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AN INTEGRATION CALCULUS FOR STOCHASTIC PROCESSES
WITH STATIONARY INCREMENTS AND SPECTRAL DENSITY
WITH APPLICATIONS TO PARABOLIC VOLTERRA
EQUATIONS

STEFAN SPERLICH

ABSTRACT. Aim of this paper is the introduction to a rigorous stochastic inte-
gration theory with respect to stochastic processes with stationary increments
and spectral density. Once provided we will conclude with applications to

parabolic Volterra equations.

1. INTRODUCTION

So far, stochastic integration calculi where tailor-made for a precious few random
motions. This is by no means satisfactory and embarrasses the progress in many
applied fields. Aim of this paper is to remedy this obstruction and it is structured as
follows. In Section 2 we give meaning to some mathematical notations and provide
briefly some fundamentals of the theory of parabolic problems. Then, in Section 3
we introduce the announced stochastic integration theory in the real-vealued and
also in the vector-valued case. We conclude with Section 4, where we first present

the main results in Subsection 4.1 which will be proven in Subsection 4.2.

2. FOUNDATIONS

In what follows let X and Y be Banach spaces and H be a separable Hilbert space.
J C [0, 00) will usually mean a bounded or unbounded time interval. We endeavor
to denote the norm in X with || - || x, but from time to time we may write || - || or
| - |x if it is conductive to brevity. An inner product will be denoted by (-|-) and if
there is any risk of confusion we will add a lower index to designate the affiliation

to a certain inner product space.
By IN, R, C we denote the sets of natural, real and complex numbers, respectively,

and let further Ry = [0,00), C4 ={A € C: Re X > 0}, Ny = NU {0}. The symbol

Key words and phrases. stochastic process, stationary increments, spectral density, stochastic

integration, parabolic Volterra equations.
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B(X;Y) means the space of all bounded linear operators from X to Y and we write
B(X) = B(X; X) for short.

If A is an operator in X, D(A) and R(A) stand for domain and range of A, respec-
tively, while p(A), o(A) designate the resolvent set and the spectrum of A.

As usual we employ the star * for the convolution of functions defined on R

GeO= [ fe-ngtnan  reR (2.)
and .

(Fr9)0) = [ f-ng(rar.  t=0, (22)
for f, g supported on the half—ra; R,. Observe that (2.1) and (2.2) are equiva-

lent for functions which vanish on (—o0,0); therefore there will be no danger of

confusion.

For u € Ly 10c(R; X) of exponential growth, i.e. [;~ e *!|u(t)|dt < co with some
w € R, the Laplace transform of u is defined by

u(A) :/ e Mu(t)dt, Rel > w.
0

For f € L1(R; X), the Fourier transform of f is the function Ff : R — X defined
by

(FI)©) = / e~ f (1)t

R

Throughout this paper we will denote by x s the characteristic function of the set
M, that is xp(z) =1 if € M and xpm(x) = 0 otherwise.

2.1. Spaces of nuclear and Hilbert-Schmidt operators. In what follows let
H a separable Hilbert space. The symbols .1 (H) and % (H) denote the spaces
of nuclear operators and Hilbert-Schmidt operators on H, respectively. Thereby
a bounded operator T on H is called nuclear (that is T € Z(H)) if there are
sequences (z7) C H* and (y,) C H with Y7, ||2} ||[|lyn]| < co so that

Tw = i T3 ()Y
n=1

holds for all z € H. On the other hand a bounded operator T on H is said to be
a Hilbert-Schmidt operator (meaning T' € % (H)), if there is an orthonormal basis
(en) C H, so that

o0
Z |Ten||? < oo.
n=1

If this is true for one orthonormal basis, it is true for any other orthonormal basis
of H. We have
Z(H) = L (H) — B(H).
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In case the operator T : H — H is self-adjoint with eigenvalues A = (A, )nen, the

norms in these spaces can be written as
1T 3y = [ Alles
1T 203y = [ Alle-

For nuclear operators 7" on H one can define the trace of T' by means of

o0

Te[T] = Z(Tgn | gn)n,

n=1
where (g, )nen is an arbitrary orthonormal basis in . Due to this property nuclear
operators are also called operators of trace class. One can show, that | Tr[T]| <
|1 T'|| ., (1) holds for every T' € £1(H) and, moreover, that Tr[T] = ||T|| 2, () if T is

positive semi-definite.

2.2. Homogeneous Bessel potential spaces. Within this paper we make use
of the notion of the (left-sided) fractional differintegral of order a € (—2,2) of a
test-function ¢ by 0“¢ being defined as

(0%¢)(t) := (i)g/— Go—a(t — T)@(T)dT, teR, (2.3)
where »
g (t) = tF(—H) t>0, K£>0 (2.4)

denotes the Riemann-Liouville kernel. Note that g, is of subexponential growth,

ie.
o0
/ e g, (t)|dt < oo
0

for arbitrary small w > 0. This means that that Laplace transform g, of g, is
well-defined, and we have

(92)(A) =A"6(X),  ReA>0
for all test-functions ¢ supported on (0, c0).
For an open subset D C R, H}'(D; X) with m € IN denotes the classical Sobolev
space, that is the space of all functions f : D — X having distributional derivatives

0°f € Ly(D; X) of order 0 < a < m. For 1 < p < oo the norm in H*(D; X) is
given by

S 1C

/]

am(x) = | > 10°fI13

alm
Further, for 0 < s < 1, we define the Bessel potential spaces H;™(D; X), by means

of complex interpolation via

H™(D; X) := [Lp(D; X); Hy'(D; X)]

S
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Let now f € S*(R), that is a tempered distribution, and X be a Hilbert or UMD
space. Then we have the norm representation

/]

If U C R is a subset of R, then H5(U; X) denotes the restriction of the functions
f € H3(R; X) to the subset U. Then, by Hy(RR), we mean the homogenous Bessel

potential space of order s > 0, defined as

H3 (R;X) — (1 +]- |2)%~7'—f||L2(]R;X)a 5> 0. (2.5)

3 R) = {1 € S*R) | *FS |y < o0}

By means of the fractional derivatives (2.3) and Plancherel’s Theorem we obtain
the identity

[1En©Pg=a = [ s,
R R
so that we have alternatively

/1

Observe, that (2.3), (2.5) and (2.6) allow us to define the (homogenous) Bessel
potential spaces also for negative orders s € (—2,0).

igw) = [10°FllL,m) » 0<s<2. (2.6)

2.3. Evolutionary integral equations. The notion of parabolic problems used
in this study is widely taken from the monograph of Priiss [6].

Let H be a separable Hilbert space, A a closed linear, but in general unbounded
operator in H with dense domain D(A), and let a € L 10c(R+) be of subexponential
growth. Then it is readily seen that the Laplace transform a(\) of a exists for
Re A > 0. We consider the Volterra equation

u(t) + (ax Au)(t) = f(2), t>0, (2.7)

where f: Ry — H is a given function, strongly measurable and locally integrable,
at least.

In the sequel we denote by H 4 the domain of A equipped with the graph norm
|z|4 := |z| + |Az|. H4 is a Banach space since A is closed, and it is continuously
embedded into H. The following notions of solutions of (2.7) are natural. Again
we let J C Ry.

Definition 2.1 (Strong and mild solutions). A function v € C(J;H) is called

(a) strong solution of (2.7) on J if u € C(J;Ha) and (2.7) holds on J;
(b) mild solution of (2.7) on J if axu € C(J;Ha) and u(t) = f(t) — A(a *u)(t)
on J.
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Obviously, every strong solution of (2.7) is a mild one. The converse is not true, in

general.

Definition 2.2 (Parabolicity). Problem (2.7) is called parabolic, if

(i) a(\) #0 and ﬁ € p(A) for allRe X > 0;

(ii) there is a constant M > 1 such that

M
< —  for all ReX > 0.

1 ~ —1
X(I—Fa()\)A) SN

The notion of sectorial kernels is given by

Definition 2.3 (Sectoriality). Let a € L;10c(R+) be of subexponential growth and
suppose a(A) # 0 for all ReX > 0. a is called sectorial with angle > 0 (or merely
0-sectorial) if

larga(A)| <80 for all ReX > 0. (2.8)

Here, arga()\) is defined as the imaginary part of a fixed branch of loga(\), and 6
in (2.8) is allowed to be greater than 7. In case a is sectorial, we always choose that
branch of log a(\) which yields the smallest angle 6; in particular, if @()\) is real for
real A we choose the principal branch. In the following, we denote by ¥(w, ) the
open sector in the complex plane with vertex w € R and opening angle 26 which is
symmetric with respect to the real positive axis. A standard situation leading to

parabolic equations is described in

Proposition 2.4 ([6, Proposition 3.1]). Let a € Ly 10c(R+) be 0-sectorial for some
0 < m, suppose A is closed linear densely defined, such that p(A) D %(0,0), and

M
l(u+A4)7Y < T for all p € %(0,0).

Then (2.7) is parabolic.

Definition 2.5 (k-regular kernels). Let a € L1 1oc(R+) be of subezponential growth
and k € IN. a is called k-reqular if there is a constant ¢ > 0 such that

IAma™(\)| < cla(\)], for all ReA >0, 0<n < k.
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It is not difficult to see that convolutions of k-regular kernels are again k-regular.
Furthermore, k-regularity is preserved by integration and differentiation, while sums
and differences of k-regular kernels need not be k-regular. However, if a(t) and b(t)

are k-regular and
larg@(N) — argb(A)| <0 <7, ReA>0

then a(t) 4+ b(t) is k-regular as well. In general, nonnegative, nonincreasing kernels
are not l-regular, but if the kernel is also convex, then it is 1-regular (cf. [6, Sec-
tion 1.3]). We call a kernel a € Lj 1oc.(R+) 1-monotone if a(t) is nonnegative and
nonincreasing; for k > 2 we define

Definition 2.6 (k-monotone kernels). Let a € Ly 10c(R4) and k > 2. a(t) is called
k-monotone if a € C*=2(0,00), (=1)"a™(t) > 0 for allt > 0,0 <n <k —2, and

(=1)*=2aF=2)(t) is nonincreasing and conve.

Proposition 2.7 ([6, Proposition 3.3]). Let k > 1 and suppose a € L1 1oc is (k+1)-

monotone. Then a(t) is k-regular and of positive type, i.e. T-sectorial.

If A is sectorial with angle ¢4 (for a detailed survey we refer to Denk et al. [4,
Section 1]), and a is ¢4-sectorial, then (2.7) is parabolic provided that ¢4 + ¢, < T,
cf. [7, Proposition 3.1]. An important property of parabolic Volterra equations is
the fact that they admit bounded resolvents whenever the kernel a is 1-regular, see
[7, Theorem 3.1]. By a resolvent for (2.7) we mean a family {S(¢)};>o of bounded
linear operators in H which satisfy the following conditions:

(S1) S(t) is strongly continuous on R4 and S(0) = I;
(S2) S(t)D(A) Cc D(A) and AS(t)x = S(t)Ax for all z € D(A), ¢t > 0;
(S3) S(t)x + A(a= Sx)(t) ==z, for all x € H, t > 0.

(S3) is called resolvent equation. One can show that (2.7) admits at most one
resolvent, and if it exists, then (2.7) has a unique mild solution u represented by

the variation of parameters formula

_ > .
dt/St ) £>0, (2.9)

at least for such f for which (2.9) is meaningful. If (2.7) admits an analytic resolvent
S(t) (ct. [6, Section I.1 and I1.2]) which is bounded on some sector 3(0, 6), then (2.7)

is parabolic; the converse is not true in general.

2.4. Stochastic processes with stationary increments. Let (Q,F,P) be a
probability space and let J be an interval of R. An arbitrary family {X(¢)}ics
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defined on Q, such that X(¢) : Q@ — R is F-measurable for each ¢ € J is called
a stochastic process and we set X (t,w) = X (t)(w) for all t € J and w € Q. The
functions X (-, w) are called trajectories of X. For the reader’s convenience we recall

some basic definitions of regularity for a process X on J.

(a) X is mean-square continuous at to € J, if limy_., E[| X (t) — X (¢)|?] = 0.

(b) X is mean-square continuous on J, if it is mean-square continuous at every
point of J.

(¢) X is continuous (with probability 1), if its trajectories X (-,w) are continuous
almost surely.

(d) X is Holder-continuous of order « (with probability 1), if its trajectories X (-, w)

are Holder-continuous of order « almost surely.

In what follows we denote by
Ds(t;u,v) := E[(X (u) — X(2))(X (v) — X(2))]

the structure function of the real-valued process X.

Definition 2.8 (Processes with stationary increments). We call the random pro-

cess X = {X(t)hier a process with stationary increments if

(i) the mean value of its increments depends only on the length t—s of the interval

[s,t], i.e.
E[X(t) — X(s)] = E[X(t — s) = X(0)];

(ii) for u,v,t € R the structure function Ds(t;u,v) of the process X depends only

on the differences u —t and v —t, i.e.

Ds(t;u,v) = D3(0;u — t,v — t) =: Da(u —t,v —t).

At this point we should be more careful and say that the processes under consid-
eration have stationary increments in the wider sense. However this refinement
is unnecessary in this paper where more special processes with strictly stationary
increments will not be considered at all. Definition 2.8 particularly yields that
a real-valued process X with stationary increments, which in addition satisfies
E[X(0)] = 0 is characterized by a function (the mean of the increments) of one
variable

E[X (¢ +7) — X(t)] = m(r) (2.10)

and by a function D(-) of one variable

E|X(t+7)— X(t)]* =: D(7). (2.11)
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The function Dy (+,-) can then be obtained via the identity

DQ(’Tl,Tz):%[D(T1)+D(TQ)—D(|T1—T2|)]. (212)

Definition 2.9 (Centered processes). A process X := {X (t)}+cs is called centered,
if E[X(t)] = 0 holds for all t € J.

Remark 2.10. Observe, that if the process X is centered, then

D(T) = Var[X(T)] and DZ(T17T2) = COV[X(T1)7X(T2)]. (213)

Looking for a general form of the function D(7) = Da(7,7) we follow Yaglom [11,
Chapter 4] and note that a process with stationary increments admits a spectral

density if there is a function ¢ : (0,00) — R4 so that

D(r) = 4/00(1 — cos AT)p(N)dA, (2.14)
0
and moreover

)\0 o0
/ A2p(N)dA + d(N)d\ < 0.
0 Ao

As a matter of fact, ¢ is even as soon as it exists.

3. STOCHASTIC INTEGRATION

In what follows let X be a process with stationary increments, so that X has the
spectral density ¢ and X (t) € Lo(2) for every t € R, if not indicated otherwise.
Furthermore we presume, that X (0) = 0 a.s. and ¢(\) > 0 almost everywhere.

Typical examples of those processes are

(a) centered Lévy processes, whose spectral density is of the form ¢(\) = ¢|\| 72
with a constant ¢ > 0.

(b) fractional Brownian motions with Hurst parameter H € (0, 1), whose spectral
density is of the form ¢(\) = c|A\|72H~1 with a constant ¢ > 0.

(c) fractional Riesz-Bessel motions RBj3 (see [1]), whose spectral density is of the
form ¢(A) = |A|72%(1 4 \2) 5.

3.1. The real-valued case. We study the stochastic integral

Ix(f) = /R F(r)dX (7). (3.1)
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where the integrant f : R — R is supposed to be deterministic. If f is a step
function given by

f(t) = Z fiX[t,i,tiH)(t)a (3-2)

i=—n

where to = 0, we define (3.1) to be

Ix(f) = Z fil X (tig1) — X (8)].

1=—n
Obviously, Zx (af +bg) = aIx(f) + b-Ix(g) for any a,b € R and step functions f
and g. Our aim is to construct a preferably large class of deterministic integrands

f so that Zx(f) is a well-defined random variable with finite second moment.

Remark 3.1. It is readily seen from the construction of Zx (f) that

(1) if X is centered, then so is Zx(f);
(2) if X is Gaussian distributed, then so is Zx(f).

For the sake of completeness we recall, in the proposition below, how to construct
classes of integrands C for integrals of the form (3.1). This is a generalized version
of [5, Proposition 2.1] in this sense, that it is formulated not exclusively for integrals
with respect to a fractional Brownian motion, but with respect to a process X with
stationary increments featuring the spectral density ¢. However, except of some

notational details, the proof can be completely adopted from [5].

Proposition 3.2. Suppose that C is a set of deterministic functions defined on R
such that

(a) C is an inner product space with an inner product (f | g)c, for f,g € C,

(b) ECCand (f|g)c=(Ix(f) | Ix(9))L), for [,g €E,
(c) the set € is dense in C.

Then there is an isometry between the space C and a linear subspace of
Sp(X) :={Y € La(Q) : [[Ix (fn) = YlLo) = O, for some (fn) C £}

which is an extension of the map f — Ix(f), for f €&.

Let us now introduce the weighted homogeneous Bessel potential space H?(]R) with
weight-function A2¢(\) and the inner product

| gy = [ FIOFTNN (A
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Observe that the inner product (- | -) is well-defined and real-valued if the

HY (R)
function ¢ is even and almost everywhere positive at least. Observe further, that
the class of step functions lies dense in HS (R), provided that ¢ is a spectral density

(this can be easily seen by modifying [5, Lemma 5.1] appropriately.

Lemma 3.3. Let X = {X(t) hrer C L2(2) be a process with stationary increments
having the spectral density ¢. Then we have for t,s € R and any h > 0

(X(t+h) =X () | X(s+h) = X(5)) ) = Xptan) | X[s,s+h))H§(R) .

Proof. In view of identities (2.12) and (2.14) we obtain
(X(t+h)— X)) | X(s+h)—X(5)p,0
= Dy(t+ h,s+ h) + Da(t,s) — Da(t + h,s) — Da(t,s + h)

= % [D(t = s+ hl) = 2D(|t = s]) + D(|t — 5 — h)

= 2/0°° {2 cos](t — s)A\] — cos[(t — s — h)\] — cos[(t — s + h)A]} (N)dA

— Re / {2€—i(s—t))\ _ pmils—tHmA _ e—i(s—t—h))\} ¢(A)d)\]
L/R

= Re

[ e—irs _ p—iA(st+h) e—iMt _ g—iX(t+h)
: “AZP(N)dA
/]R A ( A ) $(N)

~ke| [ fx[s,s+h)<A>fx[t,t+h)u>v¢u>dx]
L/ R

= (X[s7s+h) | X[t7t+h))H<2ﬁ(]R)

since as already mentioned the inner product in Hg(]R) is real-valued as soon as ¢

is even. O

We are now in the position to formulate the main result for the stochastic integration
with respect to random processes with stationary increments and spectral density.

Note that the subsequent theorem also allocates an isometry of Ito-type.

Theorem 3.4. Let X = {X(t)}ter C L2(Q) be a process with stationary incre-
ments having the spectral density ¢. Then for f, g € H;b(IR) it is

B |( [ foaxo) ([ sax)] = 01 9aggny

In particular, for integrands f € Hg(R) the integral Ix(f) given by (3.1) is a
well-defined random variable with

B (P = 11 gy
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Proof. Proposition 3.2 yields that it suffices to prove the claim for step functions.
For this purpose let f,g € £ C HS(R), that is f, g is of the form (3.2). With the
aid of Lemma 3.3 we verify

(Ix(f) [ Ix(9) 0

= zn:fj[ X(t;+1) |ng (tk +1) = X(tx)]

j=-n k=—n La(Q)

= 30 ST fion (Xt + 1) = X(t) | Xt + 1) = X(8)) 10

j=—mnk=—n
n
= > Z Figr (Xit;.0,+1) \X[tk,tkﬂ))H;s(R)
j=—nk=-—n
n n
= Z FiXie; t;+1) | Z Gk Xtr,tr+1)
= e i} (R)
= (f | g)H;}(]R) s
which completes the proof. O

We now turn our attention to a vector-valued process X which is in some sense gen-
erated by a mutually independent sequence of processes (X, ),ecn having a unique
spectral density.

3.2. The vector-valued case. Let H be a separable Hilbert space. We want to
deduce properties of functions R : R — B(H) such that the integral

/R R(H)A(QV/2) (1), (3.3)

is well defined. The process Q'/2X is supposed to satisfy

Hypothesis (X). The operator Q belongs to £ (H) is self-adjoint, positive definite
and is diagonal with respect to the orthonormal basis (en)nen of H, i.e. Qe, = vpe,
and vy, >0 for alln € N. X := {X(t) }1er is of the form

Z Xn(t)(en|z), teR, xz€MH, (3.4)

where X,, are mutually mdependent, real-valued and centered processes defined on
the probability space (Q, F,P). Moreover, for every n € IN the process X,, features
the unique spectral density ¢.

As we will see, X (as in (3.4)) is not a well defined H-valued random variable.
However, due to X(t) : @ — Hg-1/2, where Hg-1/2 is the completion of H with
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respect to the norm |gc|?Q_1/2 = |QY?x|y, x € H, the process Q'/2X converges in
Ly(Q;H). Note that Q'/? is well-defined and belongs to % (H).

Let us deduce the distributional properties of the process Q'/2X, where the covari-
ance operator @ and the process & satisfy Hypothesis (X). It is obvious that Q/2X
is again a process, so it remains to calculate the mean value and the covariance.

E(QU2X(t) | x) = (Z VnXn()en | x) =3 VIE(Xa (1)) (en | 2) =0,
n=1
for every = € H and t € R. Regarding the covariance we have for all s,t € R

(Cov[Ql/QX(t),Ql/QX(s)]em | en) _ [(QWX ) (QWX |en)}
= O/ VmVnE [ X () X0 ()] -

Thus it is meaningful to define a vector-valued process of a certain spectral type as

Definition 3.5 (Vector-valued processes of spectral type ¢). Let Q and X be sub-
ject to Hypothesis (X ), then we call the process QY/?X = {QV2X(t)}ier defined
on (0, F,P) a H-valued process of spectral type ¢.

By the definition of a stochastic integral it is
| roa@ 2 Z / (1)@ end X0 (1)

Our next goal is to calculate the covariance operator. For every z,y € H it is

B |( [ roa@ 0| x)H ( /R RIIQ )0 1) J

=F Z/ Ql/Qek \ T ka Z/ Q1/2€l \ y) Xm(t)]
Z/ Ql/Qe,€ | x) dX(t) /]R (R(t)Q1/2el | y)HXm(t)]
4 oR ;; /}R (R(t)Ql/zekm)Hka(t) /}R (R(t)Q1/2el|y)HXm(t)]
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and with the aid of the independence of X} and X for k # | we proceed in view of
Theorem 3.4 with

B |( [ roa@ a0 a:)H ([ roa@en y)H]
B|( [ (ro@ e 1), ax.0) ([ (R0 14), 4x%.0)]

((rOQ e 2), 1 (ROQ Penly), )

Now we may choose x = y to obtain the variance

(/R Jd(QY2X)(t 33) ZH( Qe w) ||

1Y (R)

M

n=1

M

I
A

n

for all x € H. Hence, letting (hy,)nen an arbitrary orthonormal basis in H, then
Parseval’s equation yields

2

2| [ ROaQ )0 =§j (/ d(QY/2x) 1 >hk>H
:g:iH( ()Q"%en | )H‘;;)UR)'

Note, that R € HS(R; B(H)) implies RQY? ¢ Hf(IR; Z5(H)) as well as
(RQl/Qen | x)H € Hg)(IR) for all x € ‘H and for all n € IN. Resuming, we deduced
the following identity.

Theorem 3.6. Let Q'/2X be an H-valued process of spectral type ¢. Let further
R:R — B(H) and (hy)nen an orthonormal basis in H. Then the identity

| [ row@ | -3 |(roa e m) 1

k=1n=1
holds and the left hand-side is independent from the choice of the basis (hy)nen-
In particular the stochastic integral (3.3) is well defined, if R € H;(]R; B(H)).

Suppose now, that there is a second orthonormal system (g, )nen in H and scalar
functions r(-,-) : R x C — R, so that the operator R(t) decomposes into

o0
Z r(t, ) (@ | gn)gn, t>0, x€H.

Note that the operator valued function R : R — B(H) particularly admits this
property if R(t) is self-adjoint and the resolvent set p(R(t)) is compact for all
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t € R. We have

= T;\/E/RR(t)enan(t)
=" v [ 3w | g0t m)gnd X0
n=1 R p—1
=3 v /R D e 90t o | ) o)
=S onlen | 1)(ge | @) / F(t, ) dX o (B)er
nkl R

and Theorem 3.4 together with the elementary identity (z [ y) = >_ (z | ¢;)(y | €;)
for z,y € H, yields

2
E

[ roa@ 20
R

H
= D valen | 96)(gr [ e)(en | gm)(gm | €) (rC, ) [ 75 1m)) o )

n,k,l,m

V(en | gi)(en [ gm) (r(me) [ (s m)) o gy [Z(Qk | €1)(gm | ez)]

l

n,k,m

Vn(en | gk:)2 (T(U/J'k) ‘ r('vuk))Hg(R)

3
B

- -

n

I ) e [Z(en | Q”?gk)?]

e ) [Z@wen | >]

and we may employ Parseval’s equation |z|3, = >, e;)? for x € H to conclude

2

| [ ra@ 0

1/2, 12 ([f. 2
N ;IQ e lellrCs )0 -

Let us introduce a notation of a shifted, time inverted and truncated function f

supported on R in virtue of

fE—71) 1—co<T<H

0 T >t

FOT) = f(t = T)X (o0 (T) = { (3.5)
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For brevity we write r,,(7) := r(7, utn). The latter observations lead us to

2
E

9@~ B )@ )+ Z|Q1/2gk|ﬁ||m — s

’H

Observe that due to

(F Oy /ft—TX( so)(T)e%7dT

B / F(=8)X(—o00)(8)e 760 ds = e € (F £ (¢)
R
we find for all t € R

17Nt gy = 1F iz my = 1l gy

Next, deduce that if there is a number v € (1, 3) such that supyeg |A|7¢(X) < o0

we have

[—iie .
" (R) = H;(R),
and therefrom we obtain by designating with ¢ > 0 a generic constant

(t) (t) ()12
7, *Tk HH«s(R) <y =y ||H22%1(R)

2—y NI
:cHa = = >)‘ La(R)

= [ [ F 1)) - @ )| or

= /‘a S =) = @ T ) - 9)| dr

—c||[@*F 1) (s =t ) = @ F 1))

el

[ /\

|t _ S|20,
B (R)

where 0 < 6 < 77_1 and Bgoo(R) denotes a Besov space with the equivalent norm

1/2

+h) — 2
\f v 0] dy]

1f11Bs _cr) [||f||L2(]R) +Sup
and cf. [10, Section 2.3.2] to verify
H5(R) — B3 o (R).
Finally, with the apparent relation
1l ey + 1oy = 10 Fllugy . —% <o < 4,
we derived the estimate

26
O L e L e
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Let us hypothesize

Hypothesis (X,). Q'2X is a H-valued process of spectral type ¢ and there is a
number v € (1,3) such that supyeg |A|7d(N) < oo.

We have then observed

Theorem 3.7. Let QY/2X be subject to Hypothesis (Xy). Let further R : R —
B(H) and (gn)nen be an orthonormal basis in H, such that R(t) decomposes into

oo
Z r(t, )@ | gn)gn, tER, r € H.

Then there is a constant ¢ > 0 such that

2
B| [ roa@ x| < cz @2 gulilr )
H (R
By means of the notation (3.5)
2
)A(QV2X)(T)| < CZlQl/ZgMHH (o m)1? s
H H,? (R4)

holds true for all t € R. Moreover, for 6 € |0, 77_1) and s,t € R it is

2
E

/R (R®(7) — R ())d(QY2%)(r)

H
2

0
< o310 2l el e el one |l
R+) 2

1 (R+)

Concerning integrals evaluated on an interval [0,to], where t; > 0, we deduce the

following corollary.

Corollary 3.8. Let QY/2X be subject to Hypothesis (Xy). Let further R: R —
B(H) and (gn)nen be an orthonormal basis in H, such that R(t) decomposes into

Z r(t, pn)(T | gn)gn, tER, reH

and let 0 < s < tg. Then there is a constant ¢ > 0 such that

2

| rma@ ) <cZ|Q1/ng|H|| Cml? aza

E .
H 22 ([0:t0])
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Moreover, we have

2 00

< CZ |Q1/29k‘${||7“('7/14k)“2, 2-y
k=1 H,

to

E| | R(to—7)d(Q"*X)()

0 H ([0,to])

and by means of notation (3.5)

to 2
B| [ (R ()~ R (0)Q )
0 H
0o 2
<c 1/2 2{7" —~ + || - to — s|?°.
<ed 1R gkl3 | kHH;T([O,tO]) | k"Hg*Lf‘([o,to]) lto — s|

k=1

Proof. The claim follows by employing Theorem 3.7 to the operators Rxioq,,
R (0,40 and (R0 — R{))x (g 41 respectively. O

4. PARABOLIC VOLTERRA EQUATIONS

Throughout this chapter H is a separable Hilbert space and Q'/2X is subject to
Hypothesis (X,).

4.1. Main results. Let A be a closed linear densely defined operator in H, and

b € L1(Ry) a scalar kernel. Let us consider the problem
t
u(t) + / b(t — 7)Au(r)dr = QY2X(t), t>0 (4.1)
0

in the Hilbert space H. In particular we recall that Hypothesis (X4) forces the
existence of a sequence (v, )nen € ¢1(Ry) and an orthonormal basis (e, )nen C H,
such that Qe, = v,e, for every n € IN.

Because problem (4.1) is motivated from applications of linear viscoelastic material
behavior, we consider the operator —A to be an elliptic differential operator like
the Laplacian, the elasticity operator, or the Stokes operator, together with ap-
propriate boundary conditions (e.g. Priiss [6, Section 1.5]). We formulate abstractly

Hypothesis (A). A is an unbounded, self-adjoint, positive definite operator
i H with compact resolvent. Consequently, the eigenvalues p, of A form a
strictly positive, nondecreasing sequence with lim, . pu, = 00, the corresponding

eigenvectors (an)new C H form an orthonormal basis of H.

Observe, that Hypothesis (A) implies the sectoriality of the operator A with angle
¢4 =0 (cf. [4, Section 1]). This observation allows us to define complex powers A*
for arbitrary z € C; cf. [6, Section 8.1].
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The kernel b is supposed to be the antiderivative of a 3-monotone scalar function

(see Definition 2.6); more precisely b is subject to

Hypothesis (b): The kernel b is of the form

t
b(t) = by +/ by(r)dr, t>0, (4.2)
0
where by > 0 and by (t) is 3-monotone with lim;_, o by (t) = 0; in addition,

t
lim %fo Tbl(.T)dT
t10 by + [o —7by (7)dr

(4.3)

In case (A) and (b) are valid, problem (4.1) is well-posed and parabolic; for ker-
nels subject to (4.2), condition (4.3) is in fact equivalent to parabolicity. Typical
examples of kernels arising from the theory of linear viscoelasticity (cf. [6, Section
1.5]), which satisfy Hypothesis (b) are the material functions of Newtonian fluids
(bo > 0, by = 0), Maxwell fluids (by = 0, b1(t) = oexp{—2}) and of power type
materials (bg =0, b1(t) = ga(t), a € (1,2)). Define

2 ~
pi= ;sup{|argb()\)| :ReX > 0},

then we obtain the subsequent existence and regularity results for the mild solution,
in the sense of Definition 2.1, of (4.1).

Theorem 4.1. Let Hypotheses (A), (b) and (X,) are valid.

(i) If QAl_TW € X (H), then the mild solution u of (4.1) exists and is mean-
square continuous on R4. Moreover, the trajectories of u are continuous on
the half-line Ry almost sure.

(i) If in addition, there is 6 € (0,25) such that QAFTMF% € Z(H), then the
trajectories of u are locally Holder-continuous of any order strictly less then

0 almost sure.

Regarding existence and regularity it is easily seen from Theorem 4.1 and Theorem
4.3 (see below) that the results are independent from the choice of the eigensystems
of the operators A and Q.

Remark 4.2. The case b = const merely corresponds to the stochastic differential
equation
{u+Au:Q1/2287 t >0,

u(0) = 0.
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It is then obvious that Theorem 4.1 applies with p = 1. Moreover, the notions of
strong and mild solutions in the sense of Definition 2.1 are equivalent in all the

cases where b = const.

Let us take up a different viewpoint to Volterra equations with fractional noise. We
consider the problems

t

u(t) + /0 gt — T)Au(r)dr = /0 gp(t — T)d(Ql/QX)(T), t>0 (4.4)

in the Hilbert space H, where the operator A is subject to Hypothesis (A) and g,

denotes the Riemann-Liouville kernel; see (2.4).

In case (A) is valid and 0 < & < 2, problem (4.4) is well-posed and parabolic.

Theorem 4.3. Assume Hypotheses (A) and (X,) are valid and let o € (0,2),
B3>0, 0¢€][0,1], such that 8 € (?’_T'Y+0,?’_TV+0+Q).

3—2B—~v

(1) If QAo € L (H) then the mild solution w of (4.4) exists and is mean-

square continuous on Ry. Moreover, the trajectories of u are almost surely

continuous on R4 .
3-26—1

(i) If QAT+ ¢ Z1(H) then the trajectories of w are locally Hoélder-

continuous of any order strictly less then 0 almost sure.

On the first view Theorem 4.1 seems to be a variant of Theorem 4.3 for the case
B = 1 and more general kernels. However, Hypothesis (b) is too stringent as
to countenance standard kernels g, with o < 1. Similar results for the special
cases where X is modeled to be a vector-valued Wiener process or a vector-valued
fractional Brownian motion were obtained by Clément et al. [3], Bonaccorsi [2], Sp.
& Wilke [9] and Sp. [8]. However, all those cases are completely covered by our
approach.

Remark 4.4. Note that

(1) if X is chosen to be a vector-valued centered Lévy process, then the above
results hold with v = 2.

(2) if X = BM is chosen to be a vector-valued fractional Brownian motion with
Hurst parameter 0 < H < 1, the above results hold with v = 2H + 1.

(3) if X = RB] is chosen to be a vector-valued fractional Riesz-Bessel motion
with parameters % <n< % and o > max{0,1 — 7}, then the above results
hold true for every v € [2n,2(c +n)] N [27, 3).
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4.2. Proof of the main results. Before proving the main results we gather some
elementary results needed later on. The first is taken from [8, Lemma 4.1] and

reads as

Lemma 4.5. Let 1 > 0, the function b satisfying Hypothesis (b) with p € [1,2)
and denote by s : Ry — R the solution of the problem

s(t) +u(b*s)(t) =1, t>0
Then the following are true.

(i) |s(t)] <1 for allt>0;
(i5) 118ll,ry) < ¢ 1
(iit) |sllL, sy < cp”7;

() ||s]] . o410 < c,ue% foro € (0,1),0€(0,0) and u > 1,
Hy, 2 " (Ry)

where ¢ > 0 denotes a constant which is independent of .

Lemma 4.6. Let > 0, a € (0,2), 8 >0, o € (0,1), 6 € [0,1] and denote by
r: Ry — R the solution of the problem

() + plga x7)(8) = gp(t), =0,

where g, means the Riemann-Liowville kernel of fractional integration; see (2.4).
Then there is a constant ¢ > 0 so that
2(1-6+6-0)

||THH2+%7U(R+) S cp )

whenever B € (1—o+6,1—0c+0+ ).

Proof. By the Paley-Wiener theorem, a function f belongs to Lo(R) if and only if
fe 5 (C,.), the Hardy space of exponent 2, and the theorem also yields

1, ~ 1 ~ 2 1
2 _ 2 _ : _ 2
11w = 5 1P ere, = 52 [ [T a0 =5 [ 1D a0
Extending the function r trivially by zero for ¢ < 0, we have by means of identity
(2.6)
1_5 —20 s —<0
s A R e N

2
||T||HZ+%7G(]R

Observe now, that due to (?7?) we obtain a representation of 7 in terms of its Laplace

transform, that is

o am e
TN = TG~ Mo T

ReA >0, \£0.
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Hence, we can proceed with

”TH29+770(]R : :/}Rmip)‘? |p|29+1*2"dp
+

2
_ ‘P‘a ‘ ‘29+1—20d
w LIolP(ole + )] g
oo (e} 2
_ 4 20+1—20
= Sra | P dp
/0 [pﬁ(p'+u)]

2
20-6-0) [ 70+("_ﬂ_‘7+%
=2u =« — | dr
0

14 7o
and the last integral is finite if and only if l —oc+0 < <1 -0+ 6+ a. O

4.2.1. Proof of Theorem 4.1. It is due to [6, Section I.1], that if (A) and (b) are
valid, problem (4.1) admits a resolvent S(t), so that S € Li(Ry;B(H)), S(¢t) is
strongly continuous, is uniformly bounded by 1 and lim; .o |S(t)|p(3) = 0. Con-
sequently, the unique mild solution u of problem (4.1) exists and is given by the

variation of parameters formula (2.9)

/5 )d(QYV2x)(r), t>0.

By means of the spectral decomposition of the operator A, the resolvent family

decomposes into

0o
Zsk |an Qnp, tzov l'EH,
k=1

where the scalar functions s, (t) := s(t, ) are the solutions of the scalar problems

t
sn(t) + ,un/ b(t — T)sp(T)dT =1, t>0.
0

Observe now, that due to Hypothesis (A) there is a positive integer N, € N, so
that p, > 1 for all n > N,. Then Corollary 3.8 yields the existence of a constant
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¢ > 0 (in the sequel generic) so that for ¢ > 0 in view of Lemma 4.5 (iv) it is

E |u(t)[3, < Cz |Q1/2ak|H”Sk”2

P (0.4

< CZ |Q1/2ak|HH5k”2 2ox

k=1 (]R+)

1y

<c Z\Ql/Qak|H||8kH22 , + Z Q2 ar 3,

| k=1 B+) k=N, +1
=c )+ Y (Qaxlax) Hﬂk

i k=N, +1

> 1=y

=c|C(ND+ Y (QailA™ ar)x

i k=N, +1

1—vy
<clow, +H a5
_C_ ( u) QA Z(H)
holds true. Then for s,t > 0and 0 < 0 < 7771 the estimate
e} 2
E|u(t) — u(s)|%, < ¢ 20012, s — + ||s — t— s/
ult) = (o) < €3 10"l el 2ol e [l
> 20—~+1 20
<c|CIND+ > (Qaglan)rp, ~ | [t—s|
k=N, +1

20— »y+1 |t _ 3|20

<c [C )+ HQA 31(71)}

yields the mean-square continuity of w. Lastly, we may employ the Kahane-
Khinchine inequality to obtain for all 2 < p < oo

[t — [P

Elu(t) —u(s)[%, < cp (Elu(t) — u(s)|3)? < cp [C(Nu) + HQA%_TM‘ ];m)

and the Kolmogorov-Centsov-Theorem yields the claimed Holderianity for every
© € (0,6 — 3) for all p € (2,00).

4.2.2. Proof of Theorem 4.3. For a € (0,2) and § > 0 problem (4.4) admits a
resolvent R(t) which decomposes into

x—Zrk (x|an)an, t>0, reH,

where the scalar fundamental solutions r,(t) := (¢, un), n € IN, of (4.4) can be
expressed in terms of its Laplace transform

DO (O R

= = , ReA >0, AN#O, n > 0.
1+ Mnga(A) A[j(/\a + /Ln) 7 H
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Thus the mild solution w of problem (4.4) exists and the variation of parameters
formula (2.9) yields

t) = /Ot R(t — 7)d(QY?X)(r), t>0.

Then Corollary 3.8 ensures the existence of a constant ¢ > 0 (in the sequel generic),
so that in view of Lemma 4.6 we deduce for t > 0

(e.¢]
E |u(t)[3, < CZ |Ql/2ak|HHm||2 <c) QY 2arlyllre]? 2

k=1 ( O,t]) k=1 H2 (]R+)

3—28—

3-2 e 5
CZ Q2 ak |3, - =Y (Qarlar)np, °
k=1

IN

3-28—~

LH)

oo
3—28—
e (Qal A a)p = || QA
k=1
In the same manner

B ()~ (o) < 3010 e Il v
2

2
+ |7 - t—s|*
Il vz | 1=

— +
3-28420—~ 20
< CZ (Qaklar)wpy, = [t — s
k=1
3_ 2ﬁ+29 ~
<c H A7 o t— g%
Q PN et

holds for s,t € R4 and 6 € [0,1] and yields the mean-square continuity of w.

Again we may employ the Kahane-Khinchine inequality to obtain for all 2 < p < 0o

Efu(t) - u(s)lf, < ¢ (Elu(t) - u(s)B) F < ¢, @A

P
2

21 (H)

3— 25+20 ~ ‘t—s|p0

and the Kolmogorov-Centsov-Theorem yields the claimed Hélderianity for every
0 € (0,0 — %) for all p € (2,00). This completes the proof.
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