ON PARABOLIC VOLTERRA EQUATIONS DISTURBED BY
FRACTIONAL BROWNIAN MOTIONS

STEFAN SPERLICH

ABSTRACT. Aim of this paper is to study the parabolic Volterra equation
u(t) + (b Au)(t) = (Q'/2BM)(t), t>0,

on a separable Hilbert space. Throughout this work the operator —A is as-
sumed to be a differential operator like the Laplacian, the elasticity operator,
or the Stokes operator. The random disturbance Q1/2B* is modeled to be a
system independent vector valued fractional Brownian motion with Hurst pa-
rameter H € (0,1). We derive optimal conditions for the existence of a unique
mild solution and the Hélderianity of its trajectories. For this purpose we do

the analysis on stochastic integrals of the form
oo
[ roa@ 28" @, 1>
0

where the integrand R is a deterministic, operator valued function.

1. INTRODUCTION

Random effects on mainly deterministic systems occur in many areas, for in-
stance in flow mechanics or interest rate models. Usually Wiener processes are
used to describe these random effects, but this is no longer adequate if the pertur-
bations possess any chronological dependence. For this purpose Mandelbrot and
van Ness proposed in their famous work [10] the notion of a fractional Brownian
motion. Basically this concept formulates Gaussian processes indexed by a pa-
rameter H € (0,1). This parameter was named after the hydrologist Hurst who,
together with some collaborators, demonstrated in their pioneering work [7] that
this approach is appropriate to describe statistic time series in a hydrological frame-
work. To the authors knowledge, the first work on stochastic differential equations

with a vector valued fractional Brownian motion disturbance is Grecksch & Anh [6].

In Section 2 we start to collect some basic tools needed for the investigation of

the equations to be studied. After fixing some notations we review some results on
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the theory of the abstract Volterra equations. Concerning parabolic problems of

Volterra type we use the monograph of Priiss [13] as a general reference.

The aim of Section & is to introduce stochastic integration with respect to a
vector valued fractional Brownian motion. We consider deterministic, operator

valued integrands and study the stochastic integral

/ T ROAQV2BM 1), ¢ 0.

Therefore we review the definition of a real valued fractional Brownian motion,
repeat its property of Holderianity and define a (Q-covariance fractional Brownian
motion which takes values in a separable Hilbert space H. Unlike most publications
concerning stochastic integration (e.g. Duncan, Jakubowski & Pasik-Duncan [5],
van Neerven & Veraar [17], Dettweiler, Weis & van Neerven [4]) we adhere to the
Q-covariance type instead of considering a cylindrical process. We obtain a mean
square isometry of It6 type and deduce estimates of the first and second moment.
Even though this result is not completely new, we connect it closely to the homoge-

nous Bessel potential space of a certain order, which appears to be quite satisfactory.

Finally, in Section 4, we turn our attention to equations of the type
u(t) + (b* Au)(t) = (Q'*B)(t), t>0,

where A is assumed to be an unbounded, selfadjoint, positive definite operator on H
with compact resolvent and the kernel b should be thought of as a stress relaxation
kernel, or a material function of fluid behavior. We prove certain existence and
regularity results for a system independent right hand side Q*/2B". With system
independence we mean, that the eigensystems of the operators A and Q do not

necessarily coincide.

2. PRELIMINARIES

2.1. Some notations, function spaces, Laplace transform. In this section we
fix some of the notations used throughout this paper, recall some basic definitions
and give references concerning function spaces and the Laplace transform.

By IN, R, C we denote the sets of natural numbers, real and complex numbers,
respectively, and let further Ry = [0,00), C; = {A € C : ReA > 0}. H will
denote a separable Hilbert space with norm |- |3 and inner product (+|-)%. X and
Y will usually be Banach spaces; | - |x designates the norm of X. When there are
no ambiguities we will skip this index. The symbol B(X;Y) means the space of
all bounded linear operators from X to Y, we write B(X) = B(X; X) for short.
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Furthermore the symbols .4 (H) and .%2(H) denotes the spaces of nuclear operators
and Hilbert-Schmidt operators on H, respectively; we have the embeddings

L(H) — L(H) — B(H).

In case the operator T : H — H is selfadjoint with eigenvalues A = (\,)nen, the

norms in these spaces can be written as

1Tl .2, x) = lAlley s
1Tl 2o+ = [IMles-

For nuclear operators 7" on H one can define the trace of T' in virtue of

o0

Te[T] = Z(Tgn | gn)n,
n=1
where (g5, )nen is an orthonormal basis in H. Note that the series of the right hand
side converges if T" is nuclear and that its value is independent from the choice of the
orthonormal basis (g, )nen. Due to this property nuclear operators are sometimes
called operators of trace class. One can show, that | Tr[T']| < [|T|| &, () holds and,
moreover, that Tr[T] = || T ¢, ¢ if T is positive semidefinite and selfadjoint.

By H; we mean the homogenous Bessel potential space of order s which is defined

Hasz{fes%m:ﬂgﬁfwﬂhfm7<u},

where S* is the space of tempered distributions and .% f denotes the Fourier trans-
form of a function f. For a comprehensive account of the theory of these function

spaces we refer to Triebel [16].

If A is a linear operator in X, D(A), R(A), N(A) stand for domain, range, and
null space of A, respectively, while p(A), o(A) designate the resolvent set and the
spectrum of A.

In what follows, let X be a Banach space. For J C R open or closed, C(J; X)
and Cy(J; X) stand for the spaces of continuous resp. bounded continuous functions
f+J — X. Further, if a € (0,1), C%(J; X) designates the space of all Holder-
continuous functions f : J — X of order a.

If not indicated otherwise, by f * g we mean the convolution defined by

U*W@FiAfU*TMUMﬂ t>0,

of two functions f, g supported on the halfline.
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For u € Ly joc(R4;X) of exponential growth, ie. [~ e ! |u(t)|dt < oo with
some w € R, the Laplace transform of u is defined by

u(A) :/ e Mu(t)dt, Rel > w.
0

The next section addresses our attention to the notion of parabolic problems.

2.2. Evolutionary integral equations. The theory of parabolic problems used

in this study is taken from Priiss [13].

Let H be a separable Hilbert space, A a closed linear, but in general unbounded
operator in H with dense domain D(A), and let a € L 10c(R+) be of subexponential
growth, which means [~ e~**|a(t)|dt < oo for all € > 0. Then it is readily seen
that the Laplace transform a()\) of the kernel a exists for Re A > 0. We consider

the Volterra equation
(2.1) u(t) + (ax Au)(t) = f(t), =0,

where f: R — H is a given function, strongly measurable and locally integrable,

at least.

In the sequel we denote by H 4 the domain of A equipped with the graph norm
| - |a of A, ie. |x|a = |z|+ |Az|; Ha is a Banach space since A is closed, and it
is continuously embedded into H. The following notations of solutions of (2.1) are
natural. We abbreviate by J the time interval [0,7], T > 0, or the whole halfline
R,.

Definition 2.1 ([13, Definition 1.1]). A function u € C(J;H) is called

(a) strong solution of (2.1) on J if u € C(J;Ha) and (2.1) holds on J;
(b) mild solution of (2.1) on J if axu € C(J;Ha) and u(t) = f(t) — A(a * u)(t)

on J.

Obviously, every strong solution of (2.1) is a mild one. The converse is not true,

in general.

Now we may use the concept of parabolicity which was introduced in [13]:

Definition 2.2 ([13, Definition 3.1]). Equation (2.1) is called parabolic, if the

following conditions hold.

(P1) a(A) #0, 1/a(X) € p(A) for all Re A > 0.
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(P2) There is a constant M > 1 such that
%(I+6(A)A)‘1 < % for all Re\ > 0.

The notion of sectorial kernels is given by

Definition 2.3 ([13, Definition 3.2]). Let a € L1 j0c(R+) be of subexponential
growth and suppose a(\) # 0 for all ReA > 0. a is called sectorial with angle
0 >0 (or merely 0-sectorial) if

(2.2) larga(A)| <6  for all ReA > 0.

Here, arga()) is defined as the imaginary part of a fixed branch of loga(\), and
6 in (2.2) is allowed to be greater than 7. In case a is sectorial, we always choose
that branch of loga(\) which yields the smallest angle ; in particular, if a(\) is
real for real A we choose the principal branch.

A standard situation leading to parabolic equations is described in

Proposition 2.1 ([13, Proposition 3.1]). Let a € L1 jo.(Ry) be 8-sectorial for some
0 < m, suppose A is closed linear densely defined, such that p(A) D %(0,0), and

M
l(u+ A7t < mi for all u € ¥(0,0).

Then (2.1) is parabolic.

If A is sectorial with angle ¢4 (for a detailed survey we refer to [3, Section 1]),
and a is @,-sectorial, then (2.1) is parabolic provided that ¢4 + ¢, < 7, cf. [14,
Proposition 3.1].

An important property of parabolic Volterra equations is the fact that they admit
bounded resolvents whenever the kernel a is 1-regular, see [14, Theorem 3.1]. By
a resolvent for (2.1) we mean a family {S(¢)};>0 of bounded linear operators in H
which satisfy the following conditions:

(S1) S(t) is strongly continuous on R4 and S(0) = I;

(S2) S(t)D(A) Cc D(A) and AS(t)x = S(t)Ax for all z € D(A), t > 0;

(S3) S(t)x + A(a* Sx)(t) =z, for all z € H, t > 0.
(S3) is called resolvent equation, cf. [13, Definition 1.3, Proposition 1.1]. One can
show that (2.1) admits at most one resolvent, and if it exists, then (2.1) has a

unique mild solution u represented by the variation of parameters formula

(2.3) u(t) = % /O S(t— 1) f(r)dr,  t>0,

at least for such f for which (2.3) is meaningful, see [13, Sections 1.1 and 1.2].

The notion of k-regularity of a kernel a(t) is discussed in the next section.
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2.3. Regular kernels. The next definition introduces an appropriate notion of

regularity of kernels.

Definition 2.4 ([13, Definition 3.3]). Let a € L1 10c(R+) be of subexponential
growth and k € IN. a is called k-regular if there is a constant ¢ > 0 such that

(2.4) IAma™(\)| < ¢la(\)], for all ReA >0, 0 <n < k.

It is not difficult to see that convolutions of k-regular kernels are again k-regular.
Furthermore, k-regularity is preserved by integration and differentiation, while sums
and differences of k-regular kernels need not be k-regular. In general, nonnegative,
nonincreasing kernels are not 1-regular, but if the kernel is also convex, then it is
1-regular (cf. [13, Section 1.3]). We call a kernel a € L1 joc(R+) 1-monotone if a(t)

is nonnegative and nonincreasing; for k > 2 we define

Definition 2.5 ([13, Definition 3.4]). Let a € L1 joc(R4) and k > 2. a(t) is called
k-monotone if a € C*2(0,00), (=1)"a™(t) >0 for allt > 0,0 <n <k —2, and

(=1)*=2a(k=2)(t) is nonincreasing and conve.

The aim of the subsequent proposition is to connect the notions of monotonicity

and regularity.

Proposition 2.2 ([13, Proposition 3.3]). Suppose a € Ly joc is (k + 1)-monotone,
k> 1. Then a(t) is k-reqular and of positive type.

3. STOCHASTIC CALCULUS FOR FRACTIONAL BROWNIAN MOTIONS

3.1. Fractional Brownian motion. Stochastic differential equations play an im-
portant role in studying random influences on deterministic systems. For this pur-
pose usually Wiener processes are considered. However, this is not adequate if
the chronological independence of the stochastic perturbations is not sufficiently

warranted. Therefore we introduce the concept of a fractional Brownian motion.

Definition 3.1. A real valued Gaussian process 3 := {3"(t)}i>0 on a probability
space (0, %, P) is called a fractional Brownian motion with Hurst parameter H €
(0,1) if for all s,t € Ry

(i) B(0) =0,

(i1) BA"(t) =0,
(iii) Cov[BH(t), BH(s)] = & (t2H + 2 — |t — s|?H).

And in deed, trajectories of a fractional Brownian motion admit the property of

Holder-continuity.
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Proposition 3.1. The trajectories of a real valued fractional Brownian motion
BH = {B"(t) }s>0 with Hurst parameter H € (0,1) are Hélder continuous of order
0 € (0,H) for a.e. we Q.

Proof. By the Kahane-Khinchine inequality (e.g. [9, Corollary 3.4.1]) it is
E|8Y(1) = BH()I” < cp (EBF(E) = BH()2)"" = eyt — s
for all p € [1,00). In particular
E|8"(t) = B(s)I? < eplt — s TP

holds and the Kolmogorov-Centsov-Theorem (e.g. [8, Theorem 2.8]) yields the
claimed Holderianity for every 6 € (0, H — %) and for all p € [1,00). The proof is
complete. (I

A special case of a fractional Brownian motion is a Wiener process, which occurs
in the case H = % Unlike a Wiener process, a fractional Brownian motion with
Hurst parameter H # % is neither a martingale, nor a semi-martingale, nor Mar-
kovian. Throughout this work we want to deal with H-valued fractional Brownian

motions. This gives rise to

Hypothesis (B). The operator @ belongs to £ (H) is selfadjoint, positive semi-
definite and is diagonal with respect to the orthonormal basis (en)nen of H, i.e.
Qen = Ynen and v, > 0 for allm € N. BH := {B"(t)}1>0 is of the form

(3.1) (BA(t)|z) =Y Bl(t)(enlz), teR, zeH,
n=0

where BY are mutually independent real valued fractional Brownian motions with
fized Hurst parameter H € (0,1) on the probability space (2, F,P).

It is well known that B (as in (3.1)) is not a well defined H-valued random
variable. However, due to BH(t) : Q — Hg-1/2, where Hg-1/2 is the completion
of H with respect to the norm \x%,lm = |Q~2x|y, x € H, the process Q'/2B"
converges in Ly(Q2, H). Note that Q'/? is well defined and belongs to %5 (H).

Let us deduce the distributional properties of the process Q/2BH, where the
covariance operator () and the process B satisfy Hypothesis (B). It is obvious
that Q'/2B" is a Gaussian process, so it remains to calculate the mean value and

the covariance.

E(QV2BM() | o) % (Z VAR (ten | x) = 3" VARE@ O en | 2) =0,
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for every x € ‘H. Regarding the covariance we have for all s,t € R
(CovIQ2BH(1), Q2B ()lem | en) = E [(QY2B™(1) | em) (QY2B™(s) | €|
= VAmInE [Br(6)37/(5)]

1
= iémn’Yn (tZH + s — |t — 5|2H)

and therefrom

E Q1/2BH(t) _ Q1/2BH(S) |2H.

2
= lQlz ool s
This leads to the subsequent

Definition 3.2. A stochastic process QV/2B" = {QY/2B"(t)};>0 on a probability
space (Q, F,P), which satisfies Hypothesis (B) is called H-valued fractional Brow-

nian motion with Hurst parameter H € (0,1).

3.2. Stochastic integration for deterministic integrands. This section is de-

voted to stochastic integrals with respect to a H-valued fractional Brownian motion
(3.2) / R(t)d(QY?B")(t), t>o.
0

We want to deduce properties of the function R : Ry — B(H) such that the inte-
gral (3.2) is well defined. For the theory of stochastic integration with respect to a

vector valued Wiener process we refer to [18].

We may start to recall a result from [15, Section 1].

Proposition 3.2. Let 3" be a scalar fractional Brownian motion with Hurst pa-
rameter H € (0,1), then the identity

( [ 1@ <r>> ( /R o) <r>>

R
holds for appropriate scalar functions f and g. Here H3 ~ denotes the homogeneous

(3.3) E =(f19).

Bessel potential space of order % — H.

By the definition of a stochastic integral it is

/ " ROAQ B (1) = 3 / " R(QY e, s (1), 20,
0 n=1 0
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Our first goal is to calculate the covariance operator. For every x,y € H it is

e[( [ roa@ s x)H ([ moa@eswy) |

=E lz / Qe | x) Bt Z / HQYe |y) dﬂﬁ(t)]
—=E lz/ (102 |x) () /OOO (R(t)leel |y)HdﬁlH(t)1
> / Qe | 2) dBf(E) /O ) (RHQ % | y)Hdﬁl”@)]

k<l

E {/OOO (R(t)Q1/2en | x)H dsfl(t) /OOO (R(t)Q1/2en | y)H dﬁ,ﬁ’(t)]

((R(.)Qmen \ g;)H | (R(.)Q1/2en | y) )HT”(m)

and the last equality holds if and only if (R(-)Q'/?e,, | x), € HS_H(RJF) for all
x € H and for all n € IN (cf. [15]). Now we may choose x = y to obtain the

variance

2 woa@ e 1) =3 |(roa e 1s), |

H

+2E

M 11

I
—

n

(R)

[N

for all x € H. Hence, letting (h,)nen an arbitrary orthonormal basis in H, then

Parseval’s equation yields

/ T RMAQBM (1)
0

2
E

o (/ooo R(t)A(Q'*B™)(1) | h’“>2

H

H

]2 T8
M8

H (R(.>Q1/zen | hk)H’ .

1 .
HF (Ry)

=~
Il

1n=1

. L1

Note, that R € H2 (IR+,B(H)) implies R(-)Q'/? € H; H(R+,$2(H)) as well as
(R()QY?e, | x)H € H2 (R+) for all x € H and for all n € IN. Resuming, we
deduced the following identity of Ito-type.

Theorem 3.1. Let R : Ry — B(H) and (hp)nen an orthonormal basis in H. Then
the identity

(3.4

(R+4)

@] =525 (e e ), |

e

N o

holds and the left hand side is independent from the choice of the basis (hy)nen. In
L1
particular the stochastic integral (3.2) is well defined, if R € H3 H(]R+; B(H)).
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Suppose now, that there is a second orthonormal system (g, )nen in H and scalar
functions r(-,-) : R+ x C — R such that the operator R(t) decomposes into

oo

Z r(t, o) (@ | gn)gn, t>0, x€H.

Note that the operator valued function R : Ry — B(H) admits this property if, for
instance, R(t) is selfadjoint and p(R(t)) is compact for all t > 0. We have

| rwa@ s }jg/ (0)Q"/2e, B8 (1)
. Win | rtveaastio
=Y VA [ S gt e
n=1 0 k=1
=S v [ S e L tm o | eendf)
n=1 0 %y
= 3 Vnten ladla e [ rit.pe)asi (e

n,k,l

and Proposition 3.2 gives

2

2| [ ROWQ B0
0 H
=cn > nlen | 9)(gr | e)en | gm)(gm | ) (r( ) | rCotm)) 3 ong
n,k,l,m 2 +
=cr > len | g6)(en | gm)(gm | gx) (r(, ) |T("“m))H%’H(R :
n,k,m 2 +

2 2
=c n{€n ri, 1_
S e 190

=cn Y (Qgy | 9r)(gi | g) (o) | (o).

3-H
H R
ko 5 Bq)

= CHZ Q" 2grlFlir(, uk)ll

k=1 (IR+)

Further let 0 < s <t and define a notation of a shifted, time inverted and trivially

extended function f supported on the half line R, in virtue of

(3.5) f<t>(7') — fit=7) 1—co<T <
0 LT >t
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For brevity we define r,,(7) := r(7, pt,). With this aid the latter observations yield

2
E

/ T (RO (r) — RO (r)d(Q2BM)(r)
0

H

_ = 1/2 12 1..(t) (s) (12
=c E r. —r
Hk:1 |Q gk\H” k k HHz%—H(]R+)

<en Y |QV2g 2l — 2y,
]; k k H22 H(]R)

Now we may introduce the fractional integral of order « of a function ¢ by Z%¢ in

the extended form as

I-%¢ :a<0,
(3.6) I =< ¢ Lo =0,
D% o> 0.

Precisely, this means for o > 0
1
T _ _ a1
( (]5)(7") F(Ol) /]R¢<T)(T T)+ dT7 re IR7

where (z)4 denotes the positive part of a number z. D¢ is defined to be the right
inverse of 7% i.e. for appropriate functions ¢ it holds for a > 0 that D*(Z%¢) = ¢.
We are now in the position to formulate an equivalent representation of the norm
in Hg (R) for —3 < o < 3. This is goes back to Plancherel’s Theorem and reads as

(3.7) 1 i1 gy = 1127 Fll oy -

With this norm representation it is obvious, that if f € Hy(R,) then

F Mg gy < 1F gy = 1 Mgy = 1 ling

holds for —% <o < % and ¢t > 0.

Next, deduce that for H € (0,1) we have

(0 _ ()2 :HZLH ) _ .s) ‘2
[ HHéfH(]R) 2y =) Lo(R)
2
- /R (@) - (@ Hr )| ar
2
(3.8) - /R (@)~ 1) — (@) - s)| ar
2
1 1
— Ii*H (0) —t4 )= IE*H (0) . ‘
|ty =y @m0,

2
< |z jt — s,

B oo (R)
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where By (R) denotes a Besov space; cf. [16, Section 2.3.2] to verify
H3(R) — B o (R).

Finally, with the apparent relation

(39) ||fHH2(R + Hf||H9+"(]R) HIGfHHS ) _% <o < %a
we derived the estimate
2
(t) 2 20
3.10 r.—r < |lrell.1_ + |7l g1 t— s|“.
310) i =12y (el et g | 1

Altogether, we proved the following result.

Theorem 3.2. Let R : Ry — B(H) and (gn)nen be an orthonormal basis in H,
such that R(t) decomposes into

Z t/in x|gn)gna t>0, zeH.

n=1
Then it is
[e’e] 2 ]
(3.11) E / R®AQVZBM)®)] = cnd Qg m)l? 1
0 H k=1 H; (Ry)
and
[e'e] 2 [e'¢]
(3.12) E / RO(N)A(Q2BM)(T)| < cnd 1@ 2gkl3lIr(, mi)| 1on
0 H k=1 Hj (R4)
as well as
o) 2
3.13) E| [ (RO() - ROM)Q B ()
0 H

2
<WZW%mWwHR+mM%%}uﬂW
= (R4) 2 (R4)

4. APPLICATIONS TO PARABOLIC VOLTERRA EQUATIONS

Let us consider the problem
(4.1) u(t) + (b* Au)(t) = QY2BM(t), t>0

in the Hilbert space H, where the kernel b is supposed to be the antiderivative of
a 3-monotone scalar function and the right hand side is due to Hypothesis (B). In
particular we recall that there is a sequence (v, )nen € ¢1(R4) and an orthonormal
basis (e, )nen C H of H, such that Qe, = y,e, for every n € IN. Since in applica-

tions the operator —A will usually be a differential operator like the Laplacian, the
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elasticity operator, or the Stokes operator, we formulate abstractly

Hypothesis (A): A is an unbounded, selfadjoint, positive definite operator in H
with compact resolvent. Consequently, the eigenvalues p, of A form a nondecreas-
ing sequence with lim, . p, = 00, the corresponding eigenvectors (ap)neny C H

form an orthonormal basis of H.

Observe, that Hypothesis (A) implies the sectoriality of the operator A with
angle ¢4 = 0 (cf. [3, Section 1]). This observation allows us to define complex
powers A*, where z € C is arbitrary; cf. [13, Section 8.1]. Note further, that the
orthonormal bases of Hypotheses (B) and (A) do not necessarily have to coincide.
In this sense the stochastic perturbation Q2B is independent of the left hand
side of problem (4.1). This gives raise to call such a perturbation system inde-
pendent. The case of an A-synchronized perturbation, i.e. the case of coinciding
eigensystems of A and @, is studied in [15]. A pioneering work of the problem un-
der consideration in a differentiated form is [2], where the disturbance was modeled
to be an A-synchronized Wiener process. We will show, that the results concern-

ing existence and regularity of the mild solution u of (4.1) do not differ in both cases.

4.1. Results for the standard kernel. We start to study a special case of prob-
lem (4.1) that is

(4.2) u(t) + (ga * Au)(t) = QY2 BH(t), >0,

where g,; denotes the Riemann-Liouville kernel of fractional integration (for short

standard kernel)

t/»c—l
4. = — .
(4.3) gr(t) ) t>0, k>0

Observe, that (4.2) is the system independent version of the problem studied in

[15, Section 4] if one sets 3 = 1. The existence and regularity result reads as

Theorem 4.1. Let o € (H,2) and suppose that Hypotheses (A) and (B) are valid.

(i) If QA=2M/> ¢ L1 (H), then the mild solution u of (4.2) exists and belongs to
Cy(Ry, L2(Q,H)), i.e. the trajectories of u are continuous and bounded on
the half line for a.e. w € Q.

(ii) If in addition there is 6 € (0, H) such that QA?O~=H/> ¢ L (H), then u €
CY(Ry; L2(Q,H)), i-e. the trajectories of u are Hélder-continuous of order 0
for a.e. w e Q.
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Proof. We denote by R : Ry — B(H) the fundamental solution of (4.2). For every
n € N it is R(t)a, = r(t, pn)a, and the scalar fundamental solutions r(¢, ),

n € IN, are given by their Laplace transforms

)\Oé
T\ pn) = ————, ReA>0, A#0, pu,>0.
(A, i) O T ) #0, p
It is proven in [15, Section 4] that for every n € IN the scalar kernel (-, u,,) belongs
.
to Hg+2 H(IR) whenever « € (H,2) and 6 € [0, H). The mild solution of problem

(4.2) can be written as

u(t) = /0 R(t— 1)AQY2BM)(r), >0

and Theorem 3.2 yields the estimates

Elut)3 < en > 1Qar3llr(, mo)ll 1,
= 2 "Ry

and for 0 < s <¢
Elu(t) — u(s)[3;

< e 10 anl Il
k=1 2

2

+ ||T('7Mk)”-0+%fH |t—s|2‘9.
H2

(R+) (R+)

Now one may apply [15, Lemma 4.1] to justify the kernel estimates

2(6—H)
||T("/~Ln)||2.9+lf;-/ < Ca0fbn * , ME N
Hy > (R4)

for a € (H,2) and 0 € [0, H). They give

> —2H
Elu(t)3; < cn Y 1Q"  axl3my,”
k=1

e —2n
= cn Yy (Qan | ar)rp,”

k=1
- =2+
=cn Y (Qai | A ai)y
k=1
=cy'lr [QAi%{}
_2n
= cHll QAT |2 ()
To verify the last equality, observe that for arbitrary z € C the operator QA? is
positive semidefinite and selfadjoint by Hypotheses (B) and (A). With the aid of

the latter algebraic manipulations

2(0—H)

Elu(t) — u(s)|f < cull QAT || o |t — 5%
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holds. Now we may employ the Kahane-Khinchine inequality (e.g. [9, Corollary
3.4.1]) to obtain

20-H) || 5

E fu(t) — u(s), < cp (EJu(t) - u(s)[3,) F <y |@a®® jt— 5|7

Z1(H)
for all 1 < p < co. In particular
QAZ(B(:H) %

(4.4) E u(t) — u(s), < chp [t — 5| @O

21 (H)

holds and the Kolmogorov-Centsov-Theorem (e.g. [8, Theorem 2.8]) yields the
claimed Holderianity for every © € (0,6 — %) C (0,H— %) and for all p € [1,00).
Renaming © as 6 completes the proof. ([l

4.2. The main result. Now we are going to study problem (4.1), where the right
hand side and the operator A are subject to Hypotheses (B) and (A), respectively.

From now on we assume, that the kernel b is subject to

Hypothesis (b): The kernel b is of the form
t
(4.5) b(t) = by +/ bi(r)dr, t>0,
0

where by > 0 and by (t) is 3-monotone with lim;_, o, by (t) = 0; in addition,
%fé Tby(7)dT
t10 by 4+ fot —7by (7)dT

(4.6)

In case (A) and (b) are valid the problem under consideration is well-posed and

parabolic. Define
¢p 1= sup {| argg()\)| :ReA > 0} ;

then parabolicity means ¢, < 5. For kernels subject to (4.5), condition (4.6) is
in fact equivalent to parabolicity. Since we deal with integrated kernels condition
(4.5) entails ¢, > 7. Typical examples of kernels arising from the theory of linear
viscoelasticity (cf. [13, Section 1.5]), which satisfy Hypothesis (b) are the material
functions of Newtonian Fluids (by > 0, by = 0), Mazwell Fluids (by = 0, by(t) =
oexp{—2}) and of Power Type Materials (by = 0, by (t) = ga(t), @ € (1,2)). For

brevity we scale the angle ¢ to
2 ~

(4.7) pi= —sup{|argb()\)| :Re/\>0}.
™

Note that in case b(t) = go(t), where g, denotes the standard kernel (cf. (4.3)), it is
p= %qbga = «. Now, we are in the position to formulate the main result, which on
the first view appears to be the analogon of Theorem 4.1 for more general kernels.

However, Hypothesis (b) is too stringent as to countenance standard kernels g,
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with a < 1. From this point of view Theorem 4.1 extends the main result for a

special situation.

Theorem 4.2. Assume that Hypotheses (A), (b), (B) are valid.

(i) If QA=2H/r ¢ Z(H), then the mild solution u of (4.1) exists and belongs to
Cy(Ry, L2(Q,H)), i.e. the trajectories of u are continuous and bounded on
the half line for a.e. w € Q.

(ii) If in addition, there is 8 € (0, H) such that QA>O—H/r ¢ L (H), then u €
CY(Ry; L2(Q,H)), i-e. the trajectories of u are Hélder-continuous in time of
order 0 for a.e. w € Q.

Remark 4.1. All estimates used in the proof of Theorem 4.2 are sharp. In this

sense the deduced sufficient conditions for existence and regularity are optimal.
Example 4.1. Let H = L3(0,7) and consider
(4.8) u(t) + (ga * Au) (t) = QB (1), a € (H2), t>0,

where g, denotes the standard kernel; see (4.3). Set A = Aj’, where m € IN and
Ay = —(d/dz)? with domain D(Ag) = H2(0,7) N HIL(0,7) and let Q be subject
to Hypothesis (B) with Qe, = n"e,, v > 1, n € IN. Observe that A is due to
Hypothesis (A) and possesses the eigenvalues p;, = k?™ for k € IN. The standard
kernel g, satisfies Hypothesis (b), whenever o € [1,2) C (H,2) and Theorem 4.2
yields the existence of the mild solution for every H € (0,1) and, in addition, its
trajectories’ Holder-continuity of its trajectories of order 6 € (0, H). To preserve

these properties also for a € (H,2) one may apply Theorem 4.1.

An interesting occurs if one assumes that Q = I, i.e. for all z € H it is Qx = «x,

so that Q/2BH = BH is only a cylindrical fractional Brownian motion.

Example 4.2. Assume the setting of Example 4.1, but let Q = I. Then the mild
solution u of (4.8) exists if H > 2. Moreover its trajectories are Holder-continuous
in time of order § < H — ;>-. Note that in the cylindrical case 6 depends on the
parameter o and on the exponent m. Highly regular kernels g, (this corresponds
to o near 2) cause a loss in regularity, while an increasing exponent m improves

Holderianity.

The following section is dedicated to the proof of Theorem 4.2.

4.3. Proof of the main result. By Hypotheses (A) and (b) problem (4.1) admits

a uniformly bounded resolvent R(t) such that its unique mild solution is given by
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the variation of parameters formula
t
(4.9) u(t) = / R(t— 1)A(QY2BM)(r), > 0.
0

By means of the spectral decomposition of A, the resolvent family R(¢) can be

written explicitly as

WE

R(t)x = r(t, pn)(x | an)an, t>0, z€H,

n=1

where the scalar functions r(¢, u,,) are the solutions of the scalar problems

t
r(t, pwn) + un/ bt — T)r(t,pp)dr =1, t>0, nelN.
0

Since every information of the system is contained in the scalar kernels r(¢, ) we

are interested in good estimates. To this end we prove the subsequent

Lemma 4.1. Suppose the kernel b(t) is subject to Hypothesis (b), let p € [1,2).

Then the scalar kernels (-, u) satisfy the estimates
(i) |r(t,w)| <1 for allt >0, p>0;
(i) 17(, )|y ryy < € for all > 0;
_1
(iti) |7 (i)l Ly ryy < cp”# for all p> 0;
)

(1) ||7(5 )| . o1 < cu%{ for He (0,1), 0 € [0, H) and u > 1,
1y Ry

where ¢ > 0 is a generic constant which is independent of p > 0.

Proof. Assertion (i) follows from [13, Corollary 1.2], while (ii) is contained in [11,
Proposition 6] (observe the relation 7(¢, ) = —pur,(t) to connect the notations) and
(iii) is proven in [2, Lemma 3.1]. To prove (iv) we first recall the facts that for all
real numbers s and 1 < p < oo we have the trivial embedding Hy (R ) — H;(IRJr)
and, moreover, that the Bessel potential space Hg(]I{+) is isometrically isomorphic
to the space L,(Ry). We first consider the case 6§ = 0.

Let H= 3. Then by (i) and (iii) we obtain

1 1
(4.10) Hr('vu)HHg(R” < ||7“(-,,u)||L2(]R+) < ||T('7N)||IQA(]R+) <cp .

e
Let £ < H < 1. Since in this case we have Lig,)— H; H(IR+) (cf. [12, Proposi-

L1
tion 3.2]; observe that by Plancherel’s Theorem it is Hj H(R+) = Ay to connect
the results) assertions (i) and (iii) yield

(4.11) Gl g < elrComlin, myy < elirCmlIE, ey < en 7.

HF (R4)

Let 0 < H < % Let us denote by [X;Y]s the complex interpolation space of

the spaces X and Y with parameter § € (0,1). Then [X;Y]s = Z entails the
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< o|fIX°IfIS for all f € Z. Tt follows from [16,

interpolation inequality |f]|z
Theorem 2.4.7] that

-

[L1(R4); Hy (Ry)]; = H3 "(R)

holds with

1-2H 2(1 — H)
412 —1-H = _ ,
(412) 0 "o —Hy 1T 1 oM

This observation yields
H
Iy < Il g < el Il
Now, one may apply [16, Theorem 2.7.1] to verify that the embedding

Hi(Ry) — Hf(R+)

holds with 7 and ¢ as in (4.12). This together with (iii) gives

2lx

(4.13) I Comllggong < el I mligh, < en?,

because assertions (ii) and (iii) ensure the existence of a constant M > 0 such that
(s W)l g,y < M for all p > 1. Let now 6 € [0, H). Then H—6 € (0, H] C (0,1)
and the desired result follows by repeating the prove of assertion (iv) with replacing
Hby H-6. O

Theorem 3.2 and (iv) of Lemma 4.1 yield

Elu(t)3 < cn Y 1Q2anl3llr (s ) 1
b ,; & 12 vy

o _2H
< cH Z(Qan | an)H/an i

n=1
= _2H
=cH Z(Qan | A7 % an)n

2H

—cHZan\QA P an)H

_2H

:cH P

Z1(H) -

To verify the last equality, observe that due to Hypotheses (B) and (A) the oper-
ator QA? is positive semidefinite and selfadjoint for arbitrary z € C. This, in par-

ticular, yields Tr[QA?] = ||QA*|| &, (x) for all z € C. Concerning Holder-continuity
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let 0 < s<tand®# e (0,H). Theorem 3.2 and Lemma 4.1(iv) give

2

oo
Eut—us2§cH Ql/QakQ{rk 1 + |7l ez t— s|?
ult) = u( ) < o3 1Q aulf Il g+ el | 16—

2(0—H)

o0
cny_(Qay | ar)ry, * [t —s|*

k=1

IN

2(0—H)

-eufars®

|t — 5|0,

‘2’1(7{)
Now we may employ the Kahane-Khinchine inequality (e.g. [9, Corollary 3.4.1]) to

obtain

200—H) || 5

E fu(t) — u(s), < e (EJu(t) - u(s)[3,) F<eny |Qa7* jt — [P

Z1(H)

for all 1 < p < oco. In particular

(NiS]

2(0—H)

(4.14) E |u(t) — u(s)|?, < chyp HQAf [t — 5|1 @0

’31(7'[)

holds and the Kolmogorov-Centsov-Theorem (e.g. [8, Theorem 2.8]) yields the
claimed Holderianity for every © € (0,6 — %) C (0,H- %) and for all p € [1,00).

Renaming © as 6 completes the proof.
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