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GENERAL COMPARISON PRINCIPLE FOR
VARIATIONAL-HEMIVARIATIONAL INEQUALITIES

SIEGFRIED CARL AND PATRICK WINKERT*

Martin-Luther- University Halle- Wittenberg, Department of Mathematics,
06099 Halle, Germany

ABSTRACT. We study quasilinear elliptic variational-hemivariational inequalities involving gen-
eral Leray-Lions operators. The novelty of this paper is to provide existence and compari-
son results whereby only a local growth condition on Clarke’s generalized gradient is required.
Based on these results, in the second part the theory is extended to discontinuous variational-
hemivariational inequalities. In the last section we give an example of the construction of sub-
and supersolutions.

1. INTRODUCTION

Let @ ¢ RV, N > 1, be a bounded domain with Lipschitz boundary 9Q. By W1?(Q) and
WyP(Q),1 < p < 0o, we denote the usual Sobolev spaces with their dual spaces (W?(Q))* and
W=14(Q), respectively, where ¢ is the Holder conjugate satisfying % + % = 1. We consider the
following elliptic variational-hemivariational inequality: Find u € K such that

ut F)o—ap+ [ 6o —wdot [ Bl —qudo >0 Wwe K, (1)
Q o

where jg(m, s;r),k = 1,2 denotes the generalized directional derivative of the locally Lipschitz
functions s — ji(z, s) at s in the direction r given by

. ) —
jg(aj, s;r) = lim sup an(@:y +tr) = ji(z,y) k=1,2, (1.2)
y—s,t10 t

(cf. [17, Chapter 2]). We denote by K a closed convex subset of WP(Q), and A is a second-order
quasilinear differential operator in divergence form of Leray-Lions type given by

Y9
Au(z) = — Z %ai(x, u(zx), Vu(z)).

The operator F stands for the Nemytskij operator associated with some Carathéodory function
f: QxR xRY — R defined by

F(u)(z) = f(z,u(x), Vu(z)). (1.3)

Furthermore, we denote the trace operator by v : W1P(Q) — LP(9Q) which is known to be linear,
bounded and even compact.

The aim of this paper is to establish the method of sub- and supersolutions for problem (1.1). We
prove the existence of solutions between a given pair of sub-supersolution assuming only a local
growth condition of Clarke’s generalized gradient, which extends results recently obtained by S.
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2 S. CARL AND P. WINKERT

Carl in [7]. To complete our findings, we also give the proof for the existence of extremal solutions
of problem (1.1) for a fixed ordered pair of sub- and supersolutions in case A has the form

AN
Au(z) = — Z a—xiai(:c, Vu(z)). (1.4)

In the second part we consider (1.1) with a discontinuous Nemytskij operator F' involved, which
extends results in [36] and partly of [9]. Finally, we construct some sub- and supersolution of
problem (1.1) where we make use of the special case A = —A,, which is the negative p—Laplacian.
Let us consider some special cases of problem (1.1), where we suppose A = —A,,; too.

(1) If K =W%(Q) and jj, are smooth, problem (1.1) reduces to

(-t Fw.o) + [ filweds+ [ g5udo =0, Yo e WHo(@),
Q o0

which is equivalent to the weak formulation of the nonlinear boundary value problem
—Apu+ F(u) +j1(u) =0  inQ,
ou
v
where % denotes the conormal derivative of u. The method of sub- and supersolution for
this kind of problems is a special case of [6].

(2) For f € Vg, K € Wy*(Q) and j, = 0, (1.1) corresponds to the variational-hemivariational
inequality given by

y2)

+ jo(yu) =0  on 0%,

(—Apu—&—fﬂ)—u)+/j?(~7u;v—u)dx20, Yo € K,
Q

which has been discussed in detail in [5].
(3) If K € Wg'P() and jj, = 0, then (1.1) is a classical variational inequality of the form

ue K: (=Apu+ F(u),v—u) >0, Yv € K,
whose method of sub- and supersolution has been developed in [10, Chapter 5].
(4) Let K = Wy (Q) or K = W'P(Q) and jj, not necessarily smooth. Then problem (1.1) is a
hemivariational inequality, which contains for K = I/VO1 "P(Q) as a special case the following
Dirichlet problem for the elliptic inclusion

—Apu+ F(u)+0j1(,u) 50  inQ,

u=0 on 01}, (1.5)
and for K = W1P(Q) the elliptic inclusion
—Apu+ F(u)+0j1(,u) 50  inQ,
% + 0j2(-,u) 30  on 99, (16)

where the multivalued functions s — 9jx(x,s),k = 1,2 stand for Clarke’s generalized
gradient of the locally Lipschitz function s — ji(z,s),k = 1,2 given by

Ojr(z,8) = {£ €R: j(x,5;7) > &r,Vr € R}, (1.7)
Problems of the form (1.5) and (1.6) have been studied in [15] and [6], respectively.

Existence results for variational-hemivariational inequalities with or without the method of sub-
and supersolutions have been obtained under different structure and regularity conditions on the
nonlinear functions by various authors. For example we refer to [4, 11, 12, 20, 22, 25, 29, 31].
In case that K is the whole space Wy (Q) or WP(Q), respectively, problem (1.1) reduces to a
hemivariational inequality which has been treated in [3, 16, 18, 19, 21, 24, 26, 30, 33].
Comparison principles for general elliptic operators A, including the negative p-Laplacian —A,,
Clarke’s generalized gradient s — 97j(x, s), satisfying a one-sided growth condition in the form

&1 <& +c(se—s1)Ph (1.8)
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for all & € 9j(x,s;),i = 1,2, for a.a. x € Q, and for all s1,s2 with s; < s9, can be found in
[10]. Inspired by results recently obtained in [15] and [14], we prove the existence of (extremal)
solutions for the variational-hemivariational inequality (1.1) within a sector of an ordered pair of
sub- and supersolutions u,w without assuming a one-sided growth condition on Clarke’s gradient
of the form (1.8).

2. NOTATION OF SUB- AND SUPERSOLUTION
For functions u,v :  — R we use the notation u A v = min(u,v),u Vv = max(u,v), K A K =

{unv:iuve K}, KVK ={uVv:uveK},anduANK = {u} NK,uV K = {u} VK and
introduce the following Definitions:

Definition 2.1. A function u € W1P(Q) is said to be a subsolution of (1.1) if the following hold:
(1) F(u) € L1(Q),
(2) (Au+ F(u),w —u) + / i ww —@)dx+/ J3 (5w yw — yu)do >0, Yw € u A K.
Q 00

Definition 2.2. A function u € W1P(Q) is said to be a supersolution of (1.1) if the following
hold:

(1) F(u) e LY(Q),
(2) <AH+F(H),U}7H>+/j?(',ﬁ;w7ﬂ)dl‘+/ 39y yw — ya)do >0, Yw € a V K.
Q 00

In order to prove our main results, we additionally suppose the following assumptions

uV K CK, uNK CK. (2.1)

3. PRELIMINARIES AND HYPOTHESES

Let 1 <p< 007% —l—é = 1, and assume for the coefficients a; : Q x RxRY - R,i=1,...,N
the following conditions.
(A1) Each a;(z, s, &) satisfies Carathéodory conditions, i.e., is measurable in z € §2 for all (s, &) €

R x RY and continuous in (s,¢) for a.e. x € Q. Furthermore, a constant ¢y > 0 and a
function ko € L4(2) exist so that

lai(z,5,6)| < ko(z) + co|sP~" + [€[77H),

for a.e. x € Q and for all (s,£) € R x RY, where |¢| denotes the Euclidian norm of the
vector &.
(A2) The coefficients a; satisfy a monotonicity condition with respect to £ in the form

N
Z(ai(xa 875) - ai(‘ra 575/))(51' - 5:) > 07
i=1
for a.e. x € Q, for all s € R, and for all £,& € RN with & # &',
(A3) A constant ¢; > 0 and a function k; € L(£) exist such that
N
ai(z,5,§)& = a1l§]” — ka (),

1

3

for a.e. x € Q, for all s € R, and for all £ € RV,

Condition (A1) implies that A : WP(Q2) — (W1P(Q))* is bounded continuous and along with
(A2) it holds that A is pseudomonotone. Due to (A1) the operator A generates a mapping from
WLP(Q) into its dual space defined by

N
e
(Au, ) = /Qi_zlaz(m,mVu) 3xidx’
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where (-,-) stands for the duality pairing between W1?(Q) and (W?(Q))* and assumption (A3)
is a coercivity type condition.
Let [u, @] be an ordered pair of sub- and supersolutions of problem (1.1). We impose the following
hypotheses on ji and the nonlinearity f in problem (1.1):
(G1) x + ji(z,s) and x +— ja(z, s) are measurable in Q and 052, respectively, for all s € R.
(j2) s+ ji(z,s) and s — jo(x, s) are locally Lipschitz continuous in R for a.a. x € Q and for
a.a. x € 01, respectively.
(j3) There are functions Ly € L% (Q) and Ly € L (09Q) such that for all s € [u(x),u(z)] the
following local growth conditions hold:
n € dji(x,s) : |n| < Li(x), for a.a. z € Q,
& € 0ja(x,s) : €] < La(x), for a.a. x € 9.

(F1) (i) o~ f(x,s,&) is measurable in Q for all (s,£) € R x RV,
(i) (s,€) +— f(mw,s,€) is continuous in R x RN for almost all = € €.
(iii) There exist a constant ¢, > 0 and a function ks € L () such that

|f(z,8,6)| < ks(x) + eal€[P1,

for a.e. x € Q, for all £ € RV, and for all s € [u(z),u(z)].

Note that the associated Nemytskij operator F' defined by F'(u)(z) = f(x,u(x), Vu(zx)) is contin-
uous and bounded from [u,u] C WP(Q) to LI(Q) (cf. [37]). We recall that the normed space
L?(Q) is equipped with the natural partial ordering of functions defined by u < v if and only if
v—u e L¥(Q), where L% (Q) is the set of all nonnegative functions of L”().

Based on an approach in [15], the main idea in our considerations is to modify the functions ji.
First we set for £ =1,2

ox(2) = min{€ s € € Oju(wu(@)},  P(x) = max{é € € Oju(mA@)} (3.2)
By means of (3.2) we introduce the mappings 31 O xR —Rand }2 : 000 X R — R defined by

(3.1)

N Ji(@,u(z)) + ar(2)(s — u(z)) if s <u(z),
Jr(z,s) = < ju(z,s) if u(z) <s <u(x), (3.3)
gk (@, a(x)) + Br(z)(s —u(x)) if s > u(x).

The following lemma provides some properties of the functions 31 and }2.

Lemma 3.1. Let the assumptions in (j1)-(j3) be satisfied. Then the modified functions j; :
QxR — R and jp: 92 x R — R have the following qualities:
(j1) x — ji(x,s) and x — jo(x,s) are measurable in Q and S, respectively, for all s € R and
s — ji(x,s) and s — ja(x, s) are locally Lipschitz continuous in R for a.a. x € Q and for
a.a. ¢ € 0F), respectively.
(72) Let 8ji(x,s) be Clarke’s generalized gradient of s — jj(x,s). Then for all s € R the
following estimates hold true:

nedji(z,s):|n| < Li(z), foraa. x e,

s (3.4)
& € 0ja(x,s) : €] < La(x), for a.a. x € .
(j3) Clarke’s generalized gradient of s — jy(z,s) and s — jo(x, s) are given by

ag(x) if s < u(z),
Ojr(x,u(z))  ifs = u(z),

Tulwys) = g s)  ifu(z) < s <a(a), (3.5)
Oz, u(x))  if s =a(x),
Br(x) if s > u(x),

and the inclusions 9y (z, u(z)) C ji(x, u(z)) and 8j(x,u(z)) C 8ji(z,u(x)) are valid for
k=1,2.
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Proof. With a view to the assumptions (j1)-(j3) and the definition of jj in (3.3), one verifies the
lemma in few steps. O

With the aid of Lemma 3.1, we introduce the integral functionals J; and J; defined on L”(2)
and LP(09Q), respectively, given by

Ji(u) = /le(sc,u(m))dx, ue LP(Q) Ja(v) = /GQ}Q(m,v(sc))da, v € LP(00N). (3.6)

Due to the conditions (j1)-(j2) and Lebourg’s mean value theorem (see [17, Chapter 2]), the
functionals J; : LP(Q2) — R and J; : LP(0Q) — R are well-defined and Lipschitz continuous
on bounded sets of LP(Q2) and LP(9f), respectively. This implies among others that Clarke’s
generalized gradients 0.J; : LP(Q) — 21" and a.J, : LP(99) — 219 are well-defined, too.
Furthermore, by means of Aubin-Clarke’s theorem (see [17]), for v € LP(Q) and v € LP(9N) we
get

n e dJi(u) = n € LY(Q) with n(x) € 8j1(x, u(z)) for a.a. x € Q,
€ € 0Jy(v) = € € LI(0N) with &(z) € 8ja(z,v(x)) for a.a. x € IN.

An important tool in our considerations is the following surjectivity result for multivalued pseu-
domonotone mappings perturbed by maximal monotone operators in reflexive Banach spaces.

(3.7)

Theorem 3.2. Let X be a real reflexive Banach space with the dual space X*, ® : X — 2% g
maximal monotone operator and ug € dom(®). Let A: X — 2X" be a pseudomonotone operator,
and assume that either A,,, is quasi-bounded or ®,,, is strongly quasi-bounded. Assume further
that A : X — 2% is ug—coercive, that is, there exists a real-valued function c : Ry — R with
¢(r) — 400 as r — +oo such that for all (u,u*) € graph(A) one has (u*,u — ug) > e(||lul|x)||u|x-
Then A + ® is surjective, that is, range(A + @) = X*.

The proof of the theorem can be found for example in [34, Theorem 2.12]. The notation A,,, and
®,,, stands for A, (u) := A(ug+u) and ®,,(u) := ®(ug+u), respectively. Note that any bounded
operator is, in particular, also quasi-bounded and strongly quasi-bounded. For more details we refer
to [34]. The next proposition provides a sufficient condition to prove the pseudomonotonicity of
multivalued operators and plays an important part in our argumentations. The proof is presented
for example in [34, Chapter 2].

Proposition 3.3. Let X be a reflexive Banach space, and assume that A : X — 2% satisfies
the following conditions:
(i) For each u € X we have that A(u) is a nonempty, closed and convex subset of X*;
(i) A: X — 2X" is bounded;
(iii) If u, — v in X and u), — v* in X* with u} € A(uy) and if lim sup(u},
u* € A(u) and (u), un) — (u*,u).

Then the operator A : X — 2% is pseudomonotone.

U, —uy < 0, then

We denote by i* : LI(Q2) — (WHP(Q))* and ~* : LI(9Q) — (WP(Q))* the adjoint operators of
the imbedding i : W1P(Q) — LP(Q) and the trace operator v : WhP(Q) — LP(9Q), respectively,
given by

(i*n, ) = /Qnsodm, Vo € WHE(Q), (V& w) = /m Eypdo, Yo € WHP(Q). (3.8)
Next, we introduce the following multivalued operators,
Dy (u) := (i* 0 0J1 04)(u), Dy(u) := (7" 0 dJ3 0 7)(u), (3.9)

where 7,7*,y,v* are defined as mentioned above. The operators @,k = 1,2, have the following
properties (see e.g. [6, Lemma 3.1 and Lemma 3.2]).

Lemma 3.4. The multivalued operators ®; : W'P(Q) — 20V and &, : Whr(Q) —

2P are bounded and pseudomonotone.
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Let b: 2 x R — R be the cut-off function related to the given ordered pair w, @ of sub- and
supersolutions defined by
(s —u(x))P~t if s> u(z),
b(z,s) =140 if u(r) <s<u(z), (3.10)
—(u(z) —s)P~t if s <u(x).
Clearly, the mapping b is a Carathéodory function satisfying the growth condition
|b(x, 8)| < ka(x) + cs|sP™t, (3.11)

for a.e. x € Q, for all s € R, where k4 € L (Q) and ¢3 > 0. Furthermore, elementary calculations
show the following estimate

/ b(z, u(z))u(x)dx > C4||u|\’£p(m —c5, Yu € LP(Q), (3.12)
Q
where ¢4 and c¢5 are some positive constants. Due to (3.11) the associated Nemytskij operator
B: LP(Q2) — L9(Q) defined by

Bu(z) = b(z,u(x)), (3.13)
is bounded and continuous. Since the embedding i : WP(Q) — LP(Q) is compact, the composed
operator B :=i* o Boi: WhP(Q) — (WhP(Q))* is completely continuous.

For u € W'P(Q), we define the truncation operator T' with respect to the functions u and @ given
by

u(x) if uw(x) > u(x),
Tu(z) = < u(x) if w(z) < ulx) <u(z), (3.14)
u(x) if u(z) < u(z).

The mapping T is continuous and bounded from W1?(Q) into W1P(Q) which follows from the
fact that the functions min(-,-) and max(-,-) are continuous from W?(Q) to itself and that 7' can
be represented as Tu = max(u, u) + min(u, @) — u (cf. [23]). Let F o T be the composition of the
Nemytskij operator F' given by

(FoT)(u)(z) = f(z, Tu(z), VTu(z)).

Due to hypothesis (F1)(iii), the mapping F o T': WhP(Q) — L%(Q) is bounded and continuous.
We set F':i*o(FoT): WhP(Q) — (WHP(Q))*, and consider the multivalued operator

A=Apu+F + AB+ @y + &y : WHP(Q) — 20W"7(0), (3.15)

where A is a constant specified later and the operator A is given by

(Aru, @) = Z/aleuVug

We are going to prove the following properties for the operator A.

Lemma 3.5. The operator A: Whr(Q) — 2WHP@)" g bounded, pseudomonotone and coercive
for \ sufficiently large.

Proof. The boundedness of A follows directly from the boundedness of the specific operators Ar,
F ,E ,®1 and ®5. Asseen above, the operator Bis completely continuous and thus pseudomonotone.
The elliptic operator Ap + F is pseudomonotone because of hypotheses (A1), (A2), and (F1), and
in view of Lemma 3.4 the operators ®; and ®, are bounded and pseudomonotone as well. Since
pseudomonotonicity is invariant under addition, we conclude that A : WhP(Q) — 2V 7 (@)" g
bounded and pseudomonotone. To prove the coercivity of g, we have to find the existence of a
real-valued function ¢ : Ry — R satisfying

lim ¢(s) = 400, (3.16)

s— 400
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such that for all u € W?(Q) and u* € A(u) the following holds
(' u = o) = elllullws o)l wes o, (3.17)
for some ug € K. Let u* € A(u), that is, u* is of the form
= (Az + F +2AB)(u) + "0 + 7€,

where n € L(Q) with 5(z) € 97, (2, u(x)) for a.a. z € Q and § € L7(0%2) with {(z) € Ao (z, u(z))
for a.a. z € 9Q. Applying (A1), (A3), (F1)(iii), (3.12), (52), the trace operator v : W1P(Q) —
LP(09Q) and Young’s inequality yields

(u*,u — ug)

= (A7 + F + AB)(u) +i"n+7"& u — uo)
al ou — du

= /QZ‘“(“T’T“’ Vu)Tod x + /Q(f(~,Tu, VTu)(u — ug) + Ab(z, u)(u — up))dx
i=1 v

+ / n(u—uo))dz + | €y(u—uo)do
Q o

> 1|V} o) — IRl — dillullts ) — dal| Val g, — ds — 5||Vu||'2p(g) —c(@)lullf o
— ds||ull o) — do | Vuull o) — dr + Acallulll, ) — Acs — ds — dollull 7 g,
— dyollul|Lr () — dir — diz||ull Lra0) — di3
= (1 = )|Vl g + (Aea = cl@Dull ) = dral Vel 7 i) — disllullF g,

— dyg||ull ey — diz

where d; are some positive constants.

(" u—ug) > dug|[ullfyr. ) — drollullfyis gy — daollwllwrea) — dar.
Setting c(s) = digsP ! — d1gsP 2 — dag — 92 for s > 0 and ¢(0) = 0 provides the estimate in (3.17)
satisfying (3.16). This proves the coercivity of A and completes the proof of the lemma. O
4. MAIN RESULTS

Theorem 4.1. Let hypotheses (A1)—(A3),(j1)—(j3) and (F1) be satisfied and assume the existence
of sub- and supersolutions u and @, respectively, satisfying u < u and (2.1). Then, there exists a
solution of (1.1) in the order interval [u,T].

Proof. Let I : WHP(Q) — R U {+oco} be the indicator function corresponding to the closed
convex set K # () given by

0 if ue K
I = 4.1
K () {+oo if u¢g K, (4.1)

which is known to be proper, convex and lower semicontinuous. The variational-hemivariational
inequality (1.1) can be rewritten as follows. Find u € K such that

<AU+F(U),U*U>+IK(7J)*IK(UH/j‘f(wusv*U)der/ 30, yusyw = yu)do >0, (4.2)
Q o0

for all v € W1P(Q). By using the operators Ar, ﬁ, B and the functions }1,32 introduced in Section
3, we consider the following auxiliary problem. Find v € K such that

(Apu+ F(u) + AB(u),v — u) + I (v) — Ix(u) + / PO, w0 —u)de
Q
N (4.3)
oN
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for all v € W1P(Q). Consider now the multivalued operator
A+ 0Ig : WP (Q) — 2V @)” (4.4)

where A is as in (3.15) and dIx : W1P(Q) — 20V"7(@)" s the subdifferential of the indicator
function I which is known to be a maximal monotone operator (cf. [34, Page 20]). Lemma
3.5 provides that Ais bounded, pseudomonotone and coercive. Applying Theorem 3.2 proves the
surjectivity of A 4+ @Ik meaning that range(A + dlx) = (WP(Q))*. Since 0 € (WP())*, there
exist a solution u € K of the inclusion

A(u) + I (u) 3 0. (4.5)

This implies the existence of n* € ®;(u),&* € Pa(u), and 0* € Ik (u) such that

Apu+ F(u) + AB(u) + 7" + & +0* =0, in (W'P(Q))*, (4.6)
where it holds in view of (3.7) and (3.9) that

n" =i and £ =~7¢
with
ne LiQ) and n(z) € 81 (x,u(x)) as well as € € LI(HQ) and &(z) € 8ja(z, yu(x)).
Due to the Definition of Clarke’s generalized gradient 6};6(3 u),k = 1,2, one gets
) = [ @)@ < [ Flauyp@)ds, Vo e W),

@ N (4.7)
(€ 9) =/ E(x)yp(x)do S/ js (z, yu(x); ye(x))do, Vo € WHP(Q).
o0 o0

Moreover, we have the following estimate
0, v —u) < Ig() — Ix(u), Yo € WHP(Q). (4.8)
From (4.6) we conclude
(Aru+ F(u) + AB(u) + 0" + & +0%,9) =0, Yo € WHP(Q). (4.9)

Using the estimates in (4.7) and (4.8) to the equation above where ¢ is replaced by v — u, yields
for all v € W1P(Q)

O:(AT—Apu—l—ﬁ(u)—l—)\E(u)—i-n*—&—ﬁ*+9*,U—u>
< (Apu+ F(u) + AB(u),v — u) + I (v) — Irc (u)

+/3?(-,u;v—u)dx+/ 38(-,7u;’yu—7u)da.
Q a0

Hence, we obtain a solution u of the auxiliary problem (4.3) which is equivalent to the problem.
Find v € K such that

(Apu + F(u) + AB(u),v — u) + / 6w — u)de —|—/ I3 (-, yus yv — yu)do > 0,Yv € K.
Q a0
(4.10)

In the next step we have to show that any solution u of (4.10) belongs to [u,@]. By Definition 2.2
and by choosing w =uVu=u+ (u—u)* €wV K, we obtain

(AT + F(q), (u—7u)T) +/

0. (u—m) " )da + / JC A — ) P)do > 0,
Q

o0

and selecting v =uAu=u— (u—u)" € K in (4.10) provides

(At Pu) + ABG) ~(w =0 + [ B —w— o+ [ i) )do >0,
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Adding these inequalities yields

Iu—u)t

N
;/ﬂ(ai(x,m va) — a;(z, Tu, Vu))de + /Q(F(g) (F o T)(u))(u — 1)+ da

+ / GO 1) + 50w —1)) (u — ) T da + / GO 1) + 39( s —1))y(u — W) do (411)
Q o0

> )\/QB(U)(U —u)tdur.

Let us analyze the specific integrals in (4.11). By using (A2) and the definition of the truncation
operator, we obtain

A(u—u)t
89@-

/Q (F(@) — (F o T)(w))(u — 1)*dz = 0.

Furthermore, we consider the third integral of (4.11) in case u > W, otherwise it would be zero.
Applying (1.7) and (3.3) proves

71 (@, u(w); —1)
51(.%, S — t) _51('7;) 8)

/(ai(x,ﬂ, Vu) — a;(x, Tu, Vu)) dz <0,
Q

(4.12)

= limsup
s—u(z),t|0 3
ey D) + @) = @) i (01 @ -T@) g
s—u(x),t]0 t
= limsup —Hil@)t
s—u(x),t]0
= —fi(z).
Proposition 2.1.2 in [17] along with (3.2) shows
3z, u(x); 1) = max{¢ : € € j1(z,u(x))} = Br(x). (4.14)
In view of (4.13) and (4.14) we obtain
/Q(j?(wﬂ; D)+ 77 (,u—1)(u—u) Hde = /Q(ﬁl(x) = fi(@))(u—a)*dz = 0, (4.15)
and analog to this calculation
/SQ(jS(wW; 1) + 35,y =1))y(u — w)tdo = 0. (4.16)

Due to (4.12),(4.15) and (4.16), we immediately realize that the left-hand-side in (4.11) is nonpos-
itive. Thus, we have

0> )\/QB(u)(u —u)tdz

:)\/Qb(~,u)(u—ﬂ)+dx

=A (u—w)Pdx
{z:u(z)>u(z)}

= )\/ ((u —w)")Pdx
Q

=0,

which implies (v — )™ = 0 and hence, v < u. The proof for u < u is done in a similar way. So far
we have shown that any solution of the inclusion (4.5) (which is a solution of (4.3) as well) belongs
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to the interval [u,@]. The latter implies Aru = Au, B(u) = 0 and (F o T)(u) = F(u), and thus
from (4.5) it follows

(Au+ F(u) +i"n+~"§v—u) >0, Yv € K,

where n(z) € 9j; (z,u(x)) C 8j1(x,u(z)) and &(z) € dja(z,yu(z)) C 8ja(x, yu(z)), which proves
that u € [u,@] is also a solution of our original problem (1.1). This completes the proof of the
theorem. g

Let S denote the set of all solutions of (1.1) within the order interval [u,]. In addition, we will
assume that K has lattice structure, that is, K fulfills

KVKCK, KNK CK. (4.17)

We are going to show that S possesses the smallest and greatest element with respect to the given
partial ordering.

Theorem 4.2. Let the hypothesis of Theorem 4.1 be satisfied. Then the solution set S is
compact.

Proof. First, we are going to show that S is bounded in W1?(2). Let u € S be a solution of (4.2)
and notice that S is LP(2)-bounded because of u < u < w. This implies yu < yu < 4@ and thus,
u is also bounded in LP(99). Choosing a fixed v = up € K in (4.2) delivers

(Au+ F(u),up —u) + / G usup — u)de —|—/ 39, yu; yug — yu)do > 0.
Q a0
Using (A1), (j3), (F1)(iii), Proposition 2.1.2 in [17] and Young’s inequality yields

N
<Auau> S / Z|ai(x,u,VU ‘
Q=1

+ /Q max{n(ug — u) : n € Ij1(z,u) }dx + /89 max{{(ug — u) : £ € Oja(x,u)tdo

dx —|—/|f(x,u,Vu)||uo—u|da:
Q

N
§/Z(k0+co|u|p_1—|—cO|Vu|p_1)|Vu0\d:c—|—/(k3+02\Vu\p_1)|uo—u|dm
Qi Q

+/ Li|ug — u|dzx +/ Lao|yug — yuldo
Q o0
-1
< ex+ ealullty e, + esll Vullly iy, + ea + esllulloey + sVl G, + <l Vul?, q,
+ c(@)|[ull7 ) + e7 + esllullLeo) + o + exollullLr (o)
-1
< EHVuH;zp(Q) + 611HVUH;ZP(Q) + elQHVUHL:D(Q) + e13,
where the left-hand side fulfills the estimate
(Au,u) > cl||Vu||1£p(Q) — k.
Thus, one has
(e1 = )IVullf s ) < enl|Vullls g, + s,

where the choice € < ¢; proves that ||Vul|1» (o) is bounded. Hence, we obtain the boundedness of u
in WHP(Q). Let (u,) C S. Since WHP(Q),1 < p < o0, is reflexive, there exists a weak convergent
subsequence, not relabelled, which yields along with the compact imbedding i : WP (Q) — LP(Q)
and the trace operator v : W1P(Q) — LP(99)

);

Up — u in WHP(Q
Uup, — u in LP(Q)) and a.e. pointwise in £, (4.18)
(

Yu, — yu in LP(0Q) and a.e. pointwise in 0f2.
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As u, solves (4.2), in particular, for v = v € K, we obtain
0 0
(At =) < (Pl =)+ [ P =)ot [ 3eumiu = yun)do. (419)
Q a0

Since (s,7) — j2(z,s;7),k = 1,2, is upper semicontinuous and due to Fatou’s Lemma, we get from
(4.19)

n—oo n—oo n—oo

lim sup{Auy,, uy, — u) < limsup(F(u,),u — uy) +/ limsup 79 (-, up; u — uy,) d
Q

—0 <j9(-,u,0)=0
<57 (-w,0) (4.20)

+ / limsup j9 (-, yun; yu — Yun) do < 0.
o

Q n—oo

S.jg('w"/us’yo):()
The elliptic operator A satisfies the (Sy)-property, which due to and due to (4.20) and (4.18)
implies
U, — u in WHP(Q).

Replacing u by u, in (1.1) yields the following inequality
(Aup, + F(up),v — up) + / 31 (s tns v — up)dx + / Gy YU YV — Yup)do >0, Yo € K. (4.21)
Q o0

Passing to the limes superior in (4.21) and using Fatou’s Lemma, the strong convergence of (uy,)
in W1P(Q) and the upper semicontinuity of (s,r) — j2(x, s;r), k = 1,2, we have

(Au+ F(u),v —u) + / 31 usv — u)da +/ 39 yu; yv — yu)do > 0, Yo € K.
Q aQ
Hence, u € S. This shows the compactness of the solution set S. O

In order to prove the existence of extremal elements of the solution set S, we drop the u—dependence
of the operator A. Then, our assumptions read as follows.

(A1’) Each a;(z,€) satisfies Carathéodory conditions, i.e., is measurable in z € (2 for all £ € RY
and continuous in £ for a.e. x € . Furthermore, a constant ¢y > 0 and a function
ko € L1(Q) exist so that

|ai(x, &) < ko(z) + [€[P~,
for a.e. z € Q and for all £ € RY, where |¢| denotes the Euclidian norm of the vector &.
(A2’) The coefficients a; satisfy a monotonicity condition with respect to £ in the form

N

> (ai(x,€) — ai(z,€))(& — &) > 0,

i=1

for a.e. z € Q, and for all £, & € RN with & # ¢'.
(A3’) A constant ¢; > 0 and a function k; € L'(Q) exist such that

N
D ai@, )& > ciféff — ka(w),

i=1
for a.e. x € Q, and for all £ € RV,
Then the operator A : WHP(Q) — (WLP(Q))* acts in the following way

N
_ 9y
(Au, ) = /Q;az(:zz,Vu) oz, dx.

Let us recall the definition of a directed set.
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Definition 4.3. Let (P, <) be a partially ordered set. A subset C of P is said to be upward
directed if for each pair x,y € C there is a z € C such that x < z and y < z. Similarly, C is
downward directed if for each pair x,y € C there is a w € C such that w < x and w < y. If C is
both upward and downward directed it is called directed.

Theorem 4.4. Let hypotheses (A1’)—(A3’) and (j1)—(j3) be fulfilled and assume that (F1) and
(4.17) are valid. Then the solution set S of problem (1.1) is a directed set.

Proof. By Theorem 4.1, we have S # (. Let uj,us € S be given solutions of (1.1) and let
ug = max{ui,us}. We have to show that there is an u € § such that ug < u. Our proof is mainly
based on an approach developed recently in [14] which relies on a properly constructed auxiliary
problem. Let the operator B be given basically as in (3.10)-(3.13) with the following slight change:
(s —u(x))P~t if s> u(z),
b(xz,s8) =<0 if u(z) <s<u(w), (4.22)
—(up(x) — )P~ if s < ug(z).
We introduce truncation operators Tj related to u;, and modify the truncation operator 7' as
follows: For j = 1,2, we define
u(x) if w(x) > u(z) u(x
Tju(z) = S u(z) if uj(z) <u

uj(z) if w(z) <wuj

~ —

and we set
Gu(z) = f(x,Tu(z), VTu(x)) — Z |f(z, Tu(x), VTu(z)) — f(z, Tju(z), VTu(zx))|,

as well as
F:i*oG: WhP(Q) — (WhP(Q))*.

Moreover, we define

a,j(z) = min{¢ : £ € Oj(w,u;(w))}, Br(x) := max{¢ : £ € Oj(x,u(z))},
and
_ Jaga(x) if v € {u; > us},
ko(e) = {ak,Q(x) if o € {up > u},
for k,j = 1,2, and introduce the functions 31 O xR —Rand }2 : 000 X R — R defined by
~ Jr(x,uo(z)) + ag,0(x)(s — uo(z)) if s < wup(x),
Jk(@,8) = jr(z,s) if up(z) < s < u(x), (4.23)
Je(z,u(x)) + Be(x)(s — u(x)) if s > u(x).

Furthermore, we define the functions hy; : @ x R — R and hy; : 02 xR — R for j = 0,1,2 as
follows:

ag0(x) if s < wp(x),
hio(z,s) = < arolz) + %(s —up(z)) if up(zr) < s <u(z),
Br(x) if s > u(x),

and for j =1,2
if s <wj(x),
+ et (s —uy(a) i (@) < s < uo(a),

(
hij(z,s) = agj(z
hio(z, s) if s > ug(x),

where k = 1,2. (Note that for k¥ = 2 we understand the functions above being defined on 99.)
Apparently, the mappings (z,s) — hy j(z,s) are Carathéodory functions which are piecewise



COMPARISON PRINCIPLE FOR VARIATIONAL-HEMIVARIATIONAL INEQUALITIES 13

linear with respect to s. Let us introduce the Nemytskij operators Hy : LP(Q) — L9(§2) and
Hy : LP(09Q) — L1(0N) defined by

Hyu(zx Z|h17] z,u(x)) — h1o(z, u(z))|,

Hyu(r) = Z |ha,j (2, 7 (w(@))) = hao(, v (u(z)))]-

Due to the compact imbedding W1P(Q) — LP(Q), and the compactness of the trace operator
v : WhP(Q) — LP(ARQ), the operators Hy = i*oHyo0i : WhP(Q) — (W12(Q))* and Hy = v*oHao7
WLr(Q) — (WHP(2))* are bounded and completely continuous, and thus pseudomonotone. Now,
we consider the following auxiliary variational-hemivariational inequality: Find v € K such that

(Au+ F(u) + AB(u),v — u) + / PO w0 — w)de — (Hyu, v — u)
@ (4.24)

+ [ B =y = (oo =) >0,

for all v € K. The construction of the auxiliary problem (4.24) including the functions Hy, and G
is inspired by a very recent approach introduced by Carl and Motreanu in [14]. The first part of
the proof of Theorem 4.1 delivers the existence of a solution u of (4.24), since all calculations in
Section 3 are still valid. In order to show that the solution set S of (1.1) is upward directed, we

have to verify that a solution u of (4.24) satisfies u; < u < @,l = 1,2. By assumption u; € S, that
is, u; solves

w € K : (Aup + F(u),v — wp) —|—/ 30w v — wp)dx —|—/ G yug;yv — yuy)do >0, (4.25)
Q a9
for all v € K. Selecting v =u Au; =u; — (u; — u)* € K in the inequality above yields

(o Fw). == )+ [ s~ =) ot [ 336y = =)o > 0

19}
(4.26)
Taking the special test function v =uV u; = u + (u; —u)™ € K in (4.24), we get
(Au+ B + AB) (=)' + [ T =)o = (=)
@ (4.27)

+ / T8 vy — w))do — (Bayu, (g — w)*) > 0.
oN

Adding (4.26) and (4.27) yields

N

w —u)t
/Q;(ai(x, Vu) — a;(z, Vul))%dx

”'Pj“’

—I—/ (f(x,Tu),VTu) — fz,u, V) — f(x,Tu, VTu) — f(:U,Tju,VTjuﬂ)(ul —u)Tdw
Q
—l—/Q (}?(-,u; 1)+ 59, u; -1 Z\hlj x,u) hl}o(gc,u)|)(ul—u)+dx

2
+/ (jS(-,Wu;1)+JQ s yur; —1) Zlhzj (z,vu) hz,o(x,W)I)v(uz —u)"do
o j=1

> —)\/QB(u)(ul —u)Tda.
(4.28)
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The condition (A2’) implies directly

N )t
/ Z(ai(x,Vu) - ai(m,Vul))de <0,
Q i—1 8331'

and the second integral can be estimated to obtain

2
/ (f(x,Tu,VTu) — fx,u, Vug) Z x,Tu, VIu) — f(x,Tju,VTju)D(ul —u)tdr
Q j=1
|

= /Q (f(:v,Tu, VTu) — f(x,u, Vu) —

{zeQ:u(z)>u(x)}
0.

IA

flz, Tu,VTu) — f(x, Tiu, VTlu)|) (u; — u)tdx

(4.29)

(f(x,Tu,VTu) — flx,u, Vuy) — | f(x, Tu, VTu) — f(x,ul,Vug)D(ul —u)dx

(4.30)

In order to investigate the third integral, we make use of some auxiliary calculation. In view of

(4.23) we have for u;(z) > u(x)

3z, u(x);1) = limsup iz, s 1) = (z,s)
s—u(x),t]0 i

= limsup

s—u(x),t]0

t
= limsup 0@t

s—u(x),t]0
= Ozlyo(l’).
Applying Proposition 2.1.2 in [17] and (3.2) results in
39z, uy(z); —1) = max{—¢€ : € € 95y (z,w(z))}
= —min{¢ : £ € 91 (z,w(x))}
= —ay ().
Furthermore, we have in case u;(z) > u(x)
hyi(z,u(z)) = aa,(2),
hio(z,u(x)) = ag,0(x).

Thus, we get

FC 1) + 0w thsu ho(a, w)]) (u = u)* de

IN D\
S

(700 1)+ 395 = 1) = [ g 0) = By, ) ) (o — )

(ar0(z) — ari(z) = |ay () — ayo(@)])(u — u) T de
{zeQ:u; (z)>u(x)}

IN
o

The same result can be proven for the boundary integral meaning

(@) + 8w - Z|h2;$’w s, )| )1 — w)* do < 0.
o0

J1(@,uo(x)) + ar,0(x) (s +t — up()) — ji(x,uo(x)) — a10(z)(s — uo(x))
t

(4.31)

(4.32)
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Applying (4.29)—(4.32) to (4.28) yields

0> )\/ Y(ug —u)tdw

=\ —(up — u)pfl(ul —u)dx
{zeQ:u; (z)>u(z)}

> )\/Q((ul —u) s
>0,

and hence, (u; —u)™ = 0 meaning that u; < w for [ = 1,2. This proves ug = max{ui,us} < u. The
proof for u <@ can be shown in a similar way. More precisely, we obtain a solution u € K of (4.24)
satisfying u < up < u < @ which implies F(u) = f(-,u, Vu), B(w) = 0 and Hy (u) = Hy(yu) = 0.
The same arguments as at the end of the proof of Theorem 4.1 apply, which shows that u is in fact
a solution of problem (1.1) belonging to the interval [ug,@]. Thus, the solution set S is upward
directed. Analogously, one proves that S is downward directed. O

Theorem 4.2 and Theorem 4.4 allow us to formulate the next theorem about the existence of
extremal solutions.

Theorem 4.5. Let the hypotheses of Theorem 4.4 be satisfied. Then the solution set S possesses
extremal elements.

Proof. Since S C WHP(Q) and W1P(Q) is separable, S is also separable, that is, there exists a
countable, dense subset Z = {z, : n € N} of S. We construct an increasing sequence (u,) C S as
follows. Let u; = 27 and select u,41 € S such that

max(zn, Un) < Upt1 < T.

By Theorem 4.4, the element w, 1 exists because S is upward directed. Moreover, we can choose
by Theorem 4.2 a convergent subsequence (denoted again by wu,) with u, — w in WP(Q) and
un(x) — u(z) a.e. in Q. Since (u,) is increasing, the entire sequence converges in W1?(Q) and
further, u = sup u,,. One sees at once that Z C [u, u] which follows from

max(2z1,...,2n) < Upy1 < u, Vn,
and the fact that [u, u] is closed in WP () implies
S CZcCuul = [u,ul.
Therefore, as u € S, we conclude that u is the greatest element in S. The existence of the smallest

solution of (1.1) in [u,u] can be proven in a similar way. O

Remark 4.6. If A depends on s, we have to require additional assumptions. For example, if
A satisfies in s a monotonicity condition, the existence of extremal solutions can be shown, too.
In case K = WYP(Q), a Lipschitz condition with respect to s is sufficient for proving extremal
solutions. For more details we refer to [10].

5. GENERALIZATION TO DISCONTINUOUS NEMYTSKIJ OPERATORS

In this section, we will extend our problem in (1.1) to include discontinuous nonlinearities f
of the form f: O x R x R x RV — R. We consider again the elliptic variational-hemivariational
inequality

(Au+ F(u),v —u) +/ 3¢, usv — u)de + / G yu; yo — yu)do > 0, Yo € K, (5.1)
Q 20
where all denotations of Section 1 are valid. Here, F' denotes the Nemytskij operator given by
F(u)(z) = f(z, u(z),u(z), Vu(x)). (5.2)

where we will allow f to depend discontinuously on its third argument. The aim of this section is
to deal with discontinuous Nemytskij operators F : [u,u] C W'P(Q) — L9(Q2) by combining the
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results of Section 4 with an abstract fixed point result for not necessarily continuous operators, cf.
[8, Theorem 1.1.1]. This will extend recent results obtained in [36]. Let us recall the Definitions
of sub- and supersolutions.

Definition 5.1. A function u € W1?(Q) is called a subsolution of (5.1) if the following hold:
(1) F(u) € LYQ),
(2) (Au+ F(u),w —u) + / 77 (s w *u)dx+/ J3 (v yw — yu)do > 0 Vw € u A K.
Q Gi9)

Definition 5.2. A function w € W1?(Q) is called a supersolution of (5.1) if the following hold:
(1) F(u) € LY(Q),
(2) (Au+ F(a),w — ) + / 3 C T w — ) dz +/ 39y yw — ya)do >0, Yo e TV K.
Q o0

The conditions for Clarke’s generalized gradient s — 9ji(x, s) and the functions ji : @ x R —
R, k= 1,2, are the same as in (j1)—(j3). We only change the property (F1) to the following:

(F2) (i) @~ f(z,r,u(x),£) is measurable for all r € R, for all £ € RV, and for all measurable
functions v : 2 — R.
(ii) (r,€) — f(x,7,5,£) is continuous in R x RY for all s € R and for almost all = € Q.
(iii) s~ f(x,7,s,£) is decreasing for all (r,&) € R x RY and for almost all x € .
(iv) There exist a constant ¢, > 0 and a function ky € L% () such that

|f(m7r7s,£)| < kQ(x) + C0|f|p71’ (5'3)

for a.e. x € Q, for all ¢ € RY, and for all 7, s € [u(z),u(z)].

By [2] the mapping = — f(x,u(z),u(z), Vu(x)) is measurable for  — wu(z) measurable, however,
the associated Nemytskij operator F : WHP(Q) C LP(Q) — L9(Q) is not necessarily continuous.
An important tool in extending the previous result to discontinuous Nemytskij operators is the
next fixed point result. The proof of this lemma can be found in [8, Theorem 1.1.1].

Lemma 5.3. Let P be a subset of an ordered normed space, G : P — P an increasing mapping
and G[P] = {Gz | z € P}.
(1) If G[P] has a lower bound in P and the increasing sequences of G[P] converge weakly in
P, then G has the least fixed point x,, and z, = min{x | Gz < x}.
(2) If G[P] has an upper bound in P and the decreasing sequences of G[P| converge weakly
in P, then G has the greatest fixed point =*, and * = max{z | z < Gz}.

One of our main results is the following Theorem.

Theorem 5.4. Let hypotheses (A17)—(A3’),(j1)-(j3),(F2) and (4.17) be satisfied and assume the
existence of sub- and supersolutions u and U satistying v < u and (2.1). If f is right-continuous
(respectively, left-continuous) in the third argument, then there exists a greatest solution u* (re-
spectively, a smallest solution u,) of (5.1) in the order interval [u,u].

Proof. We choose a fixed element z € [u, @] which is a supersolution of (5.1) satisfying zAK C K
and consider the following auxiliary problem

ue K: <Au+Fz(u),v7u>+/j?(~,u;v7u)dz+/ 3, yu; v — yu)do >0, Yo € K, (5.4)
Q oN

where F,(u)(z) = f(z,u(z),z(x), Vu(z)). It is readily seen that the mapping (x,u, Vu) —
(x u, z(x), Vu) is a Carathéodory function satisfying some growth condition as in (5. 3) Since

F,(z) = F(z), # is also a supersolution of (5.4). By Definition 5.1, we have for a given subsolution
w of (5.1)

(Au + F(u),w—u) + / P w0 — w)da +/ (s yw — yu)do > 0, Y € un K.
Q oN
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Setting w = u — (u —v)T for all v € K and using the monotonicity of f with respect to s we get

0> (Au+ F(u), (u—v)*) — /Qj?(-,@; —(u—v)")dz - /mjg(-,w; —y(u—v)*)do

> (Au+ F,(u), (u—v)*) — /Qj?(-,y; —(u—v)")dz — /mjg(ww; —y(u—v)")do, Yo € K,

which shows that w is also a subsolution of (5.4). Theorem 4.5 implies the existence of a greatest
solution u* € [u, 2] of (5.4). Now we introduce the set H given by H := {z € W'P(Q) : z € [u, 1]
and z is a supersolution of (5.1) satisfying z A K C K} and define the operator L : H — K by
z +— u* =: Lz. This means that the operator L assigns to each z € H the greatest solution u* of
(5.4) in [u, z]. Due to the lattice structure of the closed convex set K, Lz is also a supersolution
of problem (5.1). In the next step we construct a decreasing sequence as follows:

Ug :=U
up := Lug with wu; € [u, ug]

ug := Luy with uy € [u, u] (5.5)

Uy 1= L’U/nfl Wlth Unp, S [ga unfl]

As uy, € [u, un—1], we get up, () \, u(z) a.e. x € Q. Furthermore, the sequence u,, is bounded in
WP(€), that is, [[u,|[w1r @) < C for all n (see the proof of Theorem 4.2). Due to the monotony of
u,, and the compact embedding i : WP (Q) — LP(Q) and the trace operator v : W1P(Q) — LP(9Q)
we obtain

Up —u in WHP(Q),
u, — u in LP(Q) and a.e. pointwise in €, (5.6)

Y, — yu in LP(0Q) and a.e. pointwise in 9.

The fact that w, is a solution of (5.4) with z = u,_; and v = u € K results in
(Aup, un —u) < (Fy,  (un), u—un) + / j?(',un;u — up)dx + / jg('a’YUn;”YU — yuy,)do.
Q a0
Applying Fatou’s Lemma, (5.6) and the upper semicontinuity of (s,r) — jp(z,s;7),k = 1,2, yields

lim sup{Auy,, uy, — u) < limsup(F,, , (un),u — up) —|—/ limsup 49 (-, wn; u — uy,) do
Q

n—oo n—oo n—oo

—0 <j9(-,u;0)=0

+ / lim sup j9 (-, Ytin; Yo — Yup ) do
o

Q n—oo

<39 (-;yu;70)=0
<0

which implies by the S -property of A on W?() along with (5.6)
U, — u in WHP(Q).

The right-continuity of f and the strong convergence of the decreasing sequence (u,,) along with
the upper semicontinuity of j2(x, ;) allows us to pass to the limsup in (5.4) where u (respectively,
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z) is replaced by w,, (respectively, u,—1). We have

0 < limsup({Au, + Fy,,_, (un),v — up) + limsup/ j(l)(o,un; v — uy)dx
Q

n—oo n—0o0

+limsup/ 39, Vtin; Y0 — YUy )do
o0

n—oo

< lim (Au, + F,,_, (un),v — up) + / limsupj?(-,un; v — Uy )dx
Q

n—0o0 n— o0

+/ lim sup j§ (-, Ytn; Y0 — Ytun)do
4]

Q n—oo
< (Au—l—Fu(u),v—u}—I—/jf(-,u;v—u)dx—i—/ 39, yu; yo — yu)do, Y € K.
Q a0

This shows that w is a solution of (5.1) in the order interval [u,u]. Now, we still have to prove
that u is the greatest solution of (5.1) in [u, u]. Let @ be any solution of (5.1) in [u,u]. Because of
the fact that K has lattice structure, « is also a subsolution of (5.1), respectively, a subsolution of
(5.4). By the same construction as in (5.5) we obtain

Uy =T

uy := Lug with uy € [, ug]

EIE := Luy; with ﬂ; € [ﬂ, ul] (57)

uNn := Lu,_1 with ’1/1;,: S [ﬂ, ’U,nfl].

Obviously, the sequences in (5.5) and (5.7) create the same extremal solutions u, and w, which
implies that u < u,, = u,, for all n. Passing to the limit delivers the assertion. The existence of a
smallest solution can be shown in a similar way. O

In the next Theorem we will prove that only the monotony of f in the third argument is
sufficient for the existence of extremal solutions. The function f needs neither be right-continuous
nor left-continuous.

Theorem 5.5. Assume that hypotheses (A1’)—(A3),(j1)-(j3),(F2) and (4.17) are valid and let
w and @ be sub- and supersolutions of (5.1) satisfying w < @ and (2.1). Then there exist extremal
solutions u* and u, of (5.1) with u < u, < u* <.

Proof. As in the proof of Theorem 5.4 we consider the following auxiliary problem
ue K : (Au+ F,(u),v —u) + / (- uyv —u)dx +/ 39, yu; v — yu)do >0, Yo € K, (5.8)
Q a0

where F,(u)(x) = f(z,u(), 2(z), Vu(z)). We define again the set H := {z € W'P(Q) : z € [u, U]
and z is a supersolution of (5.1) satisfying z A K C K } and introduce the fixed point operator L :
H — K by z — u* =: Lz. For a given supersolution z € H, the element Lz is the greatest solution
of (5.8) in [u, z] and thus, it holds u < Lz < z for all z € H which implies L : H — [u,u] N K.
Because of (4.17), Lz is also a supersolution of (5.8) satisfying

(ALz+ F.(Lz),w — Lz) + / 3O, Lz;w — Lz)dx + / 39(-,yLz;yw — yLz)do > 0,
Q o9

for all w € LzV K. By the monotonicity of f with respect to its third argument, Lz < z and using
the representation w = Lz + (v — Lz)™ for any v € K we obtain

0<(ALz+ F,(Lz),(v— L2)") + / 3V(, Lz; (v — Lz)T)dx + / 39(-,vLz;y(v — Lz)")do
Q o9

<(ALz+ Fr.(Lz),(v — Lz)") +/ 39, Lz; (v — Lz)T)dx + / 39(-,yLz;y(v — Lz)")do,
Q o9



COMPARISON PRINCIPLE FOR VARIATIONAL-HEMIVARIATIONAL INEQUALITIES 19

for all v € K. Consequently, Lz is a supersolution of (5.1). This shows L : H — H.
Let v1,v9 € H and assume that v; < vy. Then we have

Lvy €Ju, v1] is the greatest solution of

5.9
(Au—i—Fvl(u),v—u)—l—/j?(-,u;v—u)dm—i—/ 39 (s yus yv — qu)do >0, Yo € K (5.9)
Q o)

and

Lvs €Ju, v2] is the greatest solution of

5.10
<Au—|—Fv2(u),v—u>—l—/j?(-,u;v—u)dm—i—/ 39 (s yus yv — qyu)de > 0, Yo € K. (5.10)
Q o0

Since vy < vq it follows that Lv; < vy, and due to (4.17), Lv; is also a subsolution of (5.9), that
is, (5.9) holds, in particular, for v € Lv; A K, i.e.,

0> (ALvy + F,, (Lvy), (Lvy —v)T) — / 39(-, Lvy; —(Lvy —v)T)dx
Q

- / Jg(a’YLUl, _P)/(L/UI - ’U)+)d0'7
o0
for all v € K. Using the monotonicity of f with respect to its third argument s yields
0> (ALvy + F,, (Lvy), (Lvy —v)T) — / 39+, Lvy; —(Lwy —v)T)dx
Q
= [ BCaten=a(Lo - o) )do
[219]
> (ALvy + F,,(Lvy), (Lvy —v)T) — / 3(-, Lvy; —(Lvy —v)T)dx
Q

—/ 43 (-, vLvy; =y(Lvy — v)1)do,
o0

for all v € K. Hence, Lv; is a subsolution of (5.10). By Theorem 4.5, we know there exists a
greatest solution of (5.10) in [Lvy, v]. But Lus is the greatest solution of (5.10) in [u, v2] 2 [Lv1, va]
and therefore, Lvy < Lvy. This shows that L is increasing.

In the last step we have to prove that any decreasing sequence of L(H) converges weakly in H.
Let (u,) = (Lzn) C L(H) C H be a decreasing sequence. Then wu,(x) \, u(xz) ae. = € Q
for some u € [u,u]. The boundedness of u, in W1P(Q) can be shown similarly as in Section 4.
Thus the compact imbedding i : WHP(Q) — LP() along with the monotony of u,, as well as the
compactness of the trace operator v : W1P(Q) — LP(9€) imply

up —u in WHP(Q),
U, — u in LP(Q)) and a.e. pointwise in €, (5.11)
Yun, — yu in LP(0Q) and a.e. pointwise in 9.

Since u, € K, it follows v € K. From (5.8) with u replaced by u, and v by u, and using the fact

that (s,7) — j2(z,s;7),k = 1,2, is upper semicontinuous, we obtain by applying Fatou’s Lemma

lim sup{Auy,, u, — u)

n—oo

< limsup(F,, (un), u — ty) + lim sup/ 320 Un; u — uyp)dz 4 lim sup/ G, Yt YU — Yy, do
Q oN

n—oo n—oo n—o0

Slimsup<an(un)au7un>+/ hmsupj?('aun;ufun) d:L‘+/ hmsupjg('aﬂyun;’yu*fyun)dg
Q o

n—oo n—oo Q) n—oo

—0 <3¢ (-,u;0)=0 <39 (-, yu;v0)=0
<0.
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The S -property of A provides the strong convergence of (u,,) in WP(Q). As Lz, = u, is also a
supersolution of (5.8) Definition 5.2 yields

(A + oy (), (0= 00 ) [ 3000 (0= 1) Yzt [ B yumin (0 = ) o 20,
Q oQ

for all v € K. Due to z, > u, > u and the monotonicity of f we get
0 < (Aup, + F, (un), (0 —un) ™) + / 3Lyt (v = up) T)da + / 73 (-, Yt ¥ (v — un) T)do
Q o0

< <Aun+Fu(un)a(U_“n>+>+/j?<'vun§<v_“n)+>dx+/ jg('v'YUn?'Y(U_un)+)dUa
Q o0

for all v € K and since the mapping u +— u™ = max(u, 0) is continuous from W1P(Q) to itself (cf.
[23]), we can pass to the upper limit on the right hand side for n — oco. This yields

(Au+ F,(u), (v —u)T) + /Qj(l)(-,u; (v —u))dr + /69 39 yus y(v —u)T)de >0, Vv € K,

which shows that u is a supersolution of (5.1), that is, u € H. As @ is an upper bound of L(H),
we can apply Lemma 5.3, which yields the existence of a greatest fixed point u* of L in H. This
implies that u* must be the greatest solution of (5.1) in [u,u]. By analogous reasoning, one shows
the existence of a smallest solution u, of (5.1). This completes the proof of the theorem. O

6. CONSTRUCTION OF SUB- AND SUPERSOLUTIONS

In this section we are going to construct sub- and supersolutions of problem (5.1) under the
conditions (A1%)—(A3), (j1)-(j2) and (F2)(i)—(F2)(iii), where we drop the gradient dependence of
f meaning f(x,r,s) = f(x,r,s,§). Further, we set A = —A,, which is the negative p—Laplacian
defined by

Apu = div(|Vu[P"2Vu) where Vu = (9u/dr1,...,0u/dry). (6.1)
The coefficients a;,i = 1,..., N are given by
ai(z,5,€) = [€P7%.

Thus, hypothesis (A1’) is satisfied with ky = 0 and ¢y = 1. Hypothesis (A2’) is a consequence
of the inequalities from the vector-valued function & — [£[P72¢ (see [10, Page 37]) and (A3’) is
satisfied with ¢; = 1 and k; = 0.

First, we suppose that © = 0 on 992 and jy = 0 and denote for simplification j := j;. Then, our
variational-hemivariational inequality gets the form

(—Apu+ F(u),v —u) + / 32 u;v —u)dr >0, Yo € K, (6.2)
Q
where K is a closed convex subset of WO1 P(2). Furthermore, we denote by A; > 0 the first
eigenvalue of (—A,, Wy (€)) and by ¢; the first eigenfunction of (—A,,, W, "*(2)) corresponding
to A1 satisfying @1 € int(C§(Q)+) and |l¢||, =1 (cf. [1]). Here, int(C3(Q)4) describes the interior
of the positive cone C3(Q)y = {u € C(Q) : u(z) > 0,Vx € Q} in the Banach space C}(Q2) given
by
— — 0
int(C3(Q)4) = {u € C3(Q) s u(x) >0,Vx € Q, and 8—3(:17) <0,Vx € 89} ) (6.3)

where %(x) is the outer normal derivative of w in the point x € 9€2. The definitions of sub- and

supersolution in this case are defined as follows.

Definition 6.1. A function u € W1P(Q) is said to be a subsolution of (6.2) if the following hold:
(1) F(u) € LI(2),u < 0 on 0,
(2) (=Apu+ F(u),w —u) + / PG, uw —u)dr >0, Vw e uh K.
Q
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Definition 6.2. A function w € WHP(Q) is said to be a supersolution of (6.2) if the following
hold:

(1) F(w) € L1(2),u > 0 on 09,
(2) (-Apu+ F(u),w—1u) + / i°¢aw —w)dr > 0, Yw eu Vv K.
Q

We suppose the following conditions for f and Clarke’s generalized gradient of s — j(z,s),
where A > A1 is any fixed constant:

#) ) L85

(ii) lim f@ s 9)

0 [sl%s

= +00 , uniformly with respect to a.a. x € Q)

= —\, uniformly with respect to a.a. z € Q)

(iii) lim = 400 , uniformly with respect to a.a. z € Q, for all £ € 9j(x, s)
|s|—o00 |5|P 25

: §
(iv) il—r>r(lJ| |P—2s

= 0, uniformly with respect to a.a. x € Q, for all £ € 9j(x, )

Proposition 6.3. Assume hypotheses (j1)-(j2), (F2)(i)—-(F2)(iii) and (F3). Then there exists a
constant ay such that aye and —aye are supersolution and subsolution of problem (6.2), where
e € int(C3(Q)4 ) is the unique solution of —A,u = 1 in Wy P (Q). Moreover, —y; is a supersolution
and ey, is a subsolution of (6.2) provided that € > 0 is sufficiently small.

Proof. A sufficient condition for a subsolution u € W1P(Q) of problem (6.2) is u < 0 on 99,
F(u) € L(Q) and

—Apu+F(u) + € <0in WH9(Q), for all £ € 9j(-,u). (6.4)

Multiplying (6.4) with (u —v)t € WyP(Q) N L%(Q) and using the fact jO(-,u; —1) > —&, for all
£ €0j(,u), yields

0> (~Apu+ Flu) +¢, (u—w

)"
= (-Apu+F(u),(u—v)")+ | &u—v)Tde

> (=Apu+ F(u), (u—v) 300, u; —1)(u —v)Tdx

:o\:z

= (=Apu+ F(u), (u—v)") - /Qjo(~,y; —(u—v)")dz, Vv € K,

and thus, u is a subsolution of (6.2). Analogously, @ € W1?(€) is a supersolution of problem (6.2)
if w>0on 09, F(u) € L1(f2) and if the following inequality is satisfied
~Apyi+ F(@) + ¢ >0in Wh4(Q), for all £ € 95(-, 7).

The main idea of this proof is to show the applicability of [13, Lemmas 2.1-2.3]. We put g(z, s) =
fx,s,8) + &+ Ms|P~2s for £ € dj(x,s) and notice that in our considerations the nonlinearity g
does not need to be a continuous function. The condition (F3) yields the following limit values

g9(z,s)

|s|—oc0 ‘S‘p_QS

x,S
=400, and lim 9(z, 5) =

s—0 |S|p_28
By [13, Lemmas 2.1-2.3] we obtain a pair of positive sub- and supersolutions given by u = ep;
and © = a)e, respectively, a pair of negative sub- and supersolutions given by u = —aye and
U= —€p]. O

With the aid of these constructed sub- and supersolutions, we see at once that the assumptions
(j3) and (F2)(iv) are satisfied, too.
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Example 6.4. The function f : R x R — R defined by

—(A+1)|s[P725 + elrIFl2l|p|p=1p for s < —1,
fx,r,s) = —A|s[P~2s + el"IHl2l|p|p=1p for —1<s<1, (6.5)
—(A+1)|s[P725 + elrIHl2l|pp=1p for s > 1,

fulfills the assumption (F2) and (F3), where A > Ay is fixed. Clarke’s generalized gradient can be
given by

(e=(+1) —2)|sP~25  ifs < —1,

[—1,1] ifs=—1,

0j(x,s) =< —|slP if —1<s<1, (6.6)
[—1,1] ifs=1,
e(s=1)(|z|+1) gp—1 ifs>1,

where all conditions in (j1)-(j3) and (F3) are satisfied.

200

- -- |

f(x,r,s)

-200

dj(x,8)

-400 o
0
-600 .
-800. g -1t
4

2 3 . . . . .
-4 4 -2 -15 -1 -0.5 0 0.5 1 15

FIGURE 1. The function f and Clarke’s generalized gradient s — j(z,s) with
respect to Q = (0,7),¢1(z) =sin(z),\1 =1, A =2, p=2and z = 1.

Remark 6.5. In order to apply Theorem 5.5 we need to satisfy the assumptions
uVKCK, uAKCK, KVKCK, KANKCK, (6.7)
which depends on the specific K. For example the obstacle problem is given by
K ={veWyP(Q):v(z) <¢(z) for ae. x € Q}, ¢ € L®(Q),9 > C >0, (6.8)

where C' is a positive constant. One can show that for the positive pair of sub- and supersolutions
in Proposition 6.3 all these conditions in (6.7) with respect to the closed convex set K defined in
(6.8) can be satisfied.

Next, we are going to construct sub- and supersolutions for our main problem (5.1) meaning
(—Apu+ F(u),v —u) + / 3V usv — u)de +/ 39 (s yus yv — yu)do > 0, Yo € K. (6.9)
Q o9

To this end, we study some auxiliary problems in form of differential equations with Neumann
boundary values. Let Q C RY be a bounded domain with smooth boundary 9€2. We consider the
quasilinear elliptic equation

—Apu = hi(z,u) — BlulP~2u in Q,

(6.10)
22 N2 (e on 09,
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where g—:j means the outer normal derivative of u with respect to 9€2, 8, A are real parameters and
the nonlinearities h; : 2 Xx R — R and hg : 02 X R — R are some Carathéodory functions which
satisfy the following conditions:

h
(H) (a) lim 1z, 5) = 0, uniformly with respect to a.a. € Q.
s—0 ‘s‘P—Qs
. hl (x; S) . .
(b) lim = —00, uniformly with respect to a.a. z € Q.

|s]—o0 |S|p_28

(¢) hi is bounded on bounded sets.

h
(d) lim 2(2,9) = 0, uniformly with respect to a.a. = € 9.

s—0 ‘s‘P—Qs
hQ(xa S)

|s]—o0 |S|p_28

()

(f) hz is bounded on bounded sets.
In [32] the authors study the Steklov eigenvalue problem

= —o00, uniformly with respect to a.a. x € 9.

—Apu = —|u‘p_2u in Q,
(6.11)
R

where they proved that the first eigenvalue A\; > 0 is isolated and simple and the corresponding
eigenfunction ¢ is strictly positive in £ and belongs to L>(Q) (cf. [27, Lemma 5.6 and Theorem
4.3]). This implies with a view to the results of Lieberman in [28] that ¢; € C1%(Q) and thus,
¢1 € int(C1(Q),), where int(C'(Q)4) denotes the interior of the positive cone C1(Q);, = {u €
CH(Q) : u(z) > 0,Vz € Q} in the Banach space C*(Q), given by
int(C*(Q)4) = {ue C'(Q) :u(z) > 0,vz € Q}.
Now we consider solutions of the Neumann boundary value problem
~Apu=—clufu+1  inQ,

6.12
@ =1 on 0, ( )
ov

where ¢ > 1 is a constant. As in [35], one can show that problem (6.12) has a unique solution
e € int(C*(Q),). Next, we recall the notations of sub- and supersolutions of problem (6.10).

|Vul~2

Definition 6.6. A function u € W1P(Q) is called a subsolution of (6.10) if the following holds
/Q VulP~*VuVpds < /Q (ha (2, ) = BlulP~*w)edz + /0 Al u+ h(a, w)pdo,

for all o € WHP(Q)4.

Definition 6.7. A function u € W1P(Q) is called a supersolution of (6.10) if the following holds
/Q |VuP~?vVaveds > /Q(hl(x,ﬂ) — BlulP*u)pdz + /m(/\|ﬂ|1"2ﬂ+ ha(z,7))pdo,

for all ¢ € WhP(Q)4.

With the aid of (6.11) and (6.12) we start by generating two ordered pairs of sub- and superso-
lutions of problem (6.10) having constant signs.

Lemma 6.8. Assume (H’), A > Ay, 5 € (0,1) and let e be the unique solution of problem (6.12).
Then there exists a constant ¥ > 0 such that Je and —de are supersolution and subsolution,
respectively, of problem (6.10). In addition, ep; is a subsolution and —e¢; is a supersolution of
problem (6.10) provided the number € > 0 is sufficiently small.
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Proof. First, we prove that u = €p; is a positive subsolution, where the positive constant ¢ is
stated later. Thanks to the auxiliary eigenvalue problem (6.11), we get

/ [V (e1) P2V (ep1) Vipda = _/(&Pl)p_l@dﬂﬁ + [ M(ep1)P pdo, Y € WHP(Q).  (6.13)
Q Q o

In order to show that u is a subsolution, we have to indicate the validity of Definition 6.6 for u
which means that the inequality

/ V(00" 2V (1) Vipda
¢ (6.14)

< /Q (h(z.e01) — Blewr)?)pdz + /a )™ + ol ep)gdon

is satisfied for all o € WP(Q),. In view of (6.13), the inequality (6.14) is complied if the following
holds

/ (B = D)(epr)?™! — hy(w,e01))pde + / (= N(er)P™! — ha(a,e0))pdo <0, (6.15)
Q o0

for all ¢ € WHP(Q),, where 0 < 8 < 1 and A > A;. Because of (H’)(a) and (H’)(d) there are
numbers 63,9y > 0 such that

h
|;(f’f)|<1—ﬁ for a.a. x € Q and all 0 < |s] < d3,
o (6.16)
‘2‘# < A=) foraa. €0 andall 0<|s| <.
s

We select 0 < € < min{dg/||¢1]lco, Or/||¥1]lco }> Where || - || s stands for the supremum norm, to get

/Q((ﬂ = D(ep)P ™" = ha(z, e1))pda < /Q (5 —14 WM) (e01)P~ Lodu

G

(6.17)
< /(ﬁ —14+1—78)(ep1)P Lpdr =0,
Q
respectively,
h
/39(0\1 = A)(ep1)P " = ha(z,e01))pdo < /(99 <)\1 — A+ m> (ep1)? pdo 615)

</ ()\1—)\+)\—)\1)(€Q01)p71(pd0':0.
on

Applying (6.17) and (6.18) to (6.14) implies directly that u = ep; is a positive subsolution. In
order to prove that uw = —e¢; is a negative supersolution, we argue in much the same manner.
Let uw = e with a positive constant ¥. Due to the auxiliary problem (6.12) we obtain

/ |V (9e)[P~2V (Je)Vipdr = —g/ (e)P"todr + [ 9P odr + I Lodo, Y € WHP(Q).
Q Q Q o0
(6.19)
Definition 6.7 is fulfilled for uw = ¥e if the following inequality is satisfied
/ |V (9e)|P~2V (9e)Vpdx > /(hl(x,ﬁe) — B(Ve)P™H)pdx —|—/ (A(We)P™ + ho(x, de))pdo,
Q Q 0
(6.20)

for all o € W1P(Q),. Using (6.19) to (6.20) yields an equivalent formulation to satisfy Definition
6.7 resulting in

/(19”*1 —¢(9e)P™! — hy(x,e))pdx +/ (9P~ — X(We)P™t — hy(x,de))pdo > 0, (6.21)
Q

o9
where ¢ = ¢ — 3 with ¢ > 0. Because of (H’)(b) there exists s¢ > 0 such that
h ~
h(z,5) < —¢, fora.a. zeQandalls> s, (6.22)

sp—1
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and by (H’)(c) we get
| — hyi(x,s) —csP™ Y < |hy(w,8)| + P! < ¢, foraa x€Qandallsc]l0s] (6.23)
Therefore, we obtain
hi(z,s) < —csP™' + ¢, for a.a. x € Q and all s > 0. (6.24)
Applying (6.24) to the first integral in (6.21) provides
/(191’_1 —¢(9e)P~t — hy(x,Ve))pdx > /(19”_1 —¢(9e)P 4 E(9e)P! — ¢ )pdx
@ “ (6.25)
= [t = s,
Q

1
which proves that for ¢ > ¢2~" the integral is nonnegative. Hypothesis (H’)(e) implies the existence
of a s, > 0 such that

ho(x, s)

sp—1

< =, foraa. z€andall s> s,. (6.26)

Because of (H)(f) there exists a constant ¢ > 0 such that
| — ho(z,8) — AsP7Y < |ha(z,8)| + AsP~ < ¢y, foraa. z€Qandallsel0,s,] (6.27)
Finally, we obtain
ho(w,s) < —AsP™! + ¢y, for a.a. x € 9N and all s > 0. (6.28)
Applying (6.28) to the second integral in (6.21) yields

[ A ot vz [ @77 A@ep T 4 2@ e
o0 o0
(6.29)
Pl _ ¢ x.
> /a (@ =)

1 1

Choosing ¥ > max cf‘ﬂc? proves that both integrals in (6.21) are nonnegative and thus,

u = e is a positive supersolution of problem (6.10). In order to prove that u = —ve is a negative
subsolution we make use of the following estimates

hi(z,s) > —¢sP™t — ¢, for a.a. x € Q and all s <0,

6.30
ho(z,s) > —AsP~! — ¢y, for a.a. x € 0Q and all s <0, ( )

which can be derivated as stated above. With the aid of (6.30) one verifies that u = —ve is a
negative subsolution of problem (6.10). O

According to Lemma 6.8, we obtain a positive pair [e¢7,J€] and a negative pair [—de, —ep;] of
sub- and supersolutions of problem (6.10) assumed ¢ > 0 is sufficiently small.
Now, we will use this result to our variational-hemivariational inequality in (6.9). Due to this, we
suppose the following conditions for f and Clarke’s generalized gradients of s — ji(z,s),k = 1,2,
where A > A\; and 8 € (0, 1) are some fixed constants:
. . f(z7 87 S)
F4 1 _
( ) (1) |s\1i>noo |S|p_28
(i) tim L8255
S

—0 |s[P—2s

= +o00 , uniformly with respect to a.a. x €

= ( , uniformly with respect to a.a. x € )

(iii) | 1‘im s = +00 , uniformly with respect to a.a. x € , for all £ € 971 (x, s)
s|—oo |S S

(iv) lir% ||p€_2 = 0, uniformly with respect to a.a. x € Q, for all £ € 9j1(x, s)
s—0 |s|P—2s

v) lim —

———— = +00 , uniformly with respect to a.a. x € 9Q, for all n € dja(x, )
|s]—o0 |8|p_28
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(vi) lim "

———— = ), uniformly with respect to a.a. x € 99Q, for all n € 9ja(x, s)
s—0 |s|P—2s

Proposition 6.9. Let the conditions (j1)—(j2),(F2)(i)—(F2)(iii) and (F4) be satisfied. Then there
is a constant 9 such that ¥e and —Je are supersolution and subsolution of problem (6.9), where
e € int(CY(Q),) is the unique solution of (6.12). Moreover, —e; is a supersolution and ep; is a
subsolution of (6.9) provided that € > 0 is sufficiently small.

Proof. As in the proof of Proposition 6.3, we first give a sufficient condition for a subsolution
of (6.9). A function u € WHP(Q) is a subsolution of problem (6.9) if F(u) € L(Q) and if the
inequality

~Apu+ F(u) +&+n<0in (WHP(Q))*, for all € € 3j1(-,u) and all 5 € dja(-, u), (6.31)

is fulfilled. To prove this, we multiply (6.31) with (u—v)T € W'P(Q)N LE (Q) and we use the fact
39wy —1) > —¢, for all € € 951 (-, u) and j9(-,yu; —y1) > —n, for all n € dja(-,u), to obtain

0> (=Apu+ Flu) +&+n, (w—v)")
= (—Dpu+ F(w), (w—v)*) + / E(u—v)Tdz + / &y(u—v)tdo
Q o0
> (Bt P =)~ [ Reuw-Du- oo [ 6am—Du- o) do
Q a0
= (-Apu+F(w),(u—v)") - / 75 (s —(u = v)F)dz — / G2 (v —y(u —v)¥)do, Vv € K,
Q o9
which shows that u is a subsolution of (6.9). By the same calculation, we obtain that @ € WP ()
is a supersolution of problem (6.9) if F'(w) € L(Q2) and if the following inequality is satisfied
~Apyi+ F(@) +&+n>0in (WHP(Q))*, for all € € j,(-,u) and for all n € 35 (-, ).

Now, we set hy(z,s) = (|s|P~2s — f(z,s,s) — & for € € Dj1(x,s) and ha(z,s) = —\|s|[P~2s —n for
n € 0ja2(x, s) and notice that in our considerations the nonlinearities 1 and hy do not need to be
continuous functions. Applying assumption (F3) provides

lim (@, s) = —o0, and lim (2, 5) =0,
|s[—oe |s|P~2s =0 [s[P=2s
ha(z,s) ha(z,s)

—o00, and lim

|s|—oo |8[P72s s—0 |s|P=2s

With a view to Lemma 6.8, we see that the suppositions therein are satisfied. This yields an
ordered pair of positive sub- and supersolutions given by u = €p; and ©w = Je, respectively, a pair
of negative sub- and supersolutions given by u = —de and @ = —e¢p; of problem (6.9). 0

Note again that in order to apply the existence and comparison result the constructed sub-
supersolutions have to satisfy additional conditions related to K meaning that

uV K CK, uANK CK

are fulfilled, too.

Example 6.10. Let the function f : R x R — R be given by

(B — 25)|s|P~ 25 + elrlFIel|p[p=1p for s < —1,
f(z,r,8) =3 (B —s)|s|P~2s + elrlFlzl|pp=1p for —1<s<1, (6.32)
(=3 — 5)|s[P=2s + elIHl2l|p|p=1p for s > 1.

One easily verifies the validity of the assumptions (F2) and (F4), where 0 < 8 < 1 is fixed.
Moreover, Clarke’s gradient s — 0j(x,s) from Example 6.4 can also be used as example for



COMPARISON PRINCIPLE FOR VARIATIONAL-HEMIVARIATIONAL INEQUALITIES 27

0j1(z, ). The function

(e=(s+1) — 2)|s]P—25 if s < —1,
[\ 1] ifs=—1,

Dja(m,s) = ¢ Ns|P~2s if —1<s<1, (6.33)
[—1, A ifs=1,

(e=DUelHD) 45— 3)sP~1 ifs > 1,
satisfies the assumptions (j1)—(j3) for some fixed A > A;.

12t
600 1ol
400

200

f(x,r,s)

—-200

21,(x9)
S

-400

-600

-800 -
4

-4

FIGURE 2. The function f and Clarke’s generalized gradient s — ja(x,s) with
respect to Q@ = (0,7),p1(z) =e*, My =1, A=4,p=2, =05 and x = 1.

To obtain extremal solutions of problem (1.1), it is required that the given closed convex set K
fulfills the lattice structure conditions as stated in (4.17). In Remark 6.5 the one-sided obstacle
problem is presented as a closed convex set in WO1 P(Q) satisfying these assumptions. The same
holds true in W1P() meaning that

K ={veWh'(Q):v(z) < (x) for ae. 2 € Q}, o € L®(Q),¢ > C >0, (6.34)

is a closed convex set in W1P(Q) having lattice structure. Other interest closed convex sets in
WhHP(Q) are the following

2):a(z) <v(x) a.e. z€Q},
(z) < Ba(z) a.e. x € Q},

(
( v
K3 ={veWh?(Q): |Vu(z)| < C a.e. z €0},

(6.35)
Ky ={veWh(Q): /Qv(a?)dx > a1},

Ks ={ve W' (Q): / v(x)dr < as},
Q
where (1,02 and « are given functions and a1,as and C' are some constants. One sees at once
that K7, Ko and K3 fulfill the assumptions in (4.17), however, the sets K, and K5 just satisfy
KANK CK and KV K C K, respectively.
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