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CONSTANT-SIGN AND SIGN-CHANGING SOLUTIONS FOR
NONLINEAR ELLIPTIC EQUATIONS WITH NEUMANN
BOUNDARY VALUES

PATRICK WINKERT

Martin-Luther- University Halle- Wittenberg, Department of Mathematics,
06099 Halle, Germany

ABSTRACT. In this paper we study the existence of multiple solutions to the
equation

—Apu = f(z,u) — [uP~2u

with the nonlinear boundary condition
ou
VP =2 =2 = Nul?~2u + g(z, v).

We establish the existence of a smallest positive solution, a greatest nega-
tive solution, and a nontrivial sign-changing solution when the parameter A
is greater than the second eigenvalue of the Steklov eigenvalue problem. Our
approach is based on truncation techniques and comparison principles for non-
linear elliptic differential inequalities. In particular, we make use of variational
and topological tools, such as critical point theory, Mountain-Pass Theorem,
Second Deformation Lemma and variational characterization of the second
eigenvalue of the Steklov eigenvalue problem.

1. INTRODUCTION

Let © C RY be a bounded domain with smooth boundary 9. We consider the
quasilinear elliptic equation

—Apu = f(z,u) — ulPu in Q
o (1.1)
|vu\P—23l = AulP2u+ g(z,u),  on L,
v
where —A,u = — div(|Vu[P7?Vu) is the negative p—Laplacian, % means the outer

normal derivative of w with respect to 92, A is a real parameter and the nonlin-
earities f : @ X R — R and g : 92 x R — R are some Carathéodory functions.
For u € W1P(Q) defined on the boundary 91, we make use of the trace operator
7 WLP(Q) — LP(99) which is well known to be compact. For easy readability we
will drop the notation 7(u) and write for short w.

Neumann boundary value problems in the form (1.1) arise in different areas of pure
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2 CONSTANT-SIGN AND SIGN-CHANGING SOLUTIONS

and applied mathematics, for example in the theory of quasiregular and quasicon-
formal mappings in Riemannian manifolds with boundary (see [28],[59]), in the
study of optimal constants for the Sobolev trace embedding (see [18],[32],[33],[31])
or at non-Newtonian fluids, flow through porus media, nonlinear elasticity, reaction
diffusion problems, glaciology and so on (see [4],[6],[5],[19]).

Our main goal is to provide the existence of multiple solutions of (1.1) meaning that
for all values A > X2, where Ao denotes the second eigenvalue of (—A,, WP (1))
known as the Steklov eigenvalue problem (see, e.g., [35, 49, 56]) given by

—Apu = —|u|p_2u in €,
(1.2)
\Vu\p_Q% = AulP~2u on 04,

there exist at least three nontrivial solutions. More precisely, we obtain two
constant-sign solutions and one sign-changing solution of problem (1.1). This is
the main result of the present paper and it is formulated in the Theorems 4.3 and
6.3, respectively. In our consideration, the nonlinearities f and ¢ only need to be
Carathéodory functions which are bounded on bounded sets whereby their growth
does not need to be necessarily polynomial. We only require some growth properties
at zero and infinity given by

f@.s) o 9l@s)

s—0 |s|P=2s 50 |s|P—2s

fles) gl

|s]—o0 |S|p_28 B |s|—o0 |S|p_28 N

=0,

and we suppose the existence of 67 > 0 such that f(z,s)/|s|P~2s > 0 for all 0 <
‘8‘ S (5f.

In the last years many papers about the existence of the Neumann problems like
the form (1.1) were developed (see, e.g., [3, 17, 30, 34, 48, 68]). Martinez et al [4§]
proved the existence of weak solutions of the Neumann boundary problem

Apu= [l Put fau) O
(1.3)
V22— Nt~ b, on 90,
12

where the perturbations f : @ Xx R — R and h : 92 x R — R are bounded
Carathéodory functions satisfying an integral condition of Landesmann-Lazer type.
Their main result is given in [48, Theorem 1.2] which yields the existence of a
weak solution of (1.3) with A = Ay, where A; is the first eigenvalue of the Steklov
eigenvalue problem (see (1.2)). Moreover, they supposed in their main theorem
the boundedness of f(z,t) and h(z,t) by functions f € L4(Q) and h € L9(99) for
all (z,t) € Q x R and (z,t) € 9Q x R, respectively. A similar work of (1.1) can
be found in [31]. There the authors get as well three nontrivial solutions for the
nonlinear boundary value problem

~Apu+ ulPPu = flz,u)  inQ

1.4
|Vu|p_2% =g(x,u), on 9%, (14)

where they assume among others that the Carathéodory functions f and ¢ are
also continuously differentiable in the second argument. The proof is based on
the Lusternik-Schnirelmann method for non-compact manifolds. If the Neumann
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boundary values are defined by a function f : R — R meaning the problem

Apu = |u|P~%u in
(1.5)
|Vu\p_2% = f(u), on 99,

we refer to the results of J. Ferndndez Bonder and J.D. Rossi in [34]. They con-
sider various cases where f has subcritical growth, critical growth and supercritical
growth, respectively. In the first two cases the existence of infinitely many solutions
under some conditions to the exponents of the growth were demonstrated.

Another result to obtain multiple solutions with nonlinear boundary conditions can
be found in the paper of J.H. Zhao and P.-H. Zhao [68]. They study the equation

—Apu+ N2)|uP2u = f(z,u) in Q

(1.6)
e T )

where \(z) € L*(f) satisfying ess inf 5 A(z) > 0 and 7 is a real parameter.
They prove the existence of infinitely many solutions when f is superlinear and
subcritical with respect to u by using the fountain theorem and the dual fountain
theorem, respectively. In case that f has the form f(z,u) = [ulP" ~2u+ |u|"~?u they
get at least one nontrivial solution when p < r < p* and infinitely many solutions
when 1 < r < p by using the Mountain-Pass Theorem and the ”concentration-
compactness principle”, respectively. A similar result of the same authors is also
developed in [67]. The existence of multiple solutions and sign-changing solutions
for zero Neumann boundary values have been proven in [44, 54, 55, 65] and [68],
respectively. Analog results for the Dirichlet problem have been recently obtained
in [10, 11, 12, 13, 26, 50, 51]. An interesting problem about the existence of multiple
solutions for both, the Dirichlet problem and the Neumann problem, can be found
in [15]. The authors study the existence of multiple solutions to the abstract equa-
tion Jyu = Nyu, where J, is the duality mapping on a real reflexive and smooth
Banach space X, corresponding to the gauge function ¢(t) = t*~1,1 < p < oo and
Ny : L1(Q) — Lq/(Q), 1/q +1/q¢" = 1, is the Nemytskij operator generated by a
function f € C(Q x R,R).

The novelty of our paper is the fact that we do not need differentiability, poly-
nomial growth or some integral conditions on the mappings f and g. In order
to prove our main results we make use of variational and topological tools, e.g.
critical point theory, Mountain-Pass Theorem, Second Deformation Lemma and
variational characterization of the second eigenvalue of the Steklov eigenvalue prob-
lem. This paper is motivated by recent publications of S. Carl and D. Motreanu
in [12] and [11], respectively. In [12] the authors consider the Dirichlet problem
—Apu = ANu|P7?u + g(z,u) in Q, u = 0 on I, and show the existence of at
least three nontrivial solutions for all values A > A5, where Ay denotes the sec-
ond eigenvalue of (—A,, W, ?(Q)). Therein, the main theorem about the existence
of a sign-changing solution is also based on the Mountain-Pass Theorem and the
Second Deformation Lemma. These results have been extended by themselves to
the equation —A,u = a(u™)P~! — b(u™ )P~ + g(z,u) in Q, u = 0 on I, where
ut = max{u,0} and v~ = max{—u,0} denote the positive and negative part of
u, respectively. Carl et al have shown that at least three nontrivial solutions exist
provided the value (a, b) is above the first nontrivial curve C of the Fiicik spectrum
constructed by Cuesta et al in [16].
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The rest of the paper is organized as follows. In Section 2 and Section 3, we recall
some preliminaries and formulate our notations and hypothesis, respectively. In
Section 4, we will show the existence of specific sub- and supersolutions of prob-
lem (1.1), then we will prove that every solution between these pairs of sub- and
supersolutions belongs to int(C1(2);) and finally we will provide the existence of
extremal constant-sign solutions. A variational characterization of these extremal
solutions is given in Section 5 and our main result about the existence of a nontriv-
ial sign-changing solution is proven in the last section by using the Mountain-Pass
Theorem.

2. PRELIMINARIES

Let us consider some nonlinear boundary value problems with Neumann condi-
tions involving the p-Laplacian. In [47] the authors study the Steklov problem

—Apu = —|ulP~%u in Q,

(2.1)
|VU|p_2% — )\|u|p_2u on Of).

The trace operator 7 : WHP(Q) — LP(9Q) is linear bounded (and even compact),
thus a best constant \; exists such that

1
)‘1/p||u||LP(BQ) < lullwrr )

The best Sobolev trace constant A; can be characterized as

A =  inf {/ [|[VulP 4 |u|P]dz such that /
Q

|u|Pdo = 1} ,
ueWip(Q) G19)

and A; is the first eigenvalue of (2.1). Martinez et al. showed that the first eigen-
value A\; > 0 is isolated and simple. The corresponding eigenfunction ¢y is strictly
positive in © and belongs to L>°(2) (cf. [43, Lemma 5.6 and Theorem 4.3]). Ap-
plying the results of Lieberman in [45, Theorem 2] implies ¢; € C1*(Q). This fact
along with ¢;(z) > 0 in Q yields ¢; € int(C*(Q);), where int(C*(Q),) denotes
the interior of the positive cone C1(Q)y = {u € C1(Q) : u(z) > 0,Vx € Q} in the
Banach space C(92), given by

int(C'(Q)1) = {ue C'(Q) : u(z) >0,vz € Q}.

The study of Neumann eigenvalue problems with or without weights are also con-
sidered in [17, 27, 41, 43, 60]. Analog to the results for the Dirichlet eigenvalue
problem (see [16]), there also exists a variational characterization of the second
eigenvalue of (2.1) meaning that Ay can be represented as follows

X = inf max / (|vu|p + |u|p>dx, (2.2)
g€l ueg([-1,1]) Jo
where
and

S = {u c Whr(Q): /BQ |u|Pdo = 1} . (2.4)

The proof of this result can be found in [49]. In our considerations we make use of
the following strong maximum principle proven by Vazguez in [63].
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Theorem 2.1 (Vazguez’s strong maximum principle). Let u € C*() such that
(1) Byu e L2,(9),

loc

(2) u>0ae inQ and u#0 in §,

(3) Apu < B(u) a.e. in Q with 8 : [0,00) — R continuous, nondecreasing,
3(0) = 0 and either
(i) B(s) =0 for some s > 0 or,
(ii)) B(s) > 0 for all s > 0 with fol(ﬂ(s)s)’l/”ds = +00.
Then it holds

u(zx) > 0 a.e. in .

Moreover, if u € C1(Q U xq) for an xo € 9N satisfying an interior sphere condition
and u(zg) = 0, then
ou

5(350) <0,

where v is the outer normal derivative of u at xg € 9.

We recall that a point zop € 02 satisfies the interior sphere condition if there
exists an open ball B = Br(x1) C 2 such that BN 0 = {xo}. Then one can
choose a unit vector

v = (20— z1)/|T0 — T1],

and v is a normal to OB at x( pointing outside. A sufficient condition to satisfy
the interior sphere condition is a C?—boundary. Now we consider solutions of the
Neumann boundary value problem
~Apu = —slulP2u+1 in Q,

@ =1 on 092, (2:5)
ov

where ¢ > 1 is a constant. Let B : LP(2) — L4(Q) be the Nemytskij operator
defined by Bu(z) := clu(x)[P~?u(z). It is well known that B : LP(Q) — L4(Q) is
bounded and continuous. We set B := i* o Boi: WIP(Q) — (W'P(Q))*, where
i* : LI(Q) — (WhP(Q))* is the adjoint operator of the compact embedding i :
WLP(Q) — LP(Q). The operator B is bounded, continuous, completely continuous
and thus, also pseudomonotone. We denote by 7 : WLP(Q) — LP(9Q) the trace
operator and with 7* : LI(9Q) — (WP(Q))* its adjoint operator. The weak
formulation of (2.5) is given by

we WhP(Q) : (~Aput Bu—i*(1) — 7°(1),9) =0, Vo € W'P(Q),  (2.6)

Va2

meaning
/ |Vu|p72VuV<pdx+g/ |u|P~2upda —/ wdx —/ wdo =0, Vo € WHP(Q),
Q Q Q a0

where (-,-) stands for the duality pairing between W1P(Q) and its dual space
(WP(Q))*. The negative p-Laplacian —A,, is pseudomonotone and therefore, the
sum —A, + B is pseudomonotone. The coercivity of —A, + B follows directly and
thus, using classical existence results implies the existence of a solution of problem
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(2.5). Let eq, ez be solutions of (2.5) satisfying e; # e;. Subtracting the corre-
sponding weak formulation of (2.5) with respect to ej, es and taking ¢ = e; — eg
yields

/ [Ver|P~2Ver — |VesP2Ves] V(er — e5)da

Q

+ </ [lex |p_2€1 - \€2|p_2€2](61 —ey)dr = 0.
Q

As the left-hand-side is strictly positive for e; # es, we obtain a contradiction and
thus, e; = es. Let e be the unique solution of (2.5) in the weak sense. Choosing
the test function ¢ = e~ = max{—e, 0} € W1P(Q) results in

—/ |Ve|Pdz —g/ le|Pdx = / e‘dm—&—/ e do >0,
{z€Q:e(x)<0} {z€Q:e(x)<0} Q o

which proves that e is nonnegative. Notice that e is not identically zero. Applying
the Moser Iteration (cf. [25],[43] or see the proof of Proposition 5.3) yields e €
L>(Q) and thus, the regularity results of Lieberman (see [45, Theorem 2]) ensure
e € CH(Q). From (2.5) we conclude

Ape =cle|P?e —1 < geP ! ae. in Q.

Setting (B(s) = ¢sP~! for s > 0 allows us to apply Vazguez’s strong maximum
principle stated in Theorem 2.1 which is possible since f0+ st = +o0. This
shows that e(z) > 0 for a.a. z € Q. If there exists 2y € 9Q such that e(zg) = 0,
we obtain by applying again Vazguez’s strong maximum principle that % (x9) <0
which is a contradiction since |Ve|P=29¢(z) = 1. Hence, e(z) > 0 in Q and
therefore, we get e € int(C(Q)4).

The following theorem is an important theorem to prove the existence of mini-
mum points of weakly coercive functionals (cf. [66, Theorem 25.D]).

Theorem 2.2 (Main Theorem on Weakly Coercive Functionals). Suppose that
the functional f : M C X — R has the following three properties:

(1) M is a nonempty closed convex set in the reflexive Banach space X.
(2) f is weakly sequentially lower semicontinuous on M.
(3) f is weakly coercive.

Then f has a minimum on M.

A criterion for the weak sequential lower semicontinuity of C!'-functionals can
be read as follows. For more details we refer to Zeidler [66, Proposition 25.21].

Proposition 2.3. Let f: M C X — R be a C'—functional on the open convex
set M of the real Banach space X, and let f' be pseudomonotone and bounded.
Then, f is weakly sequentially lower semicontinuous on M.

A significant tool in the proof for the existence of a nontrivial sign-changing
solution is the following Mountain Pass Theorem (see [57]). First, we give the
definition of the Palais-Smale-Condition.
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Definition 2.4 (Palais-Smale-Condition). Let E be a real Banach space and
I € CY(E,R). The functional I is said to satisfy the Palais-Smale-Condition if for
each sequence (u,) C E which fulfills

(1) I(uy) is bounded,

(2) I'(up) — 0 as n — oo,

there exists a strong convergent subsequence of (uy,).

Theorem 2.5 (Mountain-Pass Theorem). Let E be a real Banach space and
I € CY(E,R) satisfying the Palais-Smale-Condition. Suppose
(I,) there are constants p,« > 0 and an e; € E such that Iop,(e,) = @, and
(I2) there is an ey € E'\ B,(e1) such that I(es) < I(e1) < a.
Then I possesses a critical value ¢ corresponding to a critical point ug such that
I(ug) = ¢ > . Moreover ¢ can be characterized as

c=inf max I(u), (2.7)

g€l ueg([-1,1])

where
I'={ge C([-1,1,E) | g(-1) = e1,9(1) = e2}.
3. NOTATIONS AND HYPOTHESES

We impose the following conditions on the nonlinearities f and g in problem
(1.1). The mappings f : @ xR — R and g : 9Q x R — R are Carathéodory
functions (that is, measurable in the first argument and continuous in the second
argument) such that

_ f(z,s)

(f1) glg(l) |s|P—2s

f(z,s)
|s]— o0 ‘S|p728

(f3) f is bounded on bounded sets.

= 0, uniformly with respect to a.a. z € Q.

= —o00, uniformly with respect to a.a. = € Q.

(f4) There exists ; > 0 such that {T:’? >0 for all 0 < |s| < 6y.
s|P=2s
(g1) li z |g(|::;) = 0, uniformly with respect to a.a. x € 99.
s—0 |s|P=2s
(g2) i 9(@, s) = —oo0, uniformly with respect to a.a. x € 9.

|s]—o0 ‘S'p_28
(g3) g is bounded on bounded sets.
4) ¢ is locally Holder continuous in 99 x R, that is,

(91, 51) = g3, 52)| < Loy — 22| +[s1 — )7

for all pairs (z1, $1), (z2,82) in IQ x [—My, My], where My is a positive
constant and a € (0, 1].

Note that the function s + [s|P~2s is locally Holder continuous in R. This
implies in view of (g4) that the mapping ® : 9Q x R — R defined by ®(z,s) :=
A|s[P=2s + g(z, s) is locally Holder continuous in 92 x R. Recall that we write
g(z,u(x)) = g(x, 7(u(x))) for u € WHP(Q), where 7 : WHP(Q) — LP(9Q) stands
for the trace operator. With a view to the conditions (f1) and (gl), we see at once
that f(z,0) = g(z,0) = 0 and thus, v = 0 is a trivial solution of problem (1.1).
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Corollary 3.1. Let (f1),(f3) and (g1),(g3) be satisfied. Then, for each a > 0 there
exist constants by, by > 0 such that

|f(z,8)] < b1|8|p71, Vs:0<|s| <a,

3.1
lg(z,5)| < ba|s|P™h, Vs:0 < |s| < a. (81)

Proof. The assumption (f1) implies that for each ¢; > 0 there exists 6 > 0 such
that
|f(2,8)] < ei]s|P™t, Vs:0 < |s| <6. (3.2)

Due to condition (£3), there exists a constant c2 > 0 such that for a given a > 0
holds

|f(x,8)| <co, Vs:0<]|s| <a. (3.3)
If § > a, then inequality (3.2), in particular, implies
(@, 8)| < bifsP~h, Vs :0 < |[s] <a,

where by := ¢1. Let us assume § < a. From (3.3) we obtain

C2

or—1
and thus, combining (3.2) and (3.4) yields

|f(z,8)] < |s|P~t, Vs:6 < |s| < a, (3.4)

|f(z,8)] < (c1 4+ 5;31)‘8‘1’_1, Vs:0<|s| <a,
where the setting b; := ¢; + 5727 proves (3.1). In the same way, one shows the
assertion for g. O

Example 3.2. Consider the functions f : 2 xR — R and g : 92 x R — R defined
by

|s[P=25(1 + (s + 1)e™) if s<—1

fla,s) = sgn(s)%ﬂ(s—1)cos(s+1)|+s+1) if —1<s<1

sP=lel=s —|z|(s — 1)sP~Le® if s > 1,
and
|s|P=2s(s + 1+ ) if s<—1
g(z,8) = \8\p_1se(52+1)\/m if —1<s<1

sP71(cos(1 —s) + (1 —s)e®) ifs > 1.
One verifies that all assumptions (f1)-(f4) and (g1)-(g4) are satisfied.

The definition of a solution of problem (1.1) in the weak sense is defined as
follows.
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Definition 3.3. A function v € WP(Q) is called a solution of (1.1) if the following
holds:

/|Vu|p72Vquadx

Q

:/(f(ac,u) — |u|p*2u)g0dx+/ (A|u|p72u+g(x7u))<pda, Yo € Wl’p(Q).
Q o0

Next, we recall the notations of sub- and supersolutions of problem (1.1).

Definition 3.4. A function u € WHP(Q) is called a subsolution of (1.1) if the
following holds:

/ \VulP~?VuVeds

Q

< /(f(m,y) - Iyl”‘Qu)soder/ AuP~2u+ g(z,u))pdo, Yo € WHP(Q),.
Q o0

Definition 3.5. A function u € W1?(Q) is called a supersolution of (1.1) if the
following holds:

/ |Va|P~2VaVeds

Q

> /(f(mﬂ) - Iﬂl”‘Zﬂ)wder/ (A[P~*u + g(z,7))pdo, Vo € WHP(Q),.
Q o0

Here, WP (Q), := {¢ € WLP(Q) : » > 0} stands for all nonnegative functions
of WLP(Q). Recall that if u € WHP(Q) satisfies v < u < w, where v, w are some
functions in W1P(Q), then it holds 7(v) < 7(u) < 7(w), where 7 : WLHP(Q) —
LP(09)) denotes the trace operator.

4. EXTREMAL CONSTANT-SIGN SOLUTIONS

We start by generating two ordered pairs of sub- and supersolutions of prob-
lem (1.1) having constant signs. Here and in the following we denote by ¢; €
int(C1(Q)4) the first eigenfunction of the Steklov eigenvalue problem (2.1) corre-
sponding to the first eigenvalue A;.

Lemma 4.1. Assume (f1)—(f4), (g1)—(g4) and X > A\, and let e be the unique
solution of problem (2.5). Then there exists a constant ¢ > 0 such that Ye and —de
are supersolution and subsolution, respectively, of problem (1.1). In addition, ¢,
is a subsolution and —ep; is a supersolution of problem (1.1) provided the number
€ > 0 is sufficiently small.

Proof. Let u = ep;, where ¢ is a positive constant specified later. In view of the
Steklov eigenvalue problem (2.1) it holds

/ IV (0P 2V (e01) Vipde
¢ (4.1)

T / (ep1)P " 'pda +/ A (ep1)PLodo, Yo € WHP(Q).
Q o0
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We are going to prove that Definition 3.4 is satisfied for u = ey meaning that the
inequality

/ 1V (e0) P2V (1) Vil
@ (4.2)

< /Q (. ep1) — (1) pda + /6 )"+ gl )

is valid for all ¢ € W1P(Q),. Therefore, (4.2) is fulfilled provided the following
holds true

/ —f(z,ep1)pdx +/ (A =N (ep1)P ™! —g(z,e01))pdo <0, Yo € WHP(Q),.
Q o0

Condition (f4) implies for £ € (0,7/|¢1|lo0)

f(xa 5901) -1
—f(x,ep1)pde = | ———"TZ(ep1)P" pdr <0,
/Q f(zep1)p (wl)p,l(w) ®
where || - ||oo stands for the supremum norm. Due to assumption (gl) there exists

a number ) > 0 such that

|g|(|9;,51)| < A=) fora.a. xedandall0<|s| <d.
s
Ifee (0, Mﬁ} we get,
[ 0a =N gt zpedo < [ (3a-as B2 pupigas
o9 o9 (ep1)?
< / (A = A+ X = X\)(ep1)?P Lpdo
o9

=0.

Choosing 0 < ¢ < min{ds/||¢1lloos 0r/ll¢1llcc} Proves that u = epq is a positive
subsolution. In a similar way one proves that w = —ey; is a negative supersolution.
Let w = de, where 9 is a positive constant specified later. From the auxiliary
problem (2.5) we conclude

/ |V (9€)|P~2V (9e)Vdx
Q (4.3)

— 7g/(19e)p7130d:c+/ ﬂpflgod:z:+/ I L pdo, Yo € WHP(Q).
Q Q o

In order to fulfill the assertion of the lemma, we have to show the validity of
Definition 3.5 for @ = ¥e meaning that for all p € W1P(Q),; holds

/ IV (06) P2V (9e)V pdar
@ (4.4)

> /Q(f(z,ﬂe) — (Ye)P V) pdx + /69()\(196)”71 + g(x, Je))pdo.
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With a view to (4.3) we see at once that inequality (4.4) is satisfied if the following
holds

/(19”_1 —¢(9e)P~t — f(x,e))pdx

@ (4.5)

—|—/ (WP~ — X(We)P~t — g(x,Ve))pdo > 0,
a0

where ¢ = ¢ — 1 with ¢ > 0. By (f2) there exists s¢ > 0 such that

f(z,s)

sp—1

< —¢, fora.a. x € andall s> s,
and by (f3) we have
| — f(x,8) —csP™ < |f(x,8)| +¢sP7 <., foraa z€Qandallscl0s].
Thus, we get
f(z,s) < —csP™! + ¢, for a.a. x € Q and all s > 0. (4.6)

Applying (4.6) to the first integral in (4.5) yields
/ (9P — 5(9e)"~" — f(z, 0¢))pda
Q
> / (WP — ()P + EDe)P ! — e )pda
Q

= /9(191071 - ¢)pdz,

1
which shows that for 9 > ¢Z~" the integral is nonnegative. Due to hypothesis (g2)
there is s, > 0 such that

g(z,s)
sp—1

< =\, fora.a. xe€Qandall s> s).
Assumption (g3) ensures the existence of a constant ¢y > 0 such that
| —g(x,8) — AP < |g(x,8)| + APt < ¢y, foraa. € Qandallscl0,s,]
We obtain
g(z,s) < —=AsP™ + ¢y, for a.a. x € 9Q and all s > 0. (4.7

Using (4.7) to the second integral in (4.5) provides
/ (WP~ = A(We)P~t — g(x,e))pdz
I9)
> / (P71 — A(We)P™t 4+ N(We)P™! — cp)pda
o9

2/ (WPt — ¢y)pda.
o9

_1 _1
Choosing ¥ := max {cé’l N } proves that both integrals in (4.5) are nonnegative

and thus, uw = Je is a positive supersolution of problem (1.1). In order to prove
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that u = —ve is a negative subsolution we make use of the following estimates
f(z,s) > —csP™! — ¢, for a.a. z € Q and all s <0,

4.8
g(x,8) > —\sP7t —¢,, for a.a. z € 90 and all s < 0. (48)

which can be derivated as stated above. With the aid of (4.8) one verifies that
u = —ve is a negative subsolution of problem (1.1). O

According to Lemma 4.1 we obtain a positive pair [ep1,¥¢e] and a negative pair
[—¥e, —ep1] of sub- and supersolutions of problem (1.1) assumed & > 0 is sufficiently
small.

The next lemma will prove the C*® regularity of solutions of problem (1.1) lying
in the order interval [0, Ye] and [—¥e, 0], respectively. Note that w =@ = 0 is both,
a subsolution and a supersolution due to the assumptions (f1) and (gl). In the
following proof we make use of the regularity results of Lieberman (see [45]) and
Vézguez in [63]. To obtain regularity results, in particular for elliptic Neumann
problems, we refer also to the papers of Tolksdorf in [59] and DiBenedetto in [20].

Lemma 4.2. Let the conditions (f1)—(f4) and (g1)—(g4) be satisfied and let A > A;.
If u € [0,0¢€] (respectively, u € [—ve,0]) is a solution of problem (1.1) satisfying
u # 0 in §, then it holds u € int(C*(Q),) (respectively, u € —int(C*(2)4)).

Proof. Let u be a solution of (1.1) such that 0 < u < e. Then it follows u €
L*(Q) and thus, u € C1*(Q) by Lieberman [45, Theorem 2] (see also Fan [29]).
The conditions (f1),(f3),(gl) and (g3) (cf. Corollary 3.1) imply the existence of
constants ¢y, cg > 0 such that

|f(2,8)] <cpsP™! foraa. z€Qandall 0<s<Veloo,
lg(x,5)| < cgsP™" for a.a. x € 0N and all 0 < s < V|e]|oo-

(4.9)

Applying the first line in (4.9) along with (1.1) yields A,u < cuP~! ae. in
where ¢ is a positive constant. This allows us to apply Vazguez’s strong maximum
principle (see [63, Theorem 5]). We take (3(s) = ¢sP~! for all s > 0 which is

possible because f0+ —L ds = +00. We get u > 0in Q. Let us assume there
(sB(s)®

exists zg € 0N such that u(zg) = 0. By applying again the maximum principle we

obtain 9%(z0) < 0. But taking into account g(zo, u(zo)) = g(zo,0) = 0 along with

the Neumann condition in (1.1) yields %(mo) = 0, which is a contradiction. Thus,

u > 0 in Q which proves u € int(C1(€2);). The proof in case u € [~¥e, 0] can be

shown in an analogous manner. (I

The result of the existence of extremal constant-sign solutions is read as follows.

Theorem 4.3. Assume (f1)—(f4) and (g1)—(g4). Then for every X > \; there
exists a smallest positive solution u; = uy () € int(C(Q)4) in the order interval
[0,9¢] and a greatest negative solution u_ = u_(\) € —int(C*(Q),) in the order
interval [—ve, 0] with ¢ > 0 stated in Lemma 4.1.

Proof. We fix A > A;. On the basis of Lemma 4.1, there exists an ordered pair
of a positive supersolution @ = e € int(C'(Q);) and a positive subsolution u =
gpy € int(C1(Q),) of problem (1.1) assuming ¢ > 0 is sufficiently small such that
g1 < Ye. The method of sub- and supersolution (see [9]) with respect to the order
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interval [epq, €] implies the existence of a smallest positive solution u. = uc(\)
of problem (1.1) satisfying ep; < u. < e which ensures u. € int(C(Q),) (see
Lemma 4.2). Hence, for every positive integer n sufficiently large there exists a
smallest solution u,, € int(C"*(Q)4) of problem (1.1) in the order interval [L¢1,Je]
and therefore, we have

Up, | uy for almost all x € (4.10)

where vy @ © — R is some function satisfying 0 < wu; < Ye. We are going
to show that u, is a solution of problem (1.1). Since w, belongs to the order
interval [L¢1,Je], it follows that u, is bounded in LP(Q2). Moreover, we obtain the
boundedness of u, in LP(9Q) because 7(u,) < 7(de). As u, solves (1.1) in the
weak sense, one has by setting ¢ = w,, in Definition 3.3

HVUTLHLP(Q / ‘f z, un)lund$+ ||un||LP(Q +)‘||un|| (8Q) / |9 z Un)lundU

< HuTLHLP(Q + alHunHLP(Q + /\HunHLp(aQ) + a2||un||LP (8)

S ag,
where a;,7 = 1,...,3 are some positive constants independent of n. Thus, u, is
bounded in W1P(Q2). The reflexivity of W1P(2),1 < p < oo, ensures the exis-
tence of a weak convergent subsequence of w,. Due to the compact embedding

WP(Q) — LP(Q), the monotony of u,, and the compactness of the trace operator
7, we get for the entire sequence u,,

Uy, — uy in WHP(Q),
U — uy in LP(Q) and for a.a. x € Q, (4.11)
Up — Uy in LP(0Q).

Due to the fact that u, solves problem (1.1), one has for all p € W1P(Q)

/\Vun|p_2VunV<pdx
@ (4.12)
= [ () oo+ [ O+ gl u)odo

o0
The choice ¢ = u, —uy € WHP(Q) is admissible in equation (4.12) which implies

/Q |Vt P2V, V (u, —uy)d

(4.13)
— [ = = )z [ ) )
Q 19)
Applying (4.11) and the conditions (f3), (g3) result in
lim sup/ |Vt P2V, V(u, — uy)dr <0, (4.14)
n— oo 0

which ensures by the S, —property of —A, on WP(Q) combined with (4.11)
Uy — ug in WHP(Q). (4.15)

Taking account of the uniform boundedness of the sequence (u,) in combination
with the strong convergence in (4.15) and the assumptions (f3) and (g3) allows us
to pass to the limit in (4.12) which proves that u is a solution of problem (1.1).

As uy is a solution of (1.1) belonging to [0, J¢], we can use Lemma 4.2 provided
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uy # 0. We argue by contradiction and assume that uy = 0 which in view of (4.10)
results in

un(z) | 0 for all z € Q. (4.16)
We set
Up = — " forall n. (4.17)
lunllwie (o)

Obviously, the sequence (4,,) is bounded in WP (Q) which implies the existence of
a weakly convergent subsequence of w,, not relabeled, such that

Up — 0 in WHP(Q),
Un — u in LP(Q?) and for a.a. z € Q, (4.18)
Up, — u in LP(09),
where % :  — R is some function belonging to W?(£2). Moreover, we may suppose
there are functions z; € LP(Q)4, 22 € LP(9€)+ such that
[, (2)] < 21(z) for a.a. all z € Q,

~ 4.19
|tn (2)] < 22(x) for a.a. all x € IN. (4.19)
By means of (4.12), we get for w,, the following variational equation
/ Vi, P2V, Viodz :/ (Wﬁg—l —'a;;—1> gpd;v—l—/ AP~ pdo
Q Q Un oN (420)

+ /8Q 7“(](:2?1”)175,"71<de, Y € WhP(Q).

Choosing ¢ = u, —u € WHP(Q) in the last equality, we obtain

/ |V, P2V, V (i, — u)dx
Q

_ / (f("’fvuln)ag—l _ ag—l) (@in — W)da +/ N2V, — W)do (4.21)
Q o0

ub”
9@ )
+ o1 Uy (Un — u)do.
. u

Using (4.9) along with (4.19) implies
|f(1', Un(fﬂ))| ﬂpfl
ub ) "
respectively,
|g(93, un(:zz))| apfl
ub ) "
The right-hand-sides of (4.22) and (4.23) are in L'(Q) and L(9Q), respectively,
which allows us to apply Lebesgue’s dominated convergence theorem. This fact
and the convergence properties in (4.18) show

1 ) ot 3, — Wy = 0,

(@)]tin (z) — ()| < cpza (@)~ (21(2) + (), (4.22)

(@)]tin (2) — U(x)| < cgza(x)"™ (22() + [u(2)]). (4.23)

lim T
n—oo [o up_

g(w,upn) ~,

(4.24)
lim
n—oo Jao ub

(U, —u)do = 0.



CONSTANT-SIGN AND SIGN-CHANGING SOLUTIONS 15

From (4.18), (4.21), (4.24) we conclude

lim sup/ |V, |P 2V, V (U, —u,)dz = 0. (4.25)
Q

n—oo

Taking into account the S; —property of —A,, with respect to W?(Q), we have
U, —u in WHP(Q). (4.26)

Notice that || y1.r(q) = 1. The statements in (4.16), (4.26) and (4.20) yield along
with the conditions (f1),(gl)

/ |VaP~2VaVedr = — / P pdr + / NP~ Y pda, Yo € WHP(Q).  (4.27)
Q Q o0

Due to u # 0, the equation (4.27) is the Steklov eigenvalue problem in (2.1), where
u > 0 is the eigenfunction corresponding to the eigenvalue A > A;. The fact that
% > 0 is nonnegative in Q yields a contradiction to the results of Martinez et al. in
[47, Lemma 2.4] because u must change sign on 92. Thus, u; #Z 0 and we obtain
by applying Lemma 4.2 that u € int(C*(Q)4).

Now we need to show that uy is the least positive solution of (1.1) within [0, Je].
Let u € WP(Q) be a positive solution of (1.1) lying in the order interval [0, Je].
Lemma 4.2 implies u € int(C1(Q);). Then there exists an integer n sufficiently
large such that u € [£¢y,€]. On the basis that u, is the least solution of (1.1) in
[%@1,196] it holds u,, < u. This yields by passing to the limit vy < u. Hence, uy
must be the least positive solution of (1.1). In similar way one proves the existence
of the greatest negative solution of (1.1) within [—¥e,0]. This completes the proof
of the theorem. O

5. VARIATIONAL CHARACTERIZATION OF EXTREMAL SOLUTIONS

Theorem 4.3 implies the existence of extremal positive and negative solutions
of (1.1) for all A > A\; denoted by u; = uy()) € int(C1(Q);) and u— = u_(A) €
—int(C*(Q) ), respectively. Now, we introduce truncation functions Ty, T_, Ty :
QxR — Rand 779, T T : 90 x R — R as follows.

0 ifs<0 0 ifs<0
Ti(z,8)=<s if0<s<up(zr), T?%az,s)=<s if0<s <ug(z)
uy(z) if s > uy(2) ug(z) if s > uy(2)
u_(x) ifs<u_(x) u_(z) if s <u_(x)
T (x,s) =< s ifu_(z)<s<0, T%az,s)=<s ifu_(z) <s<0
0 ifs>0 0 ifs>0

u_(z) ifs<wu_(x)
To(z,s) = ¢ s ifu_(z) <s<uy(x),
up(x) if s > ug(x)

u_(z) ifs<u_(z)
T (x,5) =< s ifu_(z) <s<uy(z)
ug(z) if s > uy(x)
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For u € W1P(Q) the truncation operators on 9§ apply to the corresponding traces
7(u). We just write for simplification T9%(z,u), T9(x, u), T?*(z,u) without 7.
Furthermore, the truncation operators are continuous and uniformly bounded on
2 x R (respectively, on 99 x R) and they are Lipschitz continuous with respect to
the second argument (see, e.g. [40]). By means of these truncations, we define the
following associated functionals given by

E. (u) :5[HVUHP ot flull?, ) / / flx, Ty (z, s)dsdx

o) (5.1)
- / / AT (z, )P~ + g(2, TI% (2, 5))] dsdo,
o0
1

B-(w) =31Vl g + i) = | / (z, $)dsda

(5.2)
/ / )\|T‘(m (z,8)|P2T%(x, ) + g(z, T?(x, s))] dsdo,
o0

Bo(w) = (190l 0y + o) = [ [ £ To(o,s)dsda

@70 (5.3)

-/ / T2 (@, )P 2T0% @, 5) + g, T (w, 5))) dsdo,
o9
which are well-defined and belong to C1(WP(Q)).

Lemma 5.1. The functionals E, E_, Ey : WP () — R are coercive and weakly
sequentially lower semicontinuous.

Proof. First, we introduce the Nemytskij operators F, F** : LP(Q) — L7(Q) and
G, F% . LP(0Q) — L1(09Q) by

Fu(z) = f(z, Ty (x,u(2),  FPu(z) = Ju(@)Pu(@),
Gu(x) = gz, T{*(z,u(2)),  F*u(x) = NTL (2, u(x)) P> TE% (2, u()).

It is clear that E, € CY(WP(£)). The embedding i : W1P(Q) — LP(Q) and the
trace operator 7 : WHP(Q) — LP(9Q) are compact. We set

F:=i*oFoi:W"(Q) — (W (Q))*,
F:=i* o F0i: W'P(Q) — (W'P(Q)),
Gi=7"0Gor: whP(Q) — (WhHP(Q))*,
FO .= 7% o F® o 7 : WHP(Q) — (WP(Q)),
where i* : LY(Q) — (WHP(Q))* and 7* : L4(09Q) — (W'P(Q))* denote the adjoint
operators. With a view to (5.1) we obtain

<Ezr(u)a 90> = <_Apu7 90> + <ﬁ9u’ (P> - <ﬁu’ (,0> - (F\(’)Qu + éu7 (P>, (54)

where (-,-) stands for the duality pairing between W1P(Q) and its dual space
(WhP(Q))*. The operators F, F?, F9? and G are bounded, completely contin-
uous and hence also pseudomonotone. Since the sum of pseudomonotone operators
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is also pseudomonotone, we obtain that E/, : WhP(Q) — (W'P(Q))* is pseu-
domonotone. Note that the negative p-Laplacian —A, : W1P(Q) — (WhP(Q))*
is bounded and pseudomonotone for 1 < p < oco. Using Proposition 2.3 shows
that E, is weakly sequentially lower semicontinuous. Applying the assumptions
in (3),(g3), the boundedness of the truncation operators and the trace operator
7 WHP(Q) — LP(99), we obtain for a positive constant c

Ey(u) %H“”%l»p(m — cllullwrr @)

lullwe@) — llullwir )

— 00 as |lullwir@) — o0, (5.5)

which proves the coercivity. In the same manner, one shows this lemma for £F_ and
FEy, respectively. O

Lemma 5.2. Let uy and u_ be the extremal constant-sign solutions of (1.1).
Then the following holds:

(i) A critical point v € WYP(Q) of E is a (nonnegative) solution of (1.1)
satisfying 0 < v < uy.
(ii) A critical point v € WP(Q) of E_ is a (nonpositive) solution of (1.1)
satisfying u— < v < 0.
(iii) A critical point v € WYP(Q) of Eq is a solution of (1.1) satisfying u_ <
v < Ug.

Proof. Let v be a critical point of E, that is, it holds E’, (v) = 0. In view of (5.1)
we obtain

/ |Vo|P~2VoVeda
Q
= [ 1 Tul) = o olda (56)
+/ T2 (2, 0)P ! + g(a, TY (@, v))|pdo, Vo € WHP(Q).
a0
Since u4 is a positive solution of (1.1) we have by using Definition 3.3

[ VP2V Vpds = | (fus) - o pds
Q Q
(5.7)
+ / [)\uﬁ_l + g(z,uy)]pdo, Yo € WHP(Q).
oQ

Choosing ¢ = (v —uy)™ € WHP(Q) in (5.7) and (5.6) and subtracting (5.7) from
(5.6) results in

/ [[VoP2Vv — |[Vuy [P 2Vuy V(v —uy) Tde + / 0]~ 20 — B (v — uy ) tda
Q Q
= [ Tste,0) = fo (o - ui) o

+ /69[)\Tfﬂ(x, V)Pl — )\uﬁfl + g(z, T%(z,v)) — g(z,uy)](v — uy) T do

=0.
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As the first term on the left-hand-side of the last equality is nonnegative, we obtain
0= / [[o]P~20 — w2V — u ) da, (5.8)
Q

which implies (v — u; )™ = 0 and thus, v < uy. Taking ¢ = v~ = max(—v,0) in
(5.6) yields

/ |Vo|Pdx —|—/ [v|Ppdz = 0,
{z:v(z)<0} {z:v(z)<0}

consequently, it holds ||v_||€vl,p(9) = 0 and equivalently v~ = 0, that is, v >
0. By the definition of the truncation operator we see at once that T (x,v) =
U,Tfﬂ(x,v) = v and therefore, v is a solution of (1.1) satisfying 0 < v < uy. The
statements in (ii) and (iii) can be shown in a similar way. O

The next result matches C1(2) and W1?(2)-local minimizers for a large class
of C*— functionals. We will show that every local C'—minimizer of Ej is a local
WLP(Q)-minimizer of Ey. This result first proven for the Dirichlet problem by
Brezis and Nirenberg [8] when p = 2 and was extended by Garcia Azorero et al
in [37] for p # 2 (see also [39] when p > 2). For the zero Neumann problem we
refer to the recent results of Motreanu et al. in [52] for 1 < p < co. In case of
nonsmooth functionals the authors in [53] and [7] proved the same result for the
Dirichlet problem and the zero Neumann problem when p > 2. We give the proof
for the nonlinear nonzero Neumann problem for any 1 < p < oo.

Proposition 5.3. If 2o € W1P(Q) is a local C*(2)—minimizer of E; meaning
that there exists r1 > 0 such that

EO(ZO) < EQ(ZO + h) for all h € Cl(ﬁ) with ”thl(ﬁ) <r,

then zq is a local minimizer of Ey in WP (Q) meaning that there exists ro > 0 such
that

Eo(z0) < Eo(z0 + h) for all h € W'P(Q) with ||h|lw1sq) < T2

Proof. Let h € C1(Q). If 3 > 0 is small, we have

< Eo(z0 + Bh) — Eo(20)
— ﬂ b

meaning that the directional derivative of Fy at zg in direction h satisfies

0

0 < Eo(20;h) for all h € C*(Q).

We recall that h — Ey(z20;h) is continuous on W1P(Q) and the density of C1(Q)
in WLP(Q) results in

0 < Eo(z0;h) for all h € WhP(Q).
Therefore, setting —h instead of h, we get
0 = Ey(20),
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which yields
0 :/ |V 20[P 2V 20 Vda —/(f(amzo) — |20|P"220) pdx
@ @ (5.9)
—/ )\\z0|p_2zo<pda—/ g(x, 20)pdo, Yo € WHP(Q).
o0 o0

By means of Lemma 5.2, we obtain u_ < 29 < ug and thus, zg € L>®(2). As
before via the regularity results of Lieberman [45] and Vazguez [63], it follows that
2o € int(C1(Q)) (cf. Lemma 4.2). Let us assume the proposition is not valid.
The functional Eq : W1P(Q) — R is weakly sequentially lower semicontinuous (cf.
Lemma 5.1 ) and the set B. = {y € W'P(Q) : |ly|l w1y < €} is weakly compact

in W1P(Q). Thus, for any € > 0 we can find 3. € B, such that

Eo(20 +ye) = min{Eo(20 + y) : y € Be)} < Eo(20). (5.10)
Obviously, y. is a solution of the following minimum-problem
min Ey(z0 + y)
AS Bsygs(y) = %(Hy||€vl,p(g) —eP) <0.

Applying the Lagrange multiplier rule (see, e.g., [46] or [14]) yields the existence of
a multiplier A > 0 such that

Ep(20 + ye) + Acgi(ye) =0, (5.11)

which results in

/ |V (20 + v)|P2V (20 + ye ) Vda
Q

B / (f (2, To(x, 20 + ye)) — |20 + =[P 7% (20 + ye) )pda
@ (5.12)

- / MNTE (2, 20 + ye ) P20, 20 + ) + g(x, TO (2, 20 + y2)) ) pdo
a0

+ AE/ Vye P~ VyVidz + )\e/ [P ?y=ipdz = 0,
Q Q
for all ¢ € W1P(Q). Notice that \. cannot be zero since the constraints guarantee

that y. belongs to B.. Let 0 < A\ < 1 for all € € (0,1]. We multiply (5.9) by .,
set ve = 2o + ¥e in (5.12) and add these new equations. One obtains

/ |Vv5|p_2Vv5V<pdx + )\5/ \Vzo\P_QVZOVgodx
Q Q
+ /\5/ |V (ve — 20)|P" 2V (ve — 20)Vda
Q

= [ (et 20) + fa Tole,v0))odo

@ (5.13)
- / (AE‘ZO|p72ZO + |U5|p72115 + )‘E|UE - 20|p72(1}5 - ZO))‘Pd'r

Q

+ / Ahel20lP =220 + [T (v ) [P~ 2T0% (, v2)pdor
onN

+ / (e, 20) + g, Tz, 02)) oo
o
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Now, we introduce the maps A, : QxRY — RN, B, : QxR — Rand ®, : 90xR —
R defined by
Ac(w,€) = [§[7726 + A | HP72H + Xe|¢ — HP7*(§ — H)
_Be(wi) = )\Ef(xa ZO) + f(vaO(xa¢))
— (Ael20/P 220 + [P 29 + Al — 20[P2(¢ — 20))
O (w,9) = Ae|20[P %20 + T3 (&, ) P> T (2, 9))
where H(z) = Vzo(x) and H € (C%(Q))" for some a € (0,1]. Apparently, the
operator A.(x, &) belongs to C(Q x RN, RN). For x € Q we have
(Aa(xag)vg)RN
= [€IP +A(le = HP2(E — H) = | - HIP*(—H),§ —= H — (~H))g~  (5.14)
> ||¢||P for all € € RY,

where (-, -)g~ stands for the inner product in RY. (5.14) shows that A. satisfies a
strong ellipticity condition. Hence, the equation in (5.13) is the weak formulation
of the elliptic Neumann problem

—div A.(x, Vue) + Be(z,v:) =0 in Q,

5.15
8311)15 = O (z,v.) on 0N). (5.15)
Ove

where %= denotes the conormal derivative of v.. To prove the L*°—regularity of
ve, we will use the Moser iteration technique (see e.g. [22],[23],[24], [25], [43]). It
suffices to consider the proof in case 1 < p < N, otherwise we would be done.
First we are going to show that v} = max{v.,0} belongs to L>(Q). For M > 0
we define vps(z) = min{vt (z), M}. Letting K(t) =t ift < M and K(t) = M
if t > M, it follows by [43, Theorem B.3] that K o v = vy € WHP(Q) and
hence vy € WHP(Q) N L°°(2). For real k > 0 we choose ¢ = ’UE-H, then Vo =
(kp+ 1)v5Vuy and @ € WHP(Q) N L (). Notice that v. () < 0 implies directly
vp(z) = 0. Testing (5.13) with ¢ = vﬁ}ﬁ'l, one gets

(kp+1) /Q Vot P2Vt Voot da +/Q vt [P~ 20t ok 4o

O (kp + 1)/9 [|V(v: — )PV (0 — 2) — | — Vz0|p—2(—v20)]
x (Vop — Vzp — (—Vzo))vﬁ)dz

= [ (t@.0) + . Totaod ek de (5.16)
- /Q(/\E|30|p*220 + Aol = z0P 2 (v — 20))opp T da

" / AAclz0[P %20 + | T5 (2, v P2 T (2, 01))ony T dor
o9

* / (Aeg(x, 20) + 9@, T§ 2 (@, 01)) )iy T do.
oN
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Since zo € [u_,uy], 7(20) € [T(u_), 7(uy)], To(x,v:) € [u_,uy] and T (z,v.) €
[T(u_),T(us)] we get for the right-hand-side of (5.16) by using (f3) and (g3)

1) /Q(/\gf(x,zo) + f(%TO(va;_)))UIX/Z[j-'—ldJJ <ep / (v )P Hldy

Q
@) = [ OcliaP=20-+ cli? 2P =20 = o))l da
Q

€
Q

S/ez(vj)(kﬂ)pda:—k(m/(vj)kpﬂdx
o Q

<es |u:|p*1(u;)kp+1dx+e3/ﬂ\zo|p*1(v+)kp+1dx

(5.17)
®) [ Ml + T )P o )l o
0
< 65/ (vt de
0
@) [ gl z0) + gl T 02 )k o
ro)
< 66/ (v do.
0
The left-hand-side of (5.16) can be estimated to obtain
(kp + 1)/ |V’U:|p_2V7):VUMU§§d:L‘ —|—/ |v:|p_2v;rvﬁf+1dm
Q Q
+ Ae(kp + 1)/ [|V(v;r — 20)[P2V(vF — 2) — | — Vzo|p_2(—Vzo)}
Q
x (Vop — Vzo — (—Vzo))vﬁ)dm (5.18)

2 4 1) [ Vol s [y
Q Q
kp+1 e / e
(k+ 1) d Pz
SECERIE [/QV”M' T | @) e de

Using the Holder inequality we see at once

kp+1
+

bt (==
/ 1- (o) Tlde < |Q|TTDp (/ (vj)(k+1)pdx> , (5.19)
Q Q

and analog for the boundary integral

kp+1

_ k+1)
/ 1. (vF)PHde < |0Q s ( / (vj)<k+1>pda) " (5.20)
o0 o

Applying the estimates (5.17)-(5.20) to (5.16) one gets
kp+1

k+1|p +\p—1, kp+1
L |:/Q|VUM | da:+/n(va) Uy dx}

(2P+)1 (1)2297431

+1)p +1)p

< e / (o) FHVPdy + e (/ (U;)(]Hl)pdx) +es (/ (vj)(k”q)pda) .
Q Q oN
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We have limps—oo var(z) = v (z) for a.e. z € Q and can apply Fatou’s Lemma

which results in
k 1
kp++1 |:/ |v k+1|pd:17+/‘ k+1|pd17:|

G
<ep / () *+DPAy 4 e; </ (vj)“““”’dx) (5.21)
Q Q

kp+1

ol =+Dp
+es (/ (vF )k )pda> .
o0
We have either

ka1 (:Tl—)lp bl (erl—)lp k1
/(v:)( Py <1 or /(’U:)( TPy < /(v:)( Py,
Q Q Q

respectively, either

ka1 (:i-'l—)lp bl (zzfl—)lp k1
/ (vF)E+DP <1 or / () kP S/ (v ) *E+DP g,
o9 a0 o0

Thus, we obtain from (5.21)

k 1
P+ /|v k+1|pd$+/‘ k+1|pd$
k+1

(5.22)
<eg /Q(vj)(kﬂ)pdz + e1o0 /aﬂ(v:)(kJrl)pda +e11.

Next we want to estimate the boundary integral by an integral in the domain €.
To make it, we need the following continuous embeddings

s—1 1
Ty : B,,(2) — Byp 7 (09), with s > »

s—1 1
T, : By, * (09) — By, (0) = LP(92), with s > >

where s = m + ¢ with m € Ny and 0 < ¢ < 1 and 9Q € C™! (see [58, Page 75
and Page 82|, [64, Satz 8.7] or [21, Satz 9.40]). In [21] the proof is only given for
p = 2, however, it can be extend to p € (1,00) by using the Fourier transformation
in LP(Q).

Here B,,(€2) denotes the Sobolev-Slobodeckii space W*P(Q2) for s € R which is
equal to the usual Sobolev space W*P()) for s € N. We set s = %Jrévwith €>0is
arbitrary fixed such that s = % + & < 1 which only requires a Lipschitz boundary
0f) because m = 0 . This yields the embedding

Ty : By (Q) — LP(99). (5.23)

The pair (Bp,(Q), B},(Q2)) = (LP(€2), W'?(Q)) is an interpolation couple since
there exist the embeddings WP(Q) — LP(Q) and LP(Q2) — LP(Q) where LP(£2)
is, in particular, a locally convex space. The real mterpolatlon theory implies

(B, (9), B;p(Q))%+g7p = (LP(Q), Whr(2)) = Bﬁp () (for more details see

1~
;+57p
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[2],[61],[62]) which ensures the norm estimate

lyg 1-1i-¢ 1
< ewz||vlliyin ) vl poin) » Yo € Bop (9), (5.24)

+&

ol

'!ﬁ
-ﬁ’Uh—‘

with a positive constant ejs only depending on the boundary 9. Using (5.23)
(5.24) and Young’s inequality yields

[ (@ 1ydo
o0
:”(U )k+1HLp (09)
X [Cea et

(@) (5.25)

1-1_8)p
< el IR iy )
1 1
P e e + CONE ey ™)

< efzers (4 (U;r
+
£

— By Bl ey + CONH )

~_ _p ~_ _p on g 1,1 _ e
where ¢ = s and ¢ = 15, are chosen such that tt o = 1 and ¢ is a free

parameter specified later. Note that the positive constant C(6) depends only on &
Applying (5.25) to (5.22) shows

kp—i—l {/ |V k+1|pd$+/| k+1|pdx]
k+1

< eg /Q(v:)(kﬂ)pdx + €10 /69(vj)(k+1)pda + e

<egy /ﬂ(v;r)(kﬂ)p)dx + 6145||(Ue+)k+1||€[/1,p(9) i 6140(5)||(U;)k+1”[[)1p(ﬂ) +en,

— IS it — __kptl
where e14 = ejpejs€, is a positive constant. We take § = S o get

ol kel 1902y e+ [ [02) 1)
(k + ]_)p 6142 k + 1

< e / (W) *FOP)dz + exaC(6) | (02, 0 + ent
Q

< 615/(vj)(k+1)p)dm+eu,
Q

and hence,

2(k+1)P
||(v:)k+1HW1 PQ) = W €15 SZ(U;_)(k+1)p)d$ +e11

By Sobolev’s embedding theorem a positive constant eg exists such that

D) o ) < ersll (D) lwrw(o (5.26)
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where p* = —_ ifl<p< N and p* =2pif p=N. We have

”U:_”L(k'*-l)P*(Q)

1
= ‘l(v+)k+1 ||£;j(gz)

1
< BT I ET, o

k1) \ 7 (Gar
+y(k+1
i (acpm/) o e

1

1
1 1 E+1 CES] ++Dp
< elkg-l 61(1%+1)P ((k;+ 1)3/1)) |;/Q(v;r)(k+1)l7)dx + 1:| .

where ej7 = 2max{ess, €11}

1 1

k+1 H k+1 e

Since (;)1 > 1 and lim (;)1 = 1, there exists a con-
(kp+1)¥ b=ee \ (kp+1)7

1

k+1) 7 !
stant e;g > 1 such that (;)1 < ey ™. We obtain
(kp+1)»

1 1 *+Dp
o gy < Tl | [ @ytrman | 7T G
Q
Now, we will use the bootstrap arguments similarly as in the proof of [25, Lemma
3.2] starting with (k1 4+ 1)p = p* to get
[0 || Lesne= () < e(k)

for any finite number & > 0 which shows that v} € L"(Q) for any r € (1,00).
To prove the uniform estimate with respect to k we argue as follows. If there is a
sequence k, — oo such that

/ (o)t P dz < 1,
Q

we have immediately
[0 L) < 1,

(cf. the proof of [25, Lemma 3.2]). In the opposite case there exists ky > 0 such
that

/(vj)(kﬂ)pdac > 1
Q

for any k > ko. Then we conclude from (5.27)

1

1
Nlod || 1 10+ @) < efgl exs et VP o || Lk svre, for any k > ko, (5.28)

where e19 = 2e37. Choosing k := ky such that (k1 + 1)p = (ko + 1)p* yields

1

”vs ||L("1+1)p Q) < 611+1 el‘ém (kng)pHv

+HL(7<1+1>P(Q) (5.29)
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Next, we can choose ko in (5.28) such that (ke + 1)p = (k1 + 1)p* to get

1
kot+1 \/’62+1 (k2+1)p||v

02 [l koo () < €18 Sl Lt rnn @

L (5.30)
_ elkgﬂ efém 1(;2+1)p||v+||L(k1+1)p @)
By induction we obtain
o2 | penser @) < eknﬂelsknﬂelg"ﬁ)p [0 | Lm0 (02)
. (5.31)
= elkéml elxs/zmﬂ 61(Sn+1)p ||,U;||L(k"—1+l)p* @

where the sequence (k;,) is chosen such that (k, + 1)p = (k,—1 + 1)p* with kg > 0.
A\ T
One easily verifies that k, + 1 = (%) . Thus

" Y >
”U:”L(knﬂ)i’*(ﬂ) = s ers VEitl e | D ||U+||L(k0+1)p @ (5.32)
with r, = (k, + 1)p* — 00 as n — oo. Since m = (p%)i and £ <1 there is a
constant egg > 0 such that
||’U;_||L<kn+1)l’*(§2) < eaol[vd || ko 1ye- Q) < 0. (5.33)

Let us assume that v € L>(Q). Then there exist n > 0 and a set A of positive
measure in Q such that v (x) > eaol[vL || to+1p® () + 1 for z € A. Tt follows that

1
«\ Fnt+Dp*
||UE+HL(kn+1)p* @ 2 (/A |v:(x)|(’€n+1)p >

1
> (e2ol[v [l Levo+ 10 () + 1) [ A TP
Passing to the limes inferior in the above inequality yields
lim inf ||U;r||L<kn+1>p*(Q) > eQO””:”L(’“o“)P*(Q) +,
n—oo
which is a contradiction to (5.33) and hence, v € L*(Q). In a similar way one
shows that vZ = max{—v.,0} € L>(Q). This proves v. = v —v; € L>®(Q).

In order to show some structure properties of A, note that its derivative has the
form

DeA:(x,€) =[€["21 + (p — 2)I¢P~*e€”
| = HPZ2I + Ae(p = 2)€ = HPTH(E — H)(§ — H)T,
where [ is the unit matrix and ¢7' stands for the transpose of . Using (5.34) implies
IDeA (&, €) v < ax + aslél ™2, (5.35)
where a1, as are some positive constants. We also obtain
(DeAs(x, €)Yy, y)mn
= €2 llyliz~ + (0 = 2)EP (& y)Rn
+Ale = HIP2|lyllgn + Ac(p = 2)I€ = HPHE — H, y)gn
N {|s|p—2||y||§w ifp>2
- DIEPPlylEy i l<p<2
> min{1,p — THEP?|lyll~-

(5.34)

(5.36)
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For the case 1 < p < 2 in (5.36) we have used the estimate |£[P~2||y||2y + (p —

2)[€P74(&, y)2n = (p— 1)[EP72|ly||2~ . Because of (5.35) and (5.36), the operators
A., B and @, satisfy the assumptions (0.3a-d) and (0.6) of Lieberman in [45] and
thus, Theorem 2 in [45] ensures the existence of & € (0,1) and M > 0, both
independent of € € (0, 1], such that

ve € C12(Q) and [velloria@m < M, forall e € (0,1]. (5.37)

Due to y. = v. — 2o and the fact that v, 29 € C1® (Q), one realizes immediately
that y. satisfies (5.37), too. Next, we assume A, > 1 with ¢ € (0,1]. Multiplying
(5.9) by —1 and adding this new equation to (5.12) yields

/ |V (20 + v)|P"2V (20 + y- ) Vpda — / |V 20|P 2V 20 Vda
Q Q
+ A / |Vye|P2Vy.Vdz

Q

- / (F(as Tole, 20 +92)) — f(, 20))od
¢ (5.38)
+ /Q (20P~220 — |70 + e[~ (20 + ) — Aclyel? 292 )l

" / AT (@, 20 + o) P72TE% (0, 20 + ye) — 20”220 oo
a0
+/ (g(:z:,T(?Q(as, 20+ ¥e)) — g(z, 20))pdodz.
a0
Defining again

Ac(,€) = 5 (H +EP=2(H +€) — | HIP=2H) + ¢~
—B.(z,¢) = f(z,To(w, 20 + 1)) — f(z,20) + |20|" 20
- |ZO + 1/J|p_2(20 + w) - /\€|w|p_2y5 (539)
O (z,0) = AT (%, 20 + ) P> T (0, 20 + ¥) — |20]7%20)
+ g(z, Tz, 20 + 1)) — g(, 20),

and rewriting (5.38) yields the Neumann equation

1
_diV-Aa(-Ty Vye) + )\*Ba(xa ya) =0 in

(5.40)
v, 1

Y
G = 0wy, on o0

where %”lj denotes the conormal derivative of v.. As above, we have the following

estimate

1 _2 -2
(A O = - (H +€P72(H 4 €)= [HP P HH 4 €= B £ 17

> ||€||P for all £ € RY,
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and can write the derivative D¢ A.(z, &) as

DeAu(r,€) =5-(H + €71 + (p— 2)|H + 6P~ (H + &) (H +6)"

€720 + (p — 2)[¢ P~ ge™

(5.42)

We have again the following estimate
[DeAe (2, &) loy < ar + azléP~2, (5.43)
where a1, as are some positive constants. One also gets

(DEAE(xag)yay)]RN
1
= ):(|H+§\p72||y||§w +(p—2)H + &P H + &, y)iv)

+IEP 2 lylizn + (0 = 2P v)zn (5.44)

o P2yl ifp>2
TP ylEy ifl<p<2

> min{1l,p — 1} ?||y|zn-

As before, the nonlinear regularity theory implies the existence of o € (0,1) and
M > 0, both independent of € € (0, 1), such that (5.37) holds for y..

Let € | 0. Using the compact embedding C*#(Q) — C*(Q) (cf. [42, p. 38] or [1,
p. 11]), we may assume for a subsequence y. — ¥ in C*(Q). By construction we
have y. — 0 in W1?(Q) and thus, it holds 7 = 0 which implies for a subsequence
[9ellcr @y < r1- Hence, one has

Eo(20) < Eo(z0 + ¥e)s

which is a contradiction to (5.10). This completes the proof of the proposition. O

Lemma 5.4. Let A > A\;. Then the extremal positive solution u, (respectively,
negative solution u_) of (1.1) is the unique global minimizer of the functional E
(respectively, E_). Moreover, uy and u_ are local minimizers of Fy.

Proof. By Lemma 5.1 we know that Ey : WhP(Q) — R is coercive and weakly
sequentially lower semicontinuous. Therefore, by Theorem 2.2 there exists a global
minimizer v, € WHP(Q) of E,. Since v, is a critical point of Fy, Lemma 5.2
implies that vy is a nonnegative solution of (1.1) satisfying 0 < vy < uy. By (gl)
we infer that

lg(z,8)| < (A —A1)sP™!, Vs :0 < s <y (5.45)
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Using (f4) and (5.45) and applying the Steklov eigenvalue problem in (2.1), we

. s
conclude for £ < min {7f7 Jix}
leilloo ? e llos

€<P1 )\
L (ep1) / / (z,s)dsdx +
ep1(x)
—/ / g(x, 8)dsdo
o0 Jo

1= ep1(x )
e |lerll e an) +/ / (A= A1)sP " dsdo
a0 Jo

Pl Hip(ag)

=0.

This shows Ei(vy) < 0 and we obtain vy # 0. Applying Lemma 4.2 implies
vy € int(C(Q)4). Since uy is the smallest positive solution of (1.1) in [0,9Je] and
0 < vy < wuy, it holds v4 = ugq. Thus, uy is the unique global minimizer of F, .
In the same way one verifies that u_ is the unique global minimizer of E_. Now
we want to show that uy and u_ are local minimizers of the functional Ey. As
uy € int(C'(Q)4) there exists a neighborhood V,,, of uy in the space C'*(Q) such
that V,,, C C1(Q),. Hence E, = Ej on V., which ensures that uy is a local
minimizer of Ey on C'(Q). In view of Proposition 5.3, we obtain that u, is also a
local minimizer of Eg on the space W?(Q). By the same arguments as above we
prove that u_ is a local minimizer of E. ([

Lemma 5.5. The functional Eq : WH?(Q)) — R has a global minimizer vy which
is a nontrivial solution of (1.1) satisfying u_ < vg < u4.

Proof. The functional Eg : W1P(Q) — R is coercive and weakly sequentially lower
semicontinuous (see Lemma 5.1). Hence, a global minimizer vy of Ey exists. Since
vg is a critical point of Ey we know by Lemma 5.2 that vy is a solution of (1.1)
satisfying u_ < vy < uy. Using Ep(uy) = E4(uy) < 0 (cf. the proof of Lemma
5.4) shows that vy is nontrivial meaning vy # 0. (]

6. EXISTENCE OF SIGN-CHANGING SOLUTIONS

First, we are going to show that our functionals introduced in Section 5 satisfy
the Palais-Smale condition. In order to prove this result, we will need a preliminary
lemma which can be found in [48, Lemma 2.1-Lemma 2.3] in similar form.

Lemma 6.1. Let A, B,C : WYP(Q) — (WP(Q))* be given by
(A(u),v) ::/Q|Vu|p’2Vqud:r+/Q|u|p*2uvdx
(B(u),v) := /BQ)\\T(?Q(x,u)\p_2T089(x,u)vdx
©w).0) = [ S Toemode+ [ gl T3 e w)uda

then A is continuous and continuously invertible and the operators B, C are con-
tinuous and compact.
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Proof. According to Lemma 5.1 we introduce again the Nemytskij operators
F,F: LP(Q) — L9(Q) and G, F9 : LP(9Q) — L1(09) by

Fu(z) = f(z,To(z,u(@)),  Fu(z) = |u(@)P~*u(z),
Gu(z) = g(2, 5% (z,u(2))),  F*%u(x) = AT (2, u(@)) P15 (2, u()).

The embedding i : W1P(Q) < LP(£) and the trace operator 7 : W1P(Q) — LP(9)
are compact. We set

Fi=i*oFoi:Wh(Q) — (WhP(Q))",

F2 = i* o F204: WhP(Q) — (WhP(Q))",
Gi=1"0Gor: W"P(Q) = (W'P(Q))*,
FOQ . % o O 1 WhP(Q) — (WH2(Q))",

where i* : LY(Q) — (WIP(Q))* and 7* : LI(0Q) — (WLP(2))* denote the adjoint
operators. The operators F , F @, F9 and G are bounded, completely continuous
and hence also compact. Thus, B = FO? and C = F2 4G are bounded, continuous
and compact. Since the negative p—Laplacian is bounded continuous for 1 < p < oo,
we obtain that A = —A, + F is bounded and continuous.

Finally, we have to show that A is continuously invertible. By Lemma 2.1 in [34]
there exists for every fixed ¢ € (W1P(2))* a unique solution of the equation

Au=—Ayu+ Fu = ¢, (6.1)

which is a consequence of the Browder theorem (e.g. in [36]) since A is bounded,
continuous, coercive and strictly monotone. This implies the surjectivity of A and
since A is also injective, the mapping A~! exists. To prove that A~! is continuous,
we make use of the following estimates

_ _ Cp)lz—yl? if p>2
(P~ 2z — [y~ 2y, — y)rn > o—y? (6.2)
COO)Erp= iHr<2

where (-,-)gm denotes the usual scalar product in R™. Let ¢1,¢2 € (WHP(Q))*
be given and let u; = A~ 1¢1,us = A~1¢y be the corresponding solutions of (6.1).
Testing the related weak formulation with ¢ = u; — ug, subtracting the equations
and using (6.2) for p > 2 yields

|61 — 2l (wrr)«lur — uz|lwir ()

2 /(¢1 — ¢2)(u1 — ug)dx
Q
= / (|VU1|p_2Vu1 — |Vu2\p_2Vu2)(Vu1 — V’UQ)dZL’
Q
+ / (Jur|P~2uq — |ua|P~2ug) (ug — ug)dx
Q

> C) [ (901 = Vol + s =l
Q

= Cp) s — el ey
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Consequently,

1A (¢1) = A7 (d2)llwiwa) < Clldr — ¢2|| (Wn ()
Let us consider the case p < 2. We have

V(uir —u

Vi ) = TVl + V)
1 2

s — sl = — 2y -y

(lua] + |uol) =7
to obtain by applying the Holder inequality

2—p

[ (] ) ([ o)

| 1_u2|2 )Zz] (/ )22]3
— d —d Pd .
/|u1 ug|Pdx < (/ (Taa] + Tl 7 i Q(|u1|—|-|uz|) x

From (6.2) and the estimates above we get

[ur — uz|lwir )
(lurllwrr @y + lullwie@)?=? —

< Cllp1 — b2l (wrr@))= (6.3)

where C' is a positive constant. The weak formulation of (6.1) implies for v = w;
and ¢ = u;

Huz”Wl 2(Q) < ||¢1H(W1 2(Q)) ||u’iHW1‘IJ(Q)7Z. =1,2,
and thus, (6.3) provides
A (¢1) — A" (d2)wrr o)

2—p
< (1orlftaony + 162y ) 101 = dallovroayy

which completes the proof. O

By means of this auxiliary lemma, we can prove the following.

Lemma 6.2. The functionals By, E_, Ey : WYP(Q)) — R satisfy the Palais-Smale
condition.

Proof. We show this Lemma only for Fy. The proof for E,, F_ is very similar.
Let (u,) C WHP(Q) be a sequence such that Eg(u,) is bounded and E}(u,) — 0
as n tends to infinity. Since |Eg(u,)| < M for all n, we obtain by using Young’s
Inequality with Epsilon and the compact embedding WP (Q) — LP(9Q)

M Z E()(’U,n)
1 p P un(z)
=7UmeMn+me@<i/A J (@, Tolw, ))dsdz
Un(x)
/ / INTG (, 8)[P 2T (2, 5) + gz, T (2, 5))] dsdo
o0

>(1/p—e1 —ex—e3 Hun||W1 (Q) - C.



CONSTANT-SIGN AND SIGN-CHANGING SOLUTIONS 31

Choosing ¢;,7 = 1,2, 3 sufficiently small yields the boundedness of wu,, in W1?(Q),
and thus, we get u,, — u for a subsequence of u,, still denoted with u,,. We have

A(up) — AB(uy,) — C(uy) = E\(uyn) — 0,

which implies the existence of a sequence (8,) C (W1P(Q))* converging to zero
such that

Uy = AV AB(up) + C(un) + 0,).

By Lemma 6.1 we know that B, C' are compact and A~! is continuous. Passing to
the limit in the previous equality yields

u, — AT (AB(u) + C(u)) =: u,
meaning that u, — u strongly in W1P(Q). O

Now, we can formulate our main result about the existence of a nontrivial solu-
tion of problem (1.1).

Theorem 6.3. Under hypotheses (f1)—(4), (g1)—(g4) and for every number X >
A2, problem (1.1) has a nontrivial sign-changing solution ug € C*(Q).

Proof. Lemma 5.2 implies that every critical point of Ej is a solution of problem
(1.1) in [u—,uy]. The coercivity and the weakly sequentially lower semicontinuity
of Ey ensure along with infy1.0q) E4(u) < 0 (cf. the proof of Lemma 5.4) the
existence of a global minimizer vy € W1P(Q) satisfying vg # 0. This means that
vo is a nontrivial solution of (1.1) belonging to [u—,u]. If v # u_ and vy # uy,
then ug := vy must be a sign-changing solution since u_ is the greatest negative
solution and w4 is the smallest positive solution of (1.1) which proves the theorem
in this case. So, we still have to show that the theorem is also true in case that
either vg = u_ or vg = uy. Without loss of generality we suppose vy = uy. The
function u_ can be assumed to be a strict local minimizer. Otherwise we would be
done. Now, we can find a p € (0, [[uy — u_|lw1.»(q)) such that

Eo(uy) < Ep(u-) < inf{Ep(u) : u € 0B,(u—)}, (6.4)

where 0B, = {u € W'?(Q) : |lu — u_||wrr@) = p}. Due to (6.4) along with
the fact that E satisfies the Palais-Smale condition (see Lemma 6.2) enables us
to apply the Mountain-Pass Theorem to E; (cf. Theorem 2.5) which yields the
existence of ug € W1P() satisfying Ej(ug) = 0 and

inf{Eop(u) : u € 0B,(u_)} < Ep(uo) = ;Ielﬁ ter?_alxl] Eo(v(1)), (6.5)

where
I'={yeC([-1,1],W""(Q)) : 7(=1) = u_,y(1) = uy}.

We see at once that (6.4) and (6.5) show ug # u_ and wug # uy, and therefore, ug
is a sign-changing solution provided ug # 0. In order to prove ug # 0 we are going
to show that Ey(ug) < 0 which is satisfied if there exists a path 7 € I" such that

Eo(3(t)) < 0, ¥t € [-1,1]. (6.6)
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Let S = Whr(Q) naBy Y, where By Y = {u € LP(99Q) : |[ull ooy = 1},
and Sc = SN CQ) be equipped with the topologies induced by W1?(Q) and
C1(9), respectively. Furthermore, we set

Lo ={yeC([-1,1],5) : v(-1) = —p1,7(1) = @1},
Loc={y€ C([-1,1],Sc) : 7(=1) = —p1,7(1) = ¢1}.

In view of assumption (gl) there exists a constant d; > 0 such that
== <y, fora.a zedandall0<|s| <4, (6.7)

where p € (0, A — X2). We select pg € (0, A\ — A2 — u). Thanks to the results of
Martinez and Rossi in [49] we have the following variational characterization of g
given by (see (2.2)-(2.4) in Section 2)

Ao = inf  max / [|Vu|p + \u|p} dx. (6.8)
€0 uey([-1,1]) Jo

Since (6.8) there exists a v € I’y such that

)

ma 9Oy < Ao +

te[—1,1]
It is well known that S¢ is dense in S. Let v € Ty meaning v : [-1,1] — S is
continuous and let ¢y € [—1,1] fixed. The continuity of 7 implies the existence of
0% > 0 such that for € > 0 holds

||’Y(t) - ’Y(to)H S ) vt € B(tov 61)7

Wl ™

where B(tg, ') stands for the open ball around t, with radius 6*. Since S¢ is dense
in S, we find . € I'g,¢ such that

e (to) — v(to)ll <

W] ™

Applying again the continuity argument guarantees the existence of 62 > 0 such
that

17e(to) = ()|l < %, Vt € Blto,5?).

Let 6% := min{d', 6*}. Then we obtain
[[7e(t) =¥ (®)]l

< e (t) = ve(to) | + l1ve(to) — v(to) | + v (t) = v()|l
<e, Vt € B(ty, ).

WM™

Hence, we have found an open cover of [—1,1] such that
—1,1c |J Bt dt),
tie[fl,l]
and due to the compactness of [—1, 1], there exists a finite open cover meaning
Fuic | B o)),

t; €[—1,1]
i=1,...,k
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which implies

lve(t) =@l <ke =& Vvt | J Bt d(t:) > [-1,1].

tiel—1,1]
i=1

This proves the density of I'g ¢ in I'g and thus, for a fixed number r satisfying
0<r<(A+ po)% — (A2 + %)%, there is a 9 € I'g ¢ such that

_ p
rel=1) () =0 Olfyr0@) <7

This yields

p
[ 0 Ol10(0) < A2+ po-

Let 6 := min{dy, d2}, where d; is the constant in condition (f4). Due to the bound-
edness of the set yo([—1,1])(2) in R ensures the existence of g > 0 such that

eolu(z)] <& for all x € Q and all u € y([—1,1]). (6.9)

Lemma 4.3 ensures that uy, —u_ € int(C*(Q)4). Thus, for every u € vo([—1,1])
and any bounded neighborhood V,, of u in C*(Q) there exist positive numbers h,,
and j, satisfying

1 — 1 —
Ut = 3V € int(C*(Q)4) and —wu_ + jv € int(CH(Q) ), (6.10)

if h > hy,j > ju,v €V,. By a compactness argument from (6.10) we conclude the
existence of €1 > 0 such that

u_(z) <eu(z) <uq(z) forall z € Q,u e v([—1,1]) and Ve € (0,£1). (6.11)

Let 0 < ¢ < min{eg,e1}. Now, we consider the continuous path ey in C*(£2)
joining —ep; and ep;. We obtain by using hypothesis (f4)

£v0(t) (@)
—/ / f(z, To(x, s))dsdx < 0. (6.12)
aJo

Applying (6.7), (6.9), (6.10), (6.11),(6.12) and the fact that vo([—1,1]) c 9B @

we have

Eo(ev0(t))

op ; ) 20 (1) (x)
UV ey + 0O ) = [ [ S T s)dsae

¥ (0)(2)
- / / [NTG (@, 8) P2 T8 (@, 8) + g (2, T§ (2, ))] dsdo
o2 Jo

6.13
2P P ev0(t)(x) ( )
< ;()\2 + po) — ;)\ — /BQ/ g(z, s)dsdo
0
2P
< ;()\2-1-/)0—)\—##)

<0 forallte[-1,1].
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In the next step we are going to construct continuous paths v;,v— which join ey
and u,, respectively, —u_ and —ep;. We denote

et = c(A) = By (epr),
my =mq(A) = Eq(uy),
EC ={ueW"P(Q): B4 (u) < cy}.

Since uy is a global minimizer of E, we see at once that my < cy. Using Lemma
5.2 yields the nonexistence of critical values in the interval (m,c;]. Due to the
coercivity of E, along with its property to satisfy the Palais-Smale condition (see
Lemma 6.2), we can apply the second deformation lemma (see, e.g. [38, p. 366]) to
E, . This guarantees the existence of a continuous mapping n € C([0, 1]x ES, ET)
with the following properties:

(i) n(0,u) = u for all u € EYF
(ii) n(1,u) = uy for all u € B .
(i) Ey(n(t,u)) < Eq(u), Vvt € [0,1] and Yu € ESF.

We introduce the path vy : [0,1] — WYP(Q) given by v (t) = n(t,ep1)t =
max{n(t,ep1),0} for all ¢ € [0,1]. Apparently, v, is continuous in W1P(Q2) and
joins €p1 and u4. Moreover, we have

Eo(14(8) = B+ (v+(1)) < B4 (n(t.e01)) < By (1) < 0 for all t € [0,1]. (6.14)

Analogously, we can apply the second deformation lemma to the functional E_ and
obtain a continuous path y_ : [0,1] — WP(Q) between —ep; and u_ such that

Eo(y-(t)) <0 for all ¢t € [0,1]. (6.15)

Putting the paths together, v_, v and 74 yield a continuous path ¥ € T' joining
u_ and uy. In view of (6.13), (6.14) and (6.15) it holds ug # 0. So, we have found
a nontrivial sign-changing solution ug of problem (1.1) satisfying u_ < ug < uy.
This completes the proof. ([l
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