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L>*-ESTIMATES FOR NONLINEAR ELLIPTIC NEUMANN
BOUNDARY VALUE PROBLEMS

PATRICK WINKERT

Martin-Luther- University Halle- Wittenberg, Department of Mathematics,
06099 Halle, Germany

ABSTRACT. In this paper we prove the L°°-boundedness of solutions of the
quasilinear elliptic equation

Au = f(z,u, Vu) in Q,

u =g(z,u) on 09,

ov
where A is a second order quasilinear differential operator and f : QxRxRN —
R and g : 92 x R — R are Carathéodory functions satisfying some growth
conditions. Our main result is given in Theorem 3.1 and is based on the Moser
iteration technique along with the real interpolation theory. In addition, the
solutions of the elliptic equation above belong to C1:®(Q), if g is locally Holder
continuous.

1. INTRODUCTION

Let Q ¢ RY be a bounded domain with Lipschitz boundary 9. We consider
the quasilinear elliptic equation

Au = f(x,u, Vu) in Q,

ou (L.1)
e g(x,u) on 02,
where % denotes the conormal derivative of u. Here, A is a second-order quasilinear

differential operator in divergence form of Leray-Lions type given by
Al
A =— —a;(x, ,V , 1.2
o) = = 3 oo u(e) Vo) (1.2)

and f: QxRxRY — Raswell as g : 92 xR — R are some Carathéodory functions.
For u € W1P(Q) defined on the boundary 952, we make use of the trace operator
v : WHP(Q) — LP(99Q) which is well known to be compact. For easy readability we
will drop the notation yu and write for short w, respectively, g(z,u) := g(x, yu).

The main goal of this paper is to prove a priori estimates for solutions of the
nonlinear elliptic equation in (1.1). For this purpose, we use some important tools
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like the Moser iteration technique and the real interpolation theory. By an a priori
estimate, we mean an estimate of the form

|l oo () < C,

for all possible solutions of (1.1) with some constant C' independent of u.

Many papers about a priori estimates for the Dirichlet problem were published in
the last years. In [15] the author considers the weighted p—Laplacian eigenvalue
problem given by

—div(a(z)|Vu|P~2Vu) = \b(z)[ulPu  in Q,

where a,b : 2 — R are measurable functions. He proved in Lemma 3.5 that any
positive eigenfunction corresponding to the first eigenvalue A; > 0 of problem (1.3)
belongs to L°°(£2). A related work of problem (1.3) in all of RY can be found in
[16], where the L*°-boundedness for every positive solution has been demonstrated
by using the Moser iteration. A priori estimates for the p—Laplacian equations with
Dirichlet boundary values were also developed in [14], [26],[36],[39] and concerning
the Laplace operator (p = 2) we refer to [5],[17],[19],[25]. A priori bounds for solu-
tions of the Dirichlet problem for elliptic equations with discontinuous coefficients
in unbounded domains were studied in [9]. Existence and a priori bounds for the
semilinear elliptic problem of the form

7Aw:wQ+’u inQ,

W=\ on 01, (1.4)

were investigated in [7], where > 0, and p and X are nonnegative Radon measures
in  and 0f, with fQ pdp < 400, where p is the distance to 02. Moreover, the
authors extended their results to the elliptic system

—Au=0vP+pu, —Av=ul+n in Q,

U=\ V=% on 0, (1.5)

with p,q > 0 and the same assumptions on 1 and k. To obtain a priori estimates
for elliptic systems of Laplace type we also refer to the publications in [11] and [28].
In [6] the authors study the uniformly elliptic Liouville-type problem

Ke*

_V(A _ ., e
V(AVu) quKe“dac

in Q,
on 0%}, (1.6)

u=20

where 2 is a bounded smooth domain in R?, A(xz) is a positive-definite matrix and
K > 0. In particular, they showed a priori bounds for solutions of problem (1.6).
New a priori estimates of the solutions to the second-order elliptic interface problem

—V(B(x)Vu(z)) = f(u) in Q,
u=0 on 012,
were studied from Huang and Zou in [22], where ) is a convex polyhedral domain

in R3 and ((z) is positive and piecewise constant in 2. To complete the references,
we point out the papers in [2, 4, 20, 21, 30, 32].
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Concerning a priori bounds for elliptic equations with zero Neumann conditions we
refer to the results in [35] and [38], where they consider problems of the form

—Au+Au= f(u), u>0 inQ,

0
8—1: =0 on 02,
in a bounded convex domain 2 C R? with smooth boundary and A > 0. Motreanu
et al. have applied the Moser iteration, too, in [27, Proof of Proposition 2.5] to
prove L°°-boundedness for solutions of the Neumann problem
—div "95(37 V'Ua) = fO(Z7 Ue) + )\&‘fO(Za m0) - )‘E|Us - x0|p_2(va - -1'0) in Z,
Ou -0 on 07,
ov

where
De(2,€) = |EP72E + Ae| Vo P72 Vag + Ac|€ — Vao[P72(€ — Vo),

with Z € RY is a bounded domain with a C2-boundary 07,0 < A\. < 1,¢ € (0,1],
xg € L>(Q) fixed and with a Carathéodory function fy : Z x R — R satisfying
some growth condition. We also refer to [1] and [10].

The novelty of our paper is the demonstration of a priori estimates for nonlinear
elliptic equations with nonlinear nonzero Neumann boundary values of the form
(1.1), where the Carathéodory functions f and g depend on u, Vu and u, respec-
tively, satisfying a natural growth condition. Additionally, we extend our results
and show that every solution of (1.1) belongs to C1**(Q) in case g is locally Holder
continuous. This fact follows directly from the L°°-boundedness by applying the
results of Liebermann in [24].

2. NOTATIONS AND HYPOTHESES

Let % + % = 1. We suppose the following conditions for the operator A and the
nonlinearities f : @ x Rx RY - R and g: 90 xR — R.
(A1) Each a;(z,s,€) satisfies Carathéodory conditions, i.e., is measurable in
x € Q for all (s5,£) € R x RY and continuous in (s,&) for a.e. = € Q.
Furthermore, a constant ¢g > 0 and a function ko € L9(2) exist so that

lai(z,5,6)| < ko(2) + co|sP~" + [€[771), (2.1)

for a.e. x € Q and for all (s,£) € R x RY, where |¢| denotes the Euclidian
norm of the vector &.
(A2) The coefficients a; satisfy a monotonicity condition with respect to £ in the
form
N

Z(ai(xvsaﬁ) - ai(x,s,fl))(& - gz/) > 07 (22)

i=1
for a.e. x € Q, for all s € R, and for all £,¢ € RN with & # &',
(A3) A constant ¢; > 0 and a function k; € L°°(2) exists such that
N

D aiw, 5,68 = ailélf — k() (2.3)

i=1
for a.e. x € Q, for all s € R, and for all £ € RV,



4 L*°—ESTIMATES FOR NONLINEAR ELLIPTIC PROBLEMS

(F1) 2 — f(x,s,£) is measurable in Q for all (s,&) € R x RV,
(F2) (s,&) = f(z,s,€) is continuous in R x RY for almost all z € Q.
(F3) There exists a constant ¢z > 0 such that

|f(z,8,6)| < ea(l+ |sP~h +[€P71), (2.4)

for a.e. x € Q, for all s € R and for all £ € RV,
(Gl) = +— g(x,s) is measurable in S for all s € R.
(G2) s+ g(x,s) is continuous in R for almost all x € 9.
(G3) There exists a constant ¢z > 0 such that

l9(@,8)] < es(1+|s[P7), (2.5)

for a.e. £ € 99 and for all s € R.

Condition (A1) implies that A : W1P(Q) — (W1P(Q))* is bounded continuous and
along with (A2) it holds that A is pseudomonotone. Due to (Al) the operator A
generates a mapping from WP () into its dual space defined by

N
_ Iy
(Au, ©) —/Q;al(x,u,Vu)axidx, (2.6)

where (-,-) stands for the duality pairing between W1P(Q) and (WLP(Q))*. As-
sumption (A3) is a coercivity type condition and the assumptions (F3) and (G3)
ensure that the corresponding Nemytskij operators F' : LP(2) — L%(Q2) and G :
LP(092) — LI(0Q) defined by

Fu(z) = f(z,u(z), Vu(z)), Gulx)= gz, u(z)), (2.7)

are bounded and continuous (see e.g. [37]). The definition of a solution of problem
(1.1) in the weak sense is defined as follows.

Definition 2.1. A function u € WP(Q) is said to be a weak solution of (1.1) if
the following holds

N
/ Zai(x,u,Vu) 0 doe = / f(a;,u,Vu)godx—!—/ g(x,u)pdo, Yo € WHP(Q).
Q O Q o0

=1
3. MAIN RESULTS

Theorem 3.1. Let the conditions (A1)-(A3),(F1)-(F3) and (G1)-(G3) be satisfied.
Let u € WHP(Q) be a solution of (1.1). Then u € L>().

Proof. To prove the L>° —regularity of u, we will use the Moser iteration technique
(see e.g. [15],[16],[17], [18], [23]). It suffices to consider the proof in case 1 <p < N,
otherwise we would be done. First we are going to show that ™ = max{u,0}
belongs to L> (). For M > 0 we define vps(2) = min{u™(z), M }. Letting K (t) =t
if t <M and K(t) = M if t > M, it follows by [23, Theorem B.3] that K ou™ =
vyr € WHP(Q) and hence vy € WHP(Q) N L>®(Q). For real k¥ > 0 we choose
@ = vhP*! then Vi = (kp + 1)vi?Vuy and o € WHP(Q) N L=(Q). Notice that
u(z) < 0 implies directly vps(xz) = 0. Testing the weak formulation in Definition
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2.1 with ¢ = vﬁ/’;ﬂ one gets

kp—l—l/ZaZ ut, vtk %Md

/ fla,u®, Vutyk s + / o, ut )" do,
onN

(3.1)

By applying condition (A3) and the Holder inequality, the left-hand-side of (3.1)
can be estimated to obtain

kp+1/2alxu+ Vut )l %M

= (kp+ 1)/ Zai(x,vM,VvM)avaﬁ’dx
Q

"
i=1 Oz;

> (kp—|— 1) / (01|V’U1\/[|p — kl)v]]ffdx (32)
Q

kp+1 k‘-‘rlp / +\k
Vv dx —ei(k 1 Pd
(k+1 /| Pdz =er(kp+1) Q(u )

kp
k 1 ())
P+ / |v k+1|pd$ _ 6’1(k’p+ 1)|Q| k+1 </ (u+)(k+1)pdl,> P '
(k—i— 1)p Q

The assumption (F3) along with the Holder inequality and Young’s inequality im-
plies

/ f(a:,uﬂVuﬂvﬁfI’Hd:c
Q

< e / 1+ [ut P+ [Vut P ol de
Q

kp+1
< CQ\Q|<75I11>p </ (u"")(k""l)pdx) e + o / (ut)F+DP gy
) Q

(3.3)
+ cz/ 5|Vu+|(p*1)qv§/§p_l)qu + ¢ / C(5)v§\§+1)pdm
Q Q
s
+1)p
<o ([ nra) e [ ey
Q2 Q
625 k1
+ —— V(uM) P de.
eyl A
The same arguments for the boundary integral provide
/ g(a,ut )yt o < 03/ (1+ [ut [P~ Yol do
o0 a0
(3.4)

kp+1
(k+1)p
<es (/ (u+)(k+1)”da) + 64/ (ut)F+Dr g,
09 o9
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Applying the estimates (3.2)—(3.4) to (3.1) one gets

1
kp+ /\v kL gy

+1)?
( ) kL) pdx) + (1+C(6))c2 / (u) TPy
¢ s (3.5)

c20 B p / (et )p "+
+ (k+1)1’/9|v<u )T Pdr + e aQ(u ) do

kp
T+Dp
+ 64/ (u+)(k+1)Pdo' +es(kp+1) (/ (u+)(k+1)pdx> b .
o0 Q

We have limp/—oo var(z) = ut(z) for a.e. € Q and can apply Fatou’s Lemma
which results in

1
kp + / V() P

+1)
( k+1 pdx> REDp + (14 C(6))ea / (u+)(k+1)pdx
¢ it (3.6)

c20 B p / (et )p T Dp
+ (k+1)1’/9|v<u )T Pdr + e 8Q(u ) do

kp
T+Dp
+ 64/ (u+)(k+1)pda +es(kp+1) (/ (u-")(k—o—l)pdx) )
o0 Q

We have either

kp+1 kp+1
(/ (u+)(k+1)pda§) = +Dp <1 or (/ (U+)(k+l)pdx> ¥ Dp < /(u+)(k+1)pdx,
Q Q Q

respectively, either

_kpt1 _kptl
(/ (u+)(k+1)pda) (=+Dp <1 or (/ (u+)(k+1)pda> (k+D)p S/ (u+)(k+1)pd0.’
o0 o0 o9

and finally, either

k1 (kfrq)p htl (kiﬁ)p k1
(/ (ut) )pdx) <1 or (/ (ut) )pdac> < /(u+)( Py,
Q Q Q

Using the calculation above to (3.6), we obtain

kp+1 c20
[(k+1) kjl }/'V )P de

(3.7)
< (C(6)ea + e(kp+ 1)) / () F+ Dy 4 e / ()P dg 1 g,
Q Q
where the choice § = kp +1 results in
k 1
p+ / IV () Pl
(3.8)
<eglkp+1) / (ut)F+DP gy 4 67/ (uh)F+P g 4 eq.
Q o0
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It should be pointed out that

a1 [2e5\? 1 \7 1
C@)=(@0p)» -—=—] - I<
(0) = () q <p> (kp+1> q_610

with a positive constant e;y where we have set eg = ejgco + €. Adding on both

sides of (3.8) the positive integral % Jo(ut)FFDPdy yields

M +\k+1p / +)(k+1)p
T T [/Q|V(u e+ [ ()0 s

<en(kp+1) / () F D2y 4 e / (W)Y F+DP g 4 g
Q o

(3.9)

due to the fact that 2(’2’:11)19 < kp+1 for all £ > 0. Next we want to estimate

the boundary integral by an integral in the domain €. To this end, we need the
following continuous embeddings

_1
Ty : B3,(Q) — By * (09), with s > L
p

Ty : By 7 (0Q) = Fpy * (09) — F%(0Q) = LP(99), with s > ]1),

where Q is a bounded C'*°-domain (see [29, Page 75 and Page 82|, [33, 2.3.1 and
2.3.2] and [34, 3.3.1]). Let s = m + ¢ with m € Ny and 0 < ¢ < 1. Then the
embeddings are also valid if 9Q € C™! ([31]). In [12, Satz 9.40] a similar proof
is given for p = 2, however, it can be extend to p € (1,00) by using the Fourier
transformation in LP(£2) ([13]).

Here B, and F},, denote the Besov and Lizorkin-Triebel spaces, respectively, which

are equal in case p = ¢ with 1 < p < oo and —oo0 < s < 0. Wesets:%Jrg,
where € > 0 is arbitrarily fixed such that s = zl) + € < 1. Thus the embeddings are
valid for a Lipschitz boundary 92. This yields

Ty: By, (Q) — LP(69). (3.10)

The real interpolation theory implies

(F(). Fu(@), ., = (D). W), ., = B (),

T4+Ep
(for more details see [3],[33],[34]) which ensures the norm estimate

ol 1 <enlolli g ol Yo € Whr(Q) (3.11)
1 >~ €12 W1ip(Q) LrP(Q) ’ .

pp
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with a positive constant ejs only depending on the boundary 9. Using (3.10),
(3.11) and Young’s inequality yields

| whyyd
o

= ||(U+)k+1||117;p(ag)
< el
o, o (3.12)
‘W“M A [Oh )
WLe(Q) Lr(Q)
1 —1—-gp)q’
< efgely (81w HIGETE + COIh T )
= ey (81 ) + COM@) 0 ) -

where ¢ =

< 6?36572”(“

1

L satisfy % +7 = 1 and ¢’ is a free parameter

P
1+ep p—1—€p
specified later. Note that the positive constant C(¢’) depends on §’. Applying
(3.12) to (3.9) shows

< e11(kp+1)/(u+)(k+1)pdx+e7/ ()P Ao 4 eq
Q o9

< enlbp 1) [ @)EPdat e |6 e

+ 6140(61)”(u )k+1” P(Q) + es,

and ¢ =

where e14 = ezelsel, is a positive constant. We take §' = EZ’%W to get
kp+1 kp+1 / i / i
V +lipyg +lpg
(2(k—|—1)p e1 6144k+1 )[ | Pdx + [ [(u |Pdx
<en(kp+1) / (@) EFDPdz 4 es O(8) || (w™) T, ) + €8 (3.13)
Q

sen5uw-+1—ch&>y/ku+>%+lmdx-%e&
Q

where it holds

ders\ 7 (k+1)p)5 1
kp+1+C() =kp+1+ ) =
P (0)=hp ( p ) <kp+1 q

k4 1)1
<ew|kp+1+ %

(kp+1)p—1
§€17(kp+1)%.

Using the calculations above to (3.13) provides

1
kkp—:—l |:/ |V k+1‘pd$—|—/| k+1pdx:|

< ews(kp+1)7T [ / (u*)"““”’dwﬂ] ,
Q
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equivalently

N B < (ko + 17T (s + 1)Peg { [y 4
By Sobolev’s embedding theorem a positive constant ey exists such that
1) ) Lo ) < e2oll (™) i), (3.14)
where p* = —_ ifl<p< N and p*=2pif p=N. We get
[u* || ke Q)
= ) g,

1 1
< el I I @

1

T (k+1)p +\(k+1)p (k+Dp
<ol (U + ) (k+1) ™ ef | [ @) 1)

1

1 1
since ((kp+ )77 (k+1)) "7 > Land lim ((kp+ 1) (k+1)) "7 =1,

;

1 1

there exists a constant ep; > 1 such that ((kp +1) &0 (k+ 1)) < et We
obtain

1 1 1 m
el ime ) < ey exr T el [ J s+ 1] . (31)
Q
Now, we will use the bootstrap arguments similarly as in the proof of [18, Lemma
3.2] starting with (k1 4+ 1)p = p* to get
[t || o () < (k)

for any finite number k > 0 which shows that u™ € L"(Q) for any r € (1,00).
To prove the uniform estimate with respect to k we argue as follows. If there is a
sequence k, — oo such that

/(u-i-)(kn-i-l)pdx <1,
Q

we have immediately
[t Lo ) < 1,

(cf. the proof of [18, Lemma 3.2]). In the opposite case there exists ko > 0 such
that

/(qu)(kJrl)pdx >1
Q

for any k > k. Then we conclude from (3.15)

1
et e () < el e €5 [t | e, for any k> ko, (316)

where ega = 2e19. Choosing k := ki such that (k1 + 1)p = (ko + 1)p* yields

1

[ ]| k100 @ = 621+1e21k1+1e2(;1+1)pHu+”L(’C1+1)P(Q)'

(3.17)
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Next, we can choose ks in (3.16) such that (ke + 1)p = (k1 + 1)p* to get

[ s @) < e el €T o | cesimgey s)
T s T .
By induction we obtain
[ ]| k00 () < e%ﬁez\{ﬁewnuwukn““’(ﬁ) (3.19)
= 6?6%6@ [an " Q) |

where the sequence (k) is chosen such that (k, + 1)p = (k,—1 + 1)p* with kg > 0.
A\ T
One easily verifies that k, + 1 = (%) . Thus

R D=t Ve L s
||U+||L<kn+1),,*m) = e R mew 1 G+ D7 ||u+||L(k0+1)p*(Q), (3.20)
with r, = (k, + 1)p* — o0 as n — oo. Since ﬁ = (p%)i and & <1 there is a
constant eg3 > 0 such that
||U+||L<kn+1>p*(9) < 623||u+||L(k0+1)p*(Q) < 00. (3.21)

Let us assume that u™ ¢ L>°(Q2). Then there exist > 0 and a set A of positive
measure in Q such that u™ () > egs||[u™ || wo+1p® () + 1 for z € A. Tt follows that

1
W\ FntDp™
‘|u+‘|L(’W+1)”* ) > (/ |u+(x)|(kn+1)p >
A

1
> (easllw™ || povo+ 11w () + M)A T T 0P
Passing to the limes inferior in the inequality above yields
lim inf [[u™ || o +00% () > eal[u™ ]| Laorner () + 1,
n—oo

which is a contradiction to (3.21) and hence, ut € L>*(Q). In a similar way one
shows that v~ = max{—wu,0} € L>(Q). This proves u = ut —u~ € L>®(Q).
]

Let us now suppose an additional condition to the function g : @ x R — R as
follows.

(G4) g is locally Holder continuous in 99 x R, that is,
(9(@1,51) = 9wz, 52)] < L{la1 = 22| + |31 = 7],

for all pairs (1, $1), (22, 82) in 9Q x [—My, My|, where My is a positive
constant and « € (0, 1].

Theorem 3.2. Let the conditions (A1)-(A3),(F1)-(F3) and (G1)-(G4) be satisfied.
Let u € WHP(Q) be a solution of (1.1). Then u € C1*(Q).

Proof. Theorem 3.1 implies u € L>°(£2). Moreover, we see at once that the as-
sumptions (0.3a)—(0.3d) and (0.6) in [24] are satisfied which yields in view of [24,
Theorem 2] the assertion. O
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Example 3.3. Let A= —A,,1 < p < oo, be the p—Laplacian which is defined by
Apu = div(|VulP~?Vu)  where Vu = (Ou/dx1,...,0u/dry). (3.22)
The coefficients a;,7 = 1,..., N are given by
ai(z,s,€) = [~

Thus, hypothesis (Al) is satisfied with kg = 0 and ¢ = 1. Hypothesis (A2) is a
consequence of the inequalities from the vector-valued function & +— |£[P=2¢ (see [8,
Page 37]) and (A3) is satisfied with ¢y = 1 and k; = 0. Our equations in (1.1) gets
the form
—Apu = f(z,u, Vu) in Q,
|Vu|p_2% =g(z,u) on 09, (3.23)

where % means the outer normal derivative of u with respect to 0f2. Theorem

3.1 and Theorem 3.2 ensure under the assumptions (F1)-(F3) and (G1)-(G4) that
every solution u of (3.23) satisfies u € L>°(Q) and u € C1().
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