(a). It is important to note that the constant Cy does
not depend on the length of the interval J = (0, a) for a € (0, ag].

Next, let us take a closer look at the term Fi(u, h) := AhOyu in the definition
of F. The Fréchet derivative is DFy(u, h)[u, h] = Ahd,u + Ahdyu. We infer from
(5.13), the first and second line in (5.14), and Proposition 5.1 that

IDFz(u, h)[@, Bl ray < (IAR L, (5520) + 10yl (i)
(18yall,BoerL,) + AR B (L))
< Co([IPllzs(a) + Nl @) (1llo2s (@) + 17llyEs(a))
for all (u,h) € Eq1(a) x Ey(a).
The derivative of F5(u, h) := (u|Vh)Oyu, where Vh := (Vh,0), is given by
DF3(u, h)[u, h] = (a|Vh)Oyu + (u|Vh)Oya + (u|Vh)O,u
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and it follows from (5.13)—(5.14) and Proposition 5.1(a),(d) that there is a constant
Co > 0 such that

IDFs(u, h)[t, hllopa) < Co(Vhllso + llulloo) e, (@) (1lloE: @) + [1BlloEs ()
for all (u,h) € Ei(a) x E4(a).
Let us also consider the term Fy(u, h) := 0shdyu. Observing that
DFy(u, h)[a, k] = 0;hdyu + 0;hd,u,

that 0 : E4(a) — Fy(a) is linear and continuous and

Fy(a) — L,(J; BC*(R™)) N BC(J; BC*(R™)) (5.15)
we conclude from (5.13)—(5.15) and Proposition 5.1(a),(c) that there is a constant
Co = Cy(ap) such that

IDFs(u, h)[@, hllopay < (10l L, 00y + 18yullL, (iL,))
(I19yall,Be(siL,) + 10:hll, 5o (i)
< Co(llhllzy(a) + l1ullies @) (Nl gy @) + [1RllgEa o))

for all (u,h) € Ei(a) x E4(a).
The derivative of F5(m, h) := 0,mVh is given by

DFs(m, h)[7,h] = 0,7Vh + 9,7Vh.
It follows from (5.13)—(5.14) and Proposition 5.1(d) that there exists Cy such that
IDFs (7, ) [7, Blllye (@) < (IVhlloo + 107 L, (5:,))
N9yl 2,72,y + IVRllyBO(riL))
< Co([[Vhllso + I llE2(a)) (17 B2 (a) + 1Bl oEsa)

for all (m,h) € Ea(a) x E4(a). The remaining terms in the definition of F' can be
analyzed in the same way. Summarizing we have shown that there is a constant
Cy such that

IDF (u, 7, h)[a@, 7, h] g, ()
<Co[IVhllco + IVRIIZ + ll(u, 7, B)l|ea) (5.16)
+ (IVAlloo + [lulloo) 1ulle, @] 11(@, 7, 2) gk a)
for all (u,m,h) € E(a) and all a € (0, ag].

(ii) We will now consider the nonlinear function Fy(u,h) = (Vh|Oyv), stemming
from the transformed divergence. Since h(x,y) := h(x) does not depend on y we
have

Fy(u,h) = (Vh|yu) = 0, (Vh|u). (5.17)
We note that
9y € L(Hy(J; Ly(R™)), H) (J; H, ' (R™))). (5.18)



30 J. Priss and G. Simonett

The norm of this linear mapping does not depend on the length of the interval
J = [0,a]. It is easy to see that multiplication is continuous in the following
function spaces:

Hy(J; BOR™)) - Hy (J: Ly(R™) < Hy (J; Lp(R"1)) (519)
BC(J; BCH(R™™)) - Ly (J; Hy (R™)) — Ly (J; Hy (R™1)).
The derivative of Fy at (u,h) € Ei(a) x E4(a) is given by
DF,;(u, h)[u, h] = (Vh|9yu) + (Vh|Oyu) = 0,((Vh|a) + (Vh|u)).

We want to derive a uniform estimate for DF,(u, h)[u, h] which does not depend
on the length of the interval J = [0, a]. We conclude from (5.13)—(5.15) that

(VR m2cin,) ~ (VR L, s,y + (0 VRG) L, (150, + (VRO 1,151,
< |IVhllsoll@ll, 72,y + 110:V Rl L, (5L llloBe i,y + IVRlsllOkl| L, 1L,
< Co([[Vhlles + hllgs@)@llom (7;L,)-

Similar arguments also yield H(Vl_1|u)|\OH})(J;LP) < Co||u|\H;(J;Lp)HE||O]E4(G). These
estimates in combination with (5.18) show that there is a constant C such that
(Vh|Oyu) + (ayulv;L)Honl)(J;H;I)
< Co(Vhllso + 1l (@) + Nulles @) (1Tl (@) + 1Plloza(a))
for all (u, h) € Eq1(a) X E4(a), where Cp is uniform in a € (0, ag]. Observing that
(VRO @) L, (5:8,) + S50 VRIO,) + (VAIO;0y) |1, (s:,)
defines an equivalent norm for || (Vh|0yu)|| L, (;m1), we infer once more from (5.13)—
(5.14) and Propostion 5.1 that

I(VAIOy @)L, (5:m3) < Colllbllzs@) + [[VAllo) |1l o8, (a)
(VIO W)l 1, (5:m3) < Collull L, (;m2) 17l (a)-
Summarizing we have shown that there exists a constant Cjy such that

||DFd(u7 h)[’(_L, }_L] ||0]F2(a)

) , (5.20)
< Co([[Vhlloo + 1hllesa) + [l @) ([Tl (@) + [1PlloEs (2)
for all (u,h) € Eq(a) x E4(a) and a € (0, ag).
(iii) We remind that
[10; -] € L(Hy(J; Ly(R™)) 0 Ly (J; Hy (R™)), Es(a)) (5.21)

where [u0;u] denotes the jump of the quantity pd;u with u a generic function from
R"* — R, and where §; = 9,, for i = 1,...,n and 9,41 = ;.

The mapping G(u, g, h) is made up of terms of the form
[[u@iuk]]ajh, [[ué)iuk]]ajhalh, qajh, Ahajh, Gﬁ(h), G,{(h)ﬁjh
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where uy denotes the k-th component of a function u € Eq(a). It follows from
Lemma 5.2(a) and (5.21) that the mappings

(u, h) — [poiur] Ok, [nOiur]0;hdih : E1(a) x E4(a) — Esz(a),
(g,h) — qOjh : E3(a) x E4(a) — Ez(a), h— AhOjh:E4(a) — Ez(a)

are multilinear and continuous. Let us now take a closer look at the term G1(u, h) :=
[10;ui]0jh. Its Fréchet derivative is given by

Setting g1 = 0;h and go := [n0;ux] we obtain from (5.4) and (5.21) the estimate
10;hlndstk] || oks(a) < CoVAlloo + [IVAley (@) |2l ()
On the other hand, setting g := [u0;ux] we conclude from (5.5) and (5.21) that
11105kl 0shll By (@) < Collulls, @ 1AlloEs (a)-
Consequently,
IDG1 (u, 1) [, 7] 5g a)
< Co([[Vhlloo +1IVAllEs (a) + lullz, (@) (1ElloE, (@) + 12lloEa(a))
for all (u,h) € Eq1(a) X E4(a), and all a € (0, ag].

Given (u, h) € E1(a) xE4(a) let Go(u, h) := [pud;ur]0jh0O k. The Fréchet derivative
of G5 is given by

DGQ(U, h)[ﬂ, B] = @-h@lh[[,uaiﬂk]] + [[uf)zuk]]ajhéji_z + H,u,azuk]]alhajﬁ
From Corollary 5.3(a),(b) and (5.21) follows that there is a constant Cp such that
IDGa(u, B[, Blll ks () < CollIVR oo + [1Blls@) 1l ok (a)
+Co(IVhlserien + hllew@) ulle, @ 1AllE@)
for all (u,h) € E1(a) X E4(a) and all a € (0, ag].

The terms G3(q, h) := q0jh and G4(h) := AhO;h can be analyzed in the same way
as the term (51, yielding the following estimates

||DG3((], h)[(ja }_L] H(J]Es(a)
< Co([IVAllso+ [[VRlEs @)+ alles (@) (lallors @) + [1Pllors(a))

(5.22)

(5.23)

(5.24)

as well as
IDG4(h)h|oEs(a) < Coll[VAlloo + IV AlIEs(0) + IV RllEs @) 1PlloE () (5.25)

Let us now consider the term

Gs(h) = m(ajh)%h, B(t,x) := /1 + |Vh(t,x)|?,
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appearing in the definition of G. The Fréchet derivative of G5 at h is given by

1 1 _
+ ) (03h)2 AhO Oy
R e A
1 _ _
+ ————(20;hARO;h + (0;h)* AR).
(1+ﬂ)6( J J ( J ) )
Before continuing, we note that the term 1/(1 4 () can be treated in exactly the
same way as 1/0, as a short inspection of the proof of Lemma 5.2(d) shows. It
follows then from Corollary 5.3(a)—(b) and from (5.6) that there is a constant Cy
such that

DG,z < Col P+ QUITsccsnen Wl sty
5.26
for all h € E4(a) and all a € (0, a], where P and () are polynomials with coefficients
equal to one and vanishing zero-order terms. Analogous arguments can be used
for the remaining terms (Vh|V2hVh)/3? and G, (h)9;h appearing in G, yielding
the same estimate as in (5.26).

Dagmﬁz—(

(iv) It remains to consider the nonlinear term Hy(v,h) := (b — yv|Vh). The
Fréchet derivative is given by DHy (v, h)[0,h] = —(Vh|y0) + (b — yv|Vh). From
Lemma 5.5(b) with g1 = 0;h and g2 = 0y, where 05, denotes the k-th component
of o, follows [|(VAY)les(a) < Col VAl + IAllgs(a)) 9], - Lemma 5.5(c)
with g = (b — yv); and h = h implies

16 = 70IVh)loraa) < Collb =Yl + 110 = Y0l (0)) [ 2ll 24 a)-

We have, thus, shown that

1DHy (v, W) < Co(IVP]loo + [[Alles@) + 10 = 0l Be(riBe)Fa@)-  (5.27)
Combining the estimates in (5.16), (5.20) and (5.22)—(5.27) yields the assertions
of Proposition 4.1. O
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