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Abstract
We study the asymptotic behaviour, as ¢ — oo, of bounded solutions to certain integro-
differential equations in finite dimensions which include differential equations of fractional
order between 0 and 2. We derive appropriate Lyapunov functions for these equations and
prove that any global bounded solution converges to a steady state of a related equation, if
the nonlinear potential £ occurring in the equation satisfies the Lojasiewicz inequality.
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1 Introduction

In this paper we study the asymptotic behaviour, as ¢ — oo, of bounded solutions to integro-
differential equations of two types:
e Problems of order between 1 and 2:

% e (i — un)](8) + VE(®) = £(8), £ >0, u(0)=uo, @(0) = us: (1)

e Problems of order less than 1:

% [a* (u—up)](t) + VE(u(t)) = f(t), t >0, u(0)=up. (2)
Here u : Ry — R™ is the unknown and u = %u. Further, k, a € Ly j0.(R) are scalar kernels
that belong to certain kernel classes and k *u stands for the convolution on the positive halfline,
fe. (Exu)(t) = fot k(t — T)u(r)dr, t > 0. The scalar nonlinearity & lies in C?(R"); by VE we
mean the gradient of £. The vectors ug, u; € R™ as well as the function f € Ly jo.(R4+;R™) are
given data.

Typical examples for the kernels &k and a we have in mind are given by

k(t) = gi—a(t)e™ + p(l* [g1—ae™ D), t>0, a€(0,1), p>0, 3)

and
alt) = gi—a(t)e ™™, t>0, a€(0,1), up>0, (4)



respectively, where gs denotes the standard kernel

t>0, [B>0.

In this case (1) and (2) amount to differential equations of fractional order 1+ « € (1,2) and
a € (0,1), respectively. Recall that for a (sufficiently smooth) function v on R, the Riemann-
Liouville fractional derivative DPv of order 3 € (0,1) is defined by Dv = % (g1—p*v). Although
we allow k and a to belong to more general classes of kernels (see (K1)-(K4) in Section 3.1 for k,
and (K1)-(K3) in Section 4.1 for a), in the present paper we will refer to the problems (1) and
(2) as problems of order between 1 and 2, respectively, problems of order less than 1.

As to applications, we primarily regard (1) and (2) as finite-dimensional model problems
for more complex time fractional equations in infinite dimensions, which occur in mathematical
physics, e.g., in the theory of viscoelasticity and in heat conduction with memory, see, e.g. [12].

The more simple first and second order systems

a(t) + VE(u(t)) = 0, t > 0, (5)

and
a(t) + pa(t) + VE(u(t)) =0, t >0, u >0, (6)

as well as variants of it (e.g. with f(¢) on the right) have been studied extensively in the literature.
A seminal contribution was made by Lojasiewicz ([17], [18]), who was able to prove that any
bounded solution of (5) converges to an equilibrium provided that £ is real analytic. His proof
heavily relies on the following result.

Theorem 1.1 (Lojasiewicz [17, Thm. 4]) Let U C R™ be open, £ : U — R be real analytic,
and let u, € U. Then there exist constants 6 € (0,1/2], o, M > 0 such that

1E(x) — E(uw) |70 < M|VE(2)|  for allx € R"™ with |z — u.| < o. (7)

Note that compared with LaSalle’s invariance principle, a significant advantage of the approach
based on the so-called Lojasiewicz inequality, inequality (7), consists in the fact that this method
also works if the set of equilibria is not discrete.

The corresponding result in the second order case was obtained by Haraux and Jendoubi [14].
By means of Theorem 1.1, they established the convergence to steady state of bounded solutions
of (a slightly more general form of) (6) in case £ is real analytic.

The aforementioned results have also been extended to the infinite dimensional case. A
striking result was obtained by Simon [22], who was able to generalize the Lojasiewicz inequality
to some analytic functionals defined on Hilbert spaces. Denoting by £’ the Fréchet derivative of
the functional £ defined on a Hilbert space V which embeds densely into another Hilbert space
‘H, Simon used his generalized result, the so-called Lojasiewicz-Simon inequality, to prove the
convergence to steady state of bounded solutions of the abstract first order equation 4+&’(u) = 0
under natural regularity and compactness assumptions on £ and u. The corresponding result
for bounded solutions of the abstract second order equation i + @ + £'(u) = 0 was proved by
Jendoubi [16]. Simon and Jendoubi also showed that it is sufficient to know that & satisfies
the Lojasiewicz-Simon inequality only near some steady state u, in the w-limit set w(u) of u to
conclude that lim; e u(t) = ..

During the last decade the Lojasiewicz-Simon inequality has been used in the study of the
asymptotic behaviour of bounded solutions of many different evolution equations, see e.g. [3],
[5], [10], [13], [15], [20], and the references given therein. For a detailed study of the Lojasiewicz-
Simon inequality we refer to [3].



As to integro-differential equations, there are only a few papers that contain results on con-
vergence to steady state of the type described above; we mention here [1], [4], and [2]. These
papers deal with first and second order problems with additional memory terms. For equations
of fractional order (in time) such as e.g. (1) and (2) with k and a as in (3) and (4), respectively,
corresponding results cannot be found in the literature, except for the first author’s thesis [23],
which uses the ideas of the present paper to obtain convergence to steady state for a phase-field
model with memory that contains partial integro-differential equations of order between 1 and 2
(in time).

Concerning the asymptotic behaviour of solutions of integral and integro-differential equations
we further refer to [12], the standard reference in the finite dimensional case, and to the paper
[7], which investigates nonlinear Volterra equations in Banach spaces with accretive nonlinearity
and a completely positive kernel. The latter concept also plays a crucial role in this paper, cf.
Remark 3.1(iii) below.

The objective of this paper is to extend the convergence results described above for first and
second order equations in finite dimensions to problems of order between 1 and 2 as well as of
order less than 1. We will prove that any global bounded solution u of (1) and (2), respectively,
with u, € w(u) converges to u,, if £ satisfies the Lojasiewicz inequality near u, (e.g. if £ is real
analytic). Here the vector u, € R™ solves a certain limiting equation, which in both cases, with
u; = 01in (1), takes the form VE(u,) = 0, i.e. u, is a steady state of the corresponding equations
with f=0.

In the formulation of our main results we state the validity of the Lojasiewicz inequality as
a hypothesis. This is motivated by the fact that there exist examples of non-analytic functions
that satisfy this inequality, see e.g. [3] and [15]. Note, however, that in general it is very difficult
to verify validity of the Lojasiewicz inequality for a non-analytic function.

We point out that one of the main difficulties concerning (1) and (2) is to find appropriate
Lyapunov functions for these equations. In both the first and the second order case a Lyapunov
function (LF) is easily obtained: V(t) = £(u(t)) is an LF for (5), while V(¢) = $]u(t)[* + E(u(?))
is an LF for (6). The latter is still unsuitable for the approach via Lojasiewicz inequality but can
be modified appropriately by adding the term 6{(«(t), VE(u(t))) with § > 0 sufficiently small, see
[14]. As for equations with memory terms, in [1], [2], and [4] Lyapunov functions are obtained
by means of a technique that basically goes back to Dafermos [9]. The corresponding estimates
are rather tedious and do not seem to work in the case of fractional order neither between 1 and
2 nor less than 1.

In this paper we construct Lyapunov functions for the equations (1) and (2), which are also
appropriate for the approach via Lojasiewicz inequality. In both cases, the underlying energy
estimates are derived from the basic inequality (9) (see below) for nonnegative nonincreasing
kernels. It turns out that for (1) with & as in (3) our energy estimates, in some sense, ’interpolate’
those known in the first ((« N\, 0) in (3)) and the second order case ((« 1) in (3)). We further
remark that the estimates obtained in this paper are also extremely useful for proving global
existence results for (1) and (2).

Our results can be generalized in various ways. In his thesis [23] the first author studies a
variant of (1) in the infinite dimensional case and obtains a corresponding result on convergence
to steady state. Furthermore, it is also possible to add some extra terms in (1), e.g. b(d) on
the left-hand side with (b(y),y) > 0, y € R™. Since all estimates are derived by multiplying
the equation under study by @ and using (9), our method also applies to first and second order
equations with memory terms like e.g. @i+ 4+ a4+ VE(u) = 0, which have been studied before
in the literature, see [4] for the latter equation.

The paper is organized as follows. Section 2 provides the basic inequalities which will be
needed for the energy estimates. All results here are formulated in the abstract setting, i.e. for
functions taking values in some Hilbert space. Section 3 deals with problems of order between 1



and 2 while Section 4 is devoted to problems of order less than 1.

2 Preliminaries

We begin by fixing some notation. In what follows H denotes a real Hilbert space with inner
product (-,-)5. In case H = R™ we omit the index. For an interval J C R, 0 < s < 1, and
1 < p < oo, by H,(J;H) we mean the Bessel potential space of H-valued functions on J. We
write Hy(J) = H;(J;R) for short. If J = [0,T] with T' > 0, then oH;(J;H) consists of all
functions in H,(J;H) with vanishing trace at ¢ = 0 provided this trace exists. If F' denotes some
function space on Ry = [0,00), then by f € Fj,. we mean that for any 7" > 0 the function f
belongs to the corresponding space on [0, T]].

Lemma 2.1 Let H be a real Hilbert space and T > 0. Suppose that k € L1 10c(Ry) is nonnega-
tive. Then for any v € Lo([0,T]; H) there holds

|(k*v) ()3, < (k*|v3)#) (1% k)(t), a.a te(0,T).

Proof: The asserted inequality is a consequence of the identity

2y _ [Ex) (B Y _ (kxv)(®))?
(ko0 (0) = S ) +/O k(t =) o(7) (D)D) b T
which holds for a.a. ¢ € (0,T) provided that (k*1)(t) >0 . O

Lemma 2.2 Let H be a real Hilbert space and T > 0. Then for any k € Hi([0,T]) and any
v € Ly([0,T); H) there holds

d 1d ) 1 )
(v0), 5 k= 0)()) =5 = (kxB)(0) + 5 kOO,
I
t5 / [—k(s)] [v(t) —v(t — 5)[3,ds, a.a.t€(0,T). (8)
0
Proof: The assertion follows from a straightforward computation. O

We remark that a more general version of (8) (with H = R™) in integrated form can be found in
[12, Lemma 18.4.1].

Theorem 2.1 Let H be a real Hilbert space, T > 0, and k € L1 15.(R4+) be nonnegative and
nonincreasing such that k+a =1 in (0,00) for some nonnegative a € L1 1,c(Ry). Suppose that
v € La([0,T); H) and that there exists x € H such that k * (v — x) € oH3([0,T);’H) as well as
k*|v—z|3, € oH{([0,T]). Then

d 1d 9 1 9
— > - — - .a. .
(o(0), 5 x0)(®)) = 5 Sk oB)®) + 5 ROROR: sate©T). (9
Proof: 1. Reduction to the case x = 0: Suppose the theorem holds in the case x = 0, that is,

for any function w € Ly([0,T]; H) satisfying k x w € ¢H3([0,T);’H) and k = |w|3, € oH; ([0,T]),
we have

(kB (1) + 5 kOB, aate©T).  (10)

N | =
SN

(wt), & (rxw)(t)) >



Let now = € H and put v = = + w. Employing (10), it is then evident that

o),

<Mﬂi%%*m@»H:<x+w@%Mﬂv+a@*w

= KOl + KO (0) 2+ (2, 5 (o)) +

o~ =
g
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N = 4

> K(t) el + k) (w(t), 2 + (z, S (b))
1
=3

S a s~

t
D e o+ wB(0) + 5 KOl + w(0) Ex B + 5 kOB, (1)

2

for a.a. t € (0,T"). Hence (9) is satisfied.
2. Approximating the kernel k: Let w € Ly([0,T]; H) such that k *w € oH3([0,T]; H)
as well as k * |w|3; € ¢H{([0,T]). Introducing the operators

1ﬂu=;%k*u,Duﬁ):{ueLﬂqzvzk*ueoﬂﬁm;ﬂn,
Bou = %k‘ xu, D(By) ={u€ Ly([0,T];H) : k*u € oHy([0,T); H)},

we have w € D(Bs) and |w(:)|3, € D(By). The operators B; and By are known to be m-
accretive in X; := L1([0,T]) and X5 := Lo([0,T]; H), respectively, cf. [6], [8], and [11]. Their
Yosida approximations B; ,, n € N, ¢ = 1,2, defined by

Bin=nBi(n+B;)™', neN, i=1,2

enjoy the property that for any u € D(B;), one has B; ,u — Byu in X; as n — 0.
We will now derive representations for the operators B; ,. To this purpose we define the
kernels s,, as solutions of the scalar-valued Volterra equations

sn(t) +naxs,)(t)=1, ¢t>0,neN. (12)

By assumption, the kernel a is completely positive. Therefore it follows from [19, Prop. 4.5] that
$n, 18 nonnegative and nonincreasing in (0, 00) for every n € N. Furthermore, by differentiating
(12), it is not difficult to see that s, € H{([0,T]).

Let now i € {1,2}, n € N, and suppose that u € D(B;). Then

d
nu + ﬁkz*u:f on (0,7), (13)
is equivalent to

naxu+u=axf on(0,7T), (14)
since k*a = 1 and (k *u)(0) = 0. Convolving (14) with s,, and using (12) then yields 1 *x u =
Sp ok ax f that is

d
u=(n+B;)"'f= %(sn*a*f) on (0,7). (15)
In fact, the relation (15) with f € X, also implies (13). To see this, convolve (15) separately

with the functions k and n, add the resulting equations, and use k xa = 1 as well as (12).
From (15) we infer that

Bz‘,nf:?%—k*(%(sn*a*f)) = %(nsn*f), feX;, i=1,2,



which shows that B; ,, is obtained by replacing k in the definition of B; with the more regular
kernel k,, := ns,,.

3. Passing to the limit: Since k,, is nonincreasing and lies in H; ([0, T]), it follows from
Lemma 2.2 that for every n € N,

(w), 5 e w)(®)), 2

Observe that 1 € D(B7) entails that

kn — k in L1([0,T]) as n — cc. (17)
Furthermore, since w € D(Bs) and |w(+)|3, € D(By), we have
d d .
a(k‘n*w) H%(k*w) in Ly([0,T];H) as n — oo, (18)
%(kzn * |w|3,) — %(k * |w|3,) in Li([0,T]) as n — oo. (19)

By choosing an appropriate subsequence of (k,,), again denoted by (k,), we may assume that the
sequences in (17), (18), and (19) converge also pointwise a.e. in (0,7"). Using these properties,
we may let n — oo in (16), thereby obtaining the desired inequality (10) for w. The proof of
Theorem 2.1 is complete. (]

Remark 2.1 Under the same assumptions on the kernel k, the inequality (9) in Theorem 2.1 is
also satisfied for any function v € H{ ([0, T]; H). This follows by an argument similar to the one
in the proof of Theorem 2.1. Obviously, v € Lo([0,T]; H) and thus (16) holds. Defining then the
operator B in this case by

d
Byu= — k*u, D(Bg)={ue€ Li([0,T];H): k+u¢c oH{([0,T];H)},
we have v € D(Bs) and |v(-)|3, € D(By). Consequently, (19) with w replaced by v and

d d
%(kn *v) — a(k xv) in L1([0,T);H) as n — oo,
hold, which together with (17) allows to take the limit in (16), also in the a.e. sense, and to
arrive at (9).

The assumption k * [v — z|3, € oH{ ([0, T]) in Theorem 2.1 seems to be a little awkward from the
application’s point of view. We will now describe a rather wide class of kernels k for which we
have

w € Ly([0,T);H) and k*w € oHy([0,T);H) = k * |w|3, € oH{([0,T)). (20)

In what follows f stands for the Laplace transform of f. A function a € L1 1.(R4) is called
to be of subexponential growth if for all £ > 0, fooo e “t|a(t)| dt < co. Following [19, Def. 3.3] we
say that a kernel a € L1 jo.(Ry) of subexponential growth is 1-regular if there is a constant ¢ > 0
such that [Aa’'(A)] < ¢la(N)| for all ReA > 0. A kernel a € Ly, j0.(R4) of subexponential growth
satisfying a(\) # 0, Re A > 0, is called 6-sectorial (6 > 0) if |arga(N\)| < 6 for all ReA > 0 (cp.
[19, Def. 3.2]). The subsequent class of kernels has been introduced in [25, Def. 2.6.3], see also
24, Def. 2.1].

Definition 2.1 Let a € L, 10.(R4) be of subexponential growth, and let 8, > 0, and o > 0.
Then a is said to belong to the class K'(«,04) if a is 1-reqular and 0,-sectorial, and satisfies

limsup |a(p)| p® < oo, liminf | a(p)| p > 0, limigf |a(w)| > 0.
H— 00 pn—

p—00



We have now the following result.

Proposition 2.1 Let H be a real Hilbert space, T > 0, and k € L jo,(R4) be such that kxa =1
in (0,00) for some a € K'(a, 0) with o € (0,1) and 6 < 7. Then the implication (20) holds true.

Proof: Suppose that w € La([0,T];H) and k * w € ¢H3([0,T];H). Setting f = & (kxw), we
then have f € Ly([0,T]; H). Convolving the last equation with a and using k *a = 1 as well as
(k *w)(0) = 0, we see that w = a * f. This implies that w € ¢H([0,T]; H), by [24, Cor. 2.1]).
Therefore |w(-)|x € 0HS([0,T]). It follows then from [21, Section 5.4.3] that

oH ([0,77) P 0<a<y
1—a
W)l € oH2([0,T]), 1<g<2 : a=3 (21)
oHE(0.7) ¢ l<a<t,

that is, in any case we have |w(-)|3, € o H5([0,T]) with some p € (1,2]. Using [24, Cor. 2.1]) once
more, we conclude that there exists a function h € L,([0,T7]) such that |w(-)|3; = a * h. Hence

kxlw()f =k*axh=1xheoH,([0,T]) — oH{([0,T]),
which proves the proposition. Il

Example 2.1 Let a € (0,1) and g > 0. Set
at) = go(t)e ™ and k(t) = gi_a(t)e " 4+ pu(l % [gi_ae ")) (t), t>0. (22)

Then a and k are strictly positive and decreasing; observe that k(t) = g1_q(t)e " < 0, t > 0.
The Laplace transforms are given by

N . 1 A _ 1 1
a(A) = Wv k(\) = W(l+ X)’ Re A >0,

which shows that a € K' (o, @) as well as kxa = 1 on (0, 00). Hence Proposition 2.1 is applicable
to k, and so the implication (20) is valid for this kernel. Notice as well that k € K*(a, (1+a)3),
and hence (20) holds also for the kernel a, again by Proposition 2.1.

3 Problems of order between 1 and 2

3.1 Setting

In this section we investigate problems of the form

d . .
T [k (0 —u)](t) + VE(u(t)) = f(t), t >0, u(0)=wug, u(0)=us, (23)
where ug, u; € R™. We will suppose that the subsequent assumptions are satisfied.

(K1) k € Ly j0.(Ry) is nonnegative and nonincreasing;

(K2) there exists a nonnegative kernel a € Ly jo.(Ry) such that k *a =1 on (0, 00);

(K3) there is a constant g > 0 and b € Ly (R ) strictly positive and nonincreasing such that

k(1) = b(t) + p(L*D)(D), ¢ > 0; (24)



(K4) there is Ty > 0 such that k := k — ko, with koo := lim;_, o k(t) belongs to La(Tp, 00) and
/ (/ |k(7)|? dr)'/? ds < oo

To

(HE) the function £ belongs to C?(R");
(Hf) f € La(R4;R™) and there is 77 > 0 such that

[ ([ op anas < .

T

Remarks 3.1 (i) If we weaken the assumption (K3) by replacing ’strictly positive’ with 'non-
negative’, then by decreasing u, we obtain again a decomposition of the form (24) with b strictly
positive and nonincreasing. In fact, if k& = by + (1 #bg) with g > 0 and by € L; (R4 ) nonnega-
tive and nonincreasing, then k& = b, +u(1%b,), 1 € (0, o), where b, = bo+ (po—p) (€™ # *bg). By
Young’s inequality, b, € L1(R4). Alsob, = k—p(1xb,,) is nonincreasing, since k is nonincreasing,
due to (K1).

(ii) Note that (K1) and (K3) imply that k(t) > ke = lims_.oo k(s) > 0, t > 0.

(iii) By (K1) and (K2), the kernel a in (K2) is completely positive, see [12] and [19].

(iv) Observe that the kernel k in Example 2.1 with p > 0 satisfies (K1)-(K4).

(v) The assumption (Hf) entails that f € L;(Ry;R™), see [15, Chap. 3, Sec. 4].

Definition 3.1 For T > 0 we say that a function u € C*([0,T);R") is a solution of (23)
on [0,T] if k * (u — 0(0)) € oHa([0,T];R™) and (23) holds a.e. on [0,T]. A function u €
C1([0,00); R™) is called a global solution of (23) if for any J = [0,T], T > 0, the function u;
is a solution of (23) on J. A global solution u of (23) is called global bounded solution if
|U|Loo(]R+;]R") < Q.

3.2 Lyapunov functions: the case u;y =0, f =0

Our first objective consists in deriving appropriate energy estimates for global solutions of (23),
which allow us to construct a proper Lyapunov function for (23).

It is instructive to begin with the special case where u; = 0 and f = 0. Letting u be a global
solution of (23), we have in this case

d
pr (kxu)(t)+ VE(u(t) =0, ¢>0. (25)
We take the inner product of (25) and 4 to find that
i, L i)+ L@ =0, t>0 (26)
o b at S\ T '

We would next like to apply Theorem 2.1 to the first term on the left-hand side of (26). By (K1)
and (K2), the kernel k is admissible. So it remains to verify the required regularity assumptions
on u.

For any T > 0 we know from Definition 3.1 that k * & = k * (u — 1u(0)) € oHa([0, T]; R™).
Moreover, by (HE) and since (25) together with (K2) and (k * 4)(0) = 0 yields

W(t) = —[ax VEW)(t), t>0, (27)

we see that © € H{([0,T];R™), which in turn implies k * (|a|?) € o Hj ([0, T]).



Thus we may apply Theorem 2.1 to obtain

% [% (+ [a)(1) + E(u(t)] < - % k(@) [a(®)?, ¢ > 0. (28)

Employing assumption (K3), from (28) we deduce the estimate
d 1 .12 1 . 2 1Y .12

== <-= - .

LIE el +E@®)] <~ SEO [P - £ @elam, >0 (29)

Summarizing, we have proved

Proposition 3.1 Suppose that the assumptions (K1), (K2), (K3), and (HE) are fulfilled. Let
up € R"™ and assume that u € C1([0,00); R™) is a global solution of (23) with u; =0 and f = 0.
Then the function V' defined by

V() = 5 (b d?)(0) + E@lt), +>0,

is locally absolutely continuous and nonincreasing on Ry, and there holds the estimate
. 1
V) < - 3 k(t) [a(t)]* — g (bxu*)(t), a.a.t>0. (30)

Remarks 3.2 (i) The assertion of Proposition 3.1 remains true if the assumption (HE) is re-
placed by the weaker condition £ € C'(R™) and u is additionally assumed to satisfy k * (|u|?) €
OHll, loc([oa OO))

(ii) The function V' in Proposition 3.1 is a strict Lyapunov function in the sense that if V' is
constant on some interval [to, t1] C [0,00) (to < t1), then this implies that u is constant on [0, ¢;].
This follows immediately from (30) and (K3).

We will now consider a global bounded solution of (23). It turns out that the function V' of
Proposition 3.1 can be modified appropriately to get a stronger version of (30).

By (HE) and global boundedness of u, we evidently have |[V2E(u)|,__ (g, rnxn) < Cy for some
constant Cy > 0. From this estimate and (25) we obtain by using (K3), Lemma 2.1, and Young’s
inequality,

d d
S (VE(),b e i) = (VE (i, b i) + (VE(w), 5 (b))
= (V2E(u)it, b i) — (VE(u), ubx i) — [VE(w)
C C 1 2
< Slal+ S bxil + 5 [VE@P + 5 [bxaf - |VE@w)?
Ol .12 1 2 .12 1 2
< AP 4 S bl (Cr+ ) bxlaf = SVE@E, >0, (31)

We then set R

V() =V () +56(VE(u(t), (bxu)(t)), t=>0,
where ¢ is a small positive number. Thus, by Remark 3.1(ii), and combining (30) and (31) we
get

1

—3 (M = 0|bl L, (r)[C1 + N2])(b * |al?)(t)
1

) )
= 5 (ko = SO — 5 IVE@(D)P,

V(t) <

which immediately yields the next result.



Proposition 3.2 Suppose that (K1), (K2), (K3), and (HE) are fulfilled. Let up € R™ and
assume that u € C*([0,00); R™) is a global bounded solution of (23) with uy =0 and f = 0. Then
there exist constants 6 > 0 and C > 0 such that the function V' defined by

V(t) = V() + 5(VE(L)), (b+)(t)), t>0,

is locally absolutely continuous and nonincreasing on Ry, and there holds

V(t) < —C(|u(t)|2 + (b [a?)(t) + \Vg(u(t))\z), a.a.t>0. (32)
V is a strict Lyapunov function in the sense of Remark 3.2(ii).

3.3 Lyapunov functions: the general case

We now study the full problem (23). The strategy will be the same as in the preceding subsection.
However, some modifications are necessary to treat the new terms coming from the data f and
u1, which are now present.
We begin by reformulating (23) in an appropriate way. Recall that l;(t) =k(t) — koo, t > 0,
and set R
E(y) = E(Y) — koolur,y), y€R™ (33)

Then the integro-differential equation in (23) can be written as

D ks i) + VE() = KO + (1), £> 0. (34)

Let now u € C'([0,00); R™) be a global solution of (23) with k * (Ji — u1|?) € oH{ ;,.([0,00)).

Then we may multiply (34) by @ and apply Theorem 2.1 with H = R™ and = = u; to the function
v = 1 to the result

4
dt
By (K3) and since k(t) > koo > 0, t > 0, as well as

(5 (e aP) () + EQu(t)] < —5 KOWOP + (e, 1) + (F(0), 00, £> 0. (35)

282 ur |2 + 2| f12 koo

(kur, i) + (f,a) < T"‘TWF,
it follows from (35) that
glb*'2t£t<—kﬁ.t2—ﬁb*'2t
5 i) + Ee)] <~ "= it — £ o+ i)

2k () [ua]” +21f (1)

+ he )

t>0. (36)
In view of (K4) and (Hf), the function

V)= 5 O[O + Euv) + 2620 [ (ROPP +f0)P dr, ¢2To (6T
is well-defined on [Tp, 00), and (36) shows that

V() < == ) - s faP) o), 0> 1. (38)

10



If u is a global bounded solution of (23), we may proceed similarly as in Subsection 3.2. Using
the bound [VZE(u)|_ (&, rnxn) < C1 we have

%(V(‘f(u),b i) = (V2E(u)i, b u) — (VE(u), ub 1) — |VE(u)|?

+ (VE(u), kuy + f)

Ci .o 1 2 ) 1 c 2

< 5 [l 4 5 bl @y (Cr +207) bx [a]” — 5 [VE(u)]
+2k2|up |2+ 2|f12, t>0. (39)

Setting
V()= % (b [al?)(8) + E(u(t) + 6(VE(u(?)), (b*a)(t)
+2(0+ k) /too([ff(ﬂﬂullz +If()P)dr, t =T, (40)

and choosing § > 0 sufficiently small, we then obtain in view of (37), (38), and (39),

V() < —C(la®)P + @ [a?)(0) + IVE@E)?), > To, (41)

where C' > 0 is a constant. We have thus proved

Proposition 3.3 Suppose the assumptions (K1), (K2), (K3), (K4), (HE), and (Hf) are fulfilled.
Let ug, u1 € R™ and assume that u € C1([0,00);R™) is a global solution of (23) with k * (|i —
ur]?) € OHllJOC([O,oo)). Then the function V' given by (37) is locally absolutely continuous and
nonincreasing on [Ty, c0), and the estimate (38) holds in the a.e. sense.

Ifu € C'([0,00); R™) is a global bounded solution of (23) with kx* (|4 —wu1|*) € oH{ ;,.([0,00)),
then there exist constants & > 0 and C > 0 such that the function V defined by (40) is locally
absolutely continuous and nonincreasing on [Ty, 00), and the estimate (41) is satisfied in the a.e.

SeENSe.

Remarks 3.3 (i) The second part of both (K4) and (Hf) is not used in the above proof of
Proposition 3.3.

(ii) Observe that the condition k * (| — u1|?) € oH{ ;,.([0,00)) in Proposition 3.3 is auto-
matically satisfied if a * f € HJ ,.([0,00)), cf. the remarks prior to (28).

(iii) The functions V and V in Proposition 3.3 are strict Lyapunov functions: If V (V) is
constant on some interval [to, 1] C [Tp,00) (to < t1), then u is constant on [0, ¢1].

3.4 Properties of the w-limit set
We recall that the w-limit set of a global solution u of (23) is defined by

w(u) = {u, € R": there exist t,, /" ocos.t. lm wu(t,) = u.}.

n—oo
For every global bounded solution w of (23), w(u) is nonempty, compact and connected.

Proposition 3.4 Suppose (K1), (K2), (K3), (K4), (HE), and (Hf) are fulfilled. Let ug, u; € R™
and assume that u € C*([0,00); R™) is a global bounded solution of (23) with k * (|i — u1|?) €
0]{117 loc([oaoo))' Then

11



(i) @ € La(Ry;R™) and b* |u|> € Li(Ry) N Co(Ry).
(ii) The potential € is constant on w(u) and limy_. E(u(t)) ezists.
(#i3) VE(us) — koor = 0 for every u. € w(u).

Proof: Since u is a global bounded solution of (23), the function &(u(-)) is bounded from below
and thus V' : [Ty, 00) — R defined in (37) is bounded from below. Furthermore, the function V is
nonincreasing, by Proposition 3.3, and therefore lim;_,o, V (¢) = inf;>7, V(¢) =: Vi exists. The
first part of assertion (i) is then a direct consequence of estimate (38).

Let now u, € w(u) and ¢, " oo such that lim,_,oo u(t,) = u.. Since & € La(R4;R™), we
have for every n € N and any s € [0, 1],

tn+s
[u(tn + 8) — us| < |ultn) — uyl —|—/ |a(7)| dr
t

n

tn+s
< u(tn) — us| + (/t la(r)|? dr)'/2, (42)

n

with both terms on the right-hand side of (42) tending to zero as n — oo. Therefore u(t,+s) — u.
as n — oo for all s € [0,1]. By continuity of &, this in turn entails £(u(t, + s)) — £(u.) as
n — oo for all s € [0,1], and thus

E(uy) = lim 1 E(u(t, +5))ds, (43)

n— oo 0

by the dominated convergence theorem. Integrating then V(t, + -) (with ¢, > Tp) defined in
(37) over [0, 1], we obtain

1 1
/OV(tn—i—s)ds:/O E(u(ty + s))ds

+ /+ [§ GxlaP)(s) + 25 /:Ow%(r)]?ull? P dr| ds,

which shows that )
Voo = lim [ V(t, +5)ds = E(u.), (44)
n—oo 0
in virtue by (43), (i), (K4), and (Hf).

Since u, was chosen arbitrarily in w(u), (44) implies that € is constant on w(w).

We next show that lim;_, (b * |i|?)(t) = 0. If the contrary was true, there would be & > 0
and a sequence (t,) converging to oo such that (b= |u|?)(t,) > € for all n € N. By compactness,
there exists a subsequence (t,, ) and u. € w(u) such that u(t,, ) — u. as k — oo, and therefore
E(u(tn,)) — Vio as k — oo. But this together with the structure of V implies that (b%|1|?)(t,,, ) —
0 as k — oo, a contradiction. Hence lim;_, (b * |1]?)(t) = 0.

By (K4), (Hf), and the last property, we infer from the structure of V that lim,_, &(u(t)) =
Voo. Hence (i) and (ii) are established.

In order to prove (iii), let u. € w(u) and select ¢, " oo such that lim, e u(tn) = .
We have already seen that this entails u(t, + s) — u. as n — oo for all s € [0,1]. Hence
VE(u(t, +5)) — VE(u,) as n — oo for all s € [0,1]. Using the dominated convergence theorem

12



and (34) as well as (K3), we have

VE(u,) = lim lvé(u(tn+s))ds

n—oo 0

1 totl
= nhﬂn;() [ - /0 % [k *4](t, + s)ds + /t (k(s)ur + f(s)) ds] (45)
=— nlin;o[(k x0)(tn + 1) — (k*u)(t,)]
tn+1
= — tim (e i)t + 1) — (b#i)(t) + ”/t (bei)(s)ds| =0.  (46)

n

In fact, the second integral in (45) vanishes due to (K4), (Hf), and Holder’s inequality . As to
the last step, we know that b € Li(R;) and b * |[4|?> € Li(Ry) N Co(R,), and hence b x i €
L2(R4)NCy(R4), by Lemma 2.1. Assertion (iii) follows now in view of (33). This completes the
proof. O

3.5 Convergence to steady state

We will now show that global bounded solutions of (23) converge to solutions u, € R™ of
VE(us) — ko1 = 0 as t — oo. The proof relies on Propositions 3.3, 3.4, and the Lojasiewicz
inequality.

Theorem 3.1 Suppose (K1), (K2), (K3), (K4), (HE), and (Hf) are fulfilled. Let ug, uy € R™
and u € C*([0,00); R™) be a global bounded solution of (23) with kx (i —u1]?) € oH{ ;,.([0,00)).

Assume further that there exists some u, € w(u) such that E defined in (33) satisfies the
Lojasiewicz inequality near u,, i.e. there are constants 0 € (0,1/2] and o, M > 0 such that

1€(x) — E(u)|' =0 < MIVE(z)|  for allz € R™ with |z — u.| < o.
Then lim; oo u(t) = us, and VE(ux) — koous = 0.

Proof: Let u € C1([0,00);R™) be a global bounded solution of (23) with k * (Ji — u1|?) €
OHllJOC([O, o0)) and suppose that u, € w(u) is as in the statement of Theorem 3.1. Define the
function W by

"'/
= V(1) = E(u.) + 6(VE(u(t)), (b i) (1)
+

2 / S REP P 1 OR) dr, > T,

where 6 > 0 is as in Proposition 3.3. By the latter result, both V' and V are locally absolutely
continuous and nonincreasing on [Ty, 00). From the proof of Proposition 3.4 (see (44)) we further
know that limy_... V() = E(u,) and that lim, . (b * @)(t) = 0. These properties together
with (K4) and (Hf) show that W is nonincreasing and that lim; ., W (t) = 0. Moreover, by
Proposition 3.3, there exists a constant C' > 0 such that

W(t) < ~C(Ja@F + b+ [a2)(6) + [VE@W)P), aat>T. (47)

If W(to) = 0 for some to > Tp, then W (t) = 0 for all ¢t > ¢y, and hence u(t) = u,, by Remark
3.3(iii). So we may assume that W (¢) > 0 for all t > Tp.

13



We next consider the function W (¢)!~?. By the definitions of V and W, Young’s inequality,
and Lemma 2.1 together with b € Ly (R.), we have

2(1-0)
2

W (1)~ < Cr{|E(t) — @)= + (b« [al*) (1)
+|VE(u(t))] + [(b [a]) ()] =

2(1-9)

([ EOP P + R a2 (13)

for some constant C; > 0. Observe that 6 € (0,1/2] implies 2(1—0) > 1 as well as (1—6)/0 > 1.
Using this and the fact that (b= |%]?)(t) and the integral in (48) tend to zero as t — oo, we obtain

W'’ < Cz{lg(U(t)) = Eu) "0+ [VE(u(t))] + [(bx [a]*) (1) 2

([Pl + F0R) it} ez (49)

where Cy > 0 is some constant and ¢, > max{7Ty, 71} is chosen sufficiently large.
Define then the set , C (£, 00) by

={t € (ts,00) : |u(t) — u«| < o}.

By continuity of u, {2, is an open set in R. Restricting ¢ in (49) to €2,, we may use the Lojasiewicz
inequality for £ near u, to get

W) < C{IVE®)| + [(b+ i) (1))}
+ / TP + @R an ) teq,, (50)

for some constant C5 > 0. From (47) and (50) we infer that

d

— 2 W)= —ow ()W (1)

S _ oc{la@P + (b*\ﬂl2)() +|VE(u(t) I’}
— G{IVE®)] + [(b* [a2) (]2 + (7 (R(T)]2ur2 + | £(7)[?) d7) 2}

([k(
> Cu(Ja) + (b + i) (1) + IVE(u(®) ?)

= ol [Pl + 1)) ar)
> Co (Ja(®)] + [(b < i) (1)) + |ve<u<t>>|)

05([0 2w + | £(7)] )dT)%, aa.t €Oy, (51)

=

[N

where C; > 0, i = 4, 5, 6, are constants. Integrating (51) over , and employing (K4) as well
as (Hf) then yields @ € L1(Q,;R™). In fact, since W is nonincreasing and lim;_, ., W (t) = 0, we
have

/QU - % (W (t)"] dt < /too - % W ()] dt = W (t.)".
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We use now a standard argument (cf. e.g. [15]) to see that @ € L1 (R4;R™). Choose t,, /' o0

such that lim, . u(t,) = u.. We may assume that ¢, € Q, for all n € N. Define next exit
times s, by means of

Sp =sup{t >t : [tn,t] C Ry}, neN. (52)

Then there exists N € N such that sy = oo. To see this, suppose the contrary is true. By
continuity of w and the definition of ), it follows then that |u(s,) — u.| = > 0 for all n € N.
On the other hand, using @ € L1 (Q4; R™), we have

)] < fult) ~ e+ [ ()| dr

n

§|u(tn)—u*\+/ |a(r)|dr — 0 as n — oo,
(tn,00)N Q0

a contradiction. Therefore sy = oo for some N € N, and thus [ty,00) C Q,. Hence @ €

L (R4 ;R™), which immediately implies that lim;_ oo u(t) = .
Finally, from Proposition 3.4 we see that V& (u) — koou1 = 0. The proof is complete. O

4 Problems of order less than 1

4.1 Setting

In this section we study problems of the form

d

7 [a* (u—up)](t) + VE(u(t)) = f(t), t >0, u(0)=u, (53)
where ug € R™. We will suppose that the subsequent assumptions are satisfied.
(K1) a € Ly,0.(R4) is nonnegative;

(K2) there exists a nonnegative and nonincreasing kernel k& € Ly jo.(R4) such that k*a =1 on
(0, 00);

(K3) there is a constant u > 0 and b € Ly (R ) strictly positive and nonincreasing such that
k(t) = b(t) + u(1xb)(t), t>0;

(HE) the function & belongs to C%(R™);

(Hf) f € Li(Ry;R™) N HI(Ry;R™) and there is T3 > 0 such that

[ s+ 1w any s < oo

Ty
Remark 4.1 Observe that the kernel a in Example 2.1 with p > 0 satisfies (K1)-(K3).
Definition 4.1 For T' > 0 we say that a function v € C([0,T];R™) is a solution of (53) on
[0,T] if u € H([0,T);R™) and (53) holds on [0,T]. A function u € C(|0,00);R™) is called a

global solution of (53) if for any J = [0,T], T > 0, the function u|; is a solution of (53) on
J. A global solution u of (53) is called global bounded solution if |u|r,__ (&, grr) < 00.
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Remark 4.2 Under the above assumptions, problem (53) admits a unique local solution in the
described regularity class for all ug € R™. The maximal interval of existence [0, 7(ug)) w.r.t. this
class is characterized by the condition lim; »,(y,) [u(t)| = co. This can be proved by means of a
standard fixed point argument; observe that the smoothness of £ and f allows to write (53) in
the form

a(t) = —k * (V2E(u)a)(t) — k(O)VE(uo) + k * f + k() £(0), t >0, u(0) = up.

4.2 Lyapunov function

We begin by constructing a proper Lyapunov function for (53). Let u € H11 10c([0,00); R™) be a
global solution of (53) and put

d
v:%[a*(u—uo)].

We take the inner product of the integro-differential equation in (53) with @ to find that
. d .
(v,4) + %S(U):U’,u% t>0. (54)

Thanks to (K2), there exists a nonnegative and nonincreasing kernel k € L1 jo.(R4) such that
kxa=1on (0,00). Thus we may write

2
:%(u—uo):%[k*a*(ufuo)]:%(k*v), (55)

U
which together with (54) yields

<v,%(k*v)>+%5(u)=(f,u>, t>0. (56)

Since v = —VE&(u) + f and by the assumptions (HE) and (Hf), the function v belongs to the
class H{ ;. .([0,00); R™). Hence (see Remark 2.1) we may apply inequality (9) to the first term

1, loc

in (56) to the result

% [% (kx of?)(0) + E(u(t))] < - % EOlO? + (F@),a(t), t> 0. (57)

Employing assumption (K3) we infer from (57) that
D2 05 )0 + E@®)] < — 2 HOWOP — & G o)) + (@00, 150, (39)

In order to treat the term (f, %) note that by Lemma 2.1 and Young’s inequality we have

(i) = {f, (b)) = (f, 5 (b)) + ulfbev)

:%<f>b*v>_<f:7b*v>+u<f’b*v>

d 1 o
< —(f,b 2|b 2 YEP) + o [bxv)?
< g (e 0+ Bl (uIfP + 7 AR) + gt ool
d 2 f12 K 2
< S bwv) + MR+ 1F12) + Lox (o) t>0, (59)
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where M = 2|b|, () max{u, n~'}. Setting

V(t) :% (b [o)(8) + E(u(t)) = (f(1), (bxv) (1)

iy / TP Py, t20, (60)
we obtain from (58) and (59) that
V(1) <~ S RO~ 2 ©x )0, >0 (61)

Proposition 4.1 Suppose the assumptions (K1), (K2), (K3), (HE), and (Hf) are fulfilled. Let
up € R™ and assume that u € HJ ,.([0,00); R™) is a global solution of (53). Then the function
V' given by (60) is locally absolutely continuous and nonincreasing on [0,00), and the estimate

(61) holds in the a.e. sense.

Remark 4.3 (i) The second part of (Hf) is not used in the above proof of Proposition 4.1.

(ii) The function V' in Proposition 4.1 is a strict Lyapunov function in the sense of Remark 3.2.
In fact, if V is constant on [tg, 1] C [0,00) (to < t1), then by (61), this means that (bx|v|?)(t) = 0
for a.a. t € (to,t1), which in turn implies v = 0 in [0, 1], by (K3). By definition of v, we have
k*v =u — ug, and hence u = ug in [0, t1].

4.3 Properties of the w-limit set

We consider now global bounded solutions of (53). For any such solution u, the w-limit set w(u)
defined as in Subsection 3.4 is nonempty, compact and connected.

Proposition 4.2 Suppose (K1), (K2), (K3), (HE), and (Hf) are fulfilled. Let ug € R™ and
assume that u € H{ ; .([0,00);R™) is a global bounded solution of (53). Then

1,loc
(i) v="%lax(u—up)] € La(Ry;R") and b [v]> € L1(Ry) N Co(Ry).
(i) The potential € is constant on w(u) and lim;_,o E(u(t)) ezists.
(#i3) VE(us) =0 for every u, € w(u).

Proof: Let u be a global bounded solution of (53). Evidently, £(u) is bounded from below.
Furthermore, by Young’s inequality and Lemma 2.1,

(f(1), (0xv)(#)) < blz, @ | FOF + %(b* 0?)(t), t=>0,

and so it is clear that V' : Ry — R defined in (60) is bounded from below. By Proposition 4.1,
the function V is nonincreasing and therefore lim;_,o, V(¢) = inf;> V() =: Vi exists. The first
part of assertion (i) follows then directly from estimate (61).

In order to see bx[v|* € Cy(R4.), note first that |v|;__ (&, rn) < C for some constant C' > 0. In
fact, this follows from v = —VE(u) + f and the boundedness of v and f. Continuing, given ¢ > 0
we can choose § > 0 such that [b|1,, 9,6)C? < e. Define the function bs by bs(t) = b(t), t € (0,46),
and bs(t) =0, t > 6. Using Young’s inequality we may then estimate

(b [0*)(t) < b5 * [ s sy + (b= bs) * [v]*)(2)
<e+((b—1bs)*[v]*)(t), t>0. (62)
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Since 0 < (b —bs)(t) < b(9) for a.a. t > 0, we have further

t/2 t
(b — bs) * [o]2)(8)] = / (b b))t — 5| ds + /tﬂ(b—bg)(s)w(t—s)ﬁds

< b(0) /t |u(s)\2ds+02/ (b — bs)(s) ds,

/2 t/2

which together with |v(-)|? € L1(Ry) and b € Ly (Ry) shows that lim; o ((b — bs) * |[v]?)(t) =
0. The latter property, (62), and the fact that & can be chosen arbitrarily small, then imply
limy o0 (b % |v[?)(t) = 0. Hence (i) is established.

Let now u. € w(u) and t,, /" oo such that lim, . u(t,) = us. Since

ult) —uo = (b 0)(t), 120, (63)
cp. (55), it follows that lim, o (k * v)(¢m) exists and that

Uy =ug + lim (kx*0)(tm). (64)

m— 00

Let again koo := limy_,oo k(t) > 0 and k := k — k. Using (63) and (64) we have for ¢, < t,
n €N,

u(t) —ue = (k*0v)(t) — lim (k*v)(tm)

= (kx0)(®) = (kx 0)(ta) + (e #0)(tn) = lim (ks 0)(tn) )
= (k*v)(t) — (k*v)(tn) + koo /t v(T)dr
+ ((k: £0)(t) = lim (k + v)(tm)). (65)

Observe that

and thus, by Lemma 2.1,

e 0) (O] < [+ [0 121012 (66)
From (66) and (i) we deduce that }
tllglo(k *xv)(t) = 0. (67)

Using (65) and Holder’s inequality, we have for any n € N and any s € [0, 1],

~ - tnts
Jultn + 8) — el <|(F #0)(t + 9)] + (R *0) ()] *k“(/t fo(r)? dr)'/2

n

n ((k*v)(tn) ~ lim (k*v)(tm)).

m— 00

Since v € La(R4;R™) and by (67), it follows that u(t, +s) — u. as n — oo for all s € [0,1]. By
continuity of &£, this in turn implies £(u(t, + s)) — £(ux) as n — oo for all s € [0,1], and thus

E(uy) = lim E(u(ty, + s)) ds, (68)



by the dominated convergence theorem. Integrating then V' (¢, + ) defined in (60) over [0, 1], we
get

n

1 o 1 et ,
/0 V(tn—ﬁ—s)dsf/o S(u(tn+s))ds+§ /t (bx|v|7)(s)ds
tntl

s [ [0 006 M [T UOR + 1P dr] s

n

which shows that L

Voo = lim V(tn + s)ds = E(uy), (69)

in virtue by (68), (i), (Hf), and the simple estimate

tn+1 tn+1 tn+1
I/t (f(5), (bxv)(s)) ds|* < |blr,r,) / If(S)IQdS/t (b [v]*)(s) ds.

n n

Since wu, was chosen arbitrarily in w(u), (69) implies that £ is constant on w(u). In view of (i),
(Hf), and the structure of V', we also see that lim;_, o, £(u(t)) = V. Hence (ii) is proven.

Finally, to prove (iii), let again u, € w(u) and ¢, " oo such that lim, o u(tn) = Us.
Recall that we know already that then u(t, +s) — u. as n — oo for all s € [0,1]. Therefore
VE(u(ty,+s)) — VE(u.) asn — oo for all s € [0,1]. Since VE(u) = —v+ f and by the dominated
convergence theorem, we have

VE(uy) = lim 1 VE(u(ty +s))ds

n—= Jo
[ [ () + ()] ds =0,

n—oo t
n

where the last step follows from v € Lo(R4; R™), (Hf), and Holder’s inequality. d

4.4 Convergence to steady state

We will now prove that any global bounded solution of (53) converges to a solution u, € R"™
of VE(u,) = 0 as t — oo. To this end we will use Propositions 4.1, 4.2, and the Lojasiewicz
inequality.

Theorem 4.1 Suppose (K1), (K2), (K3), (HE), and (Hf) are fulfilled. Let up € R™ and u €
H{ 1,.([0,00); R™) be a global bounded solution of (53). Assume further that there exists some
ux € w(u) such that € satisfies the Lojasiewicz inequality near uy, i.e. there are constants

0 € (0,1/2] and o, M > 0 such that
1E(x) — E(u) |0 < M|VE(x)|  for allz € R"™ with |z — u.| < o.
Then lim;_,oo u(t) = us, and VE(u,) = 0.
Proof: Let u € H{ , .([0,00);R") be a global bounded solution of (53) and u, € w(u) as in

1,loc
the statement of Theorem 4.1. Setting W (t) = V(¢) — E(us), ¢ > 0, where V is as in (60), we
know that W is nonnegative, nonincreasing, and locally absolutely continuous on R, and that

lim;—, oo W(¢t) = 0. Furthermore,

W(t) < — % Koo |0 (£)]? — g (b* [0]2)(t), a.a.t>0, (70)
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where v = jt [@ % (u — ug)]. All these properties follow from Proposition 4.1 and the proof of

Proposition 4.2.

If W(tg) = 0 for some tg > 0, then W(t) = 0 for all t > g, and hence, by Remark 4.3(ii),
u(t) = ug = ux, t > 0. So we may assume that W(t) is strictly positive on R..

Using Young’s inequality and Lemma 2.1, we deduce from the definitions of V and W that

W (1)~ < Cr{|E((t) — E@[' = + (b [v2) ()
+ O+ [0 o) (O] =
([ Ur@R +IFOP N T ez ()

for some constant C; > 0. Since 6 € (0,1/2], we have 2(1 —0) > 1 and (1 —6)/6 > 1. Using this
and the fact that (b= |v|?)(¢) and the integral in (71) tend to zero as t — oo, we obtain

W)~ < Co{JE(u(®) - £ + £(0)] + (b ) (O]
(AP PN ez, (72)

where Cy > 0 is a constant and ¢, > T} is selected sufficiently large.
As in the proof of Theorem 3.1 we introduce the open set

Q, ={t € (tx,00) : |u(t) — us| < o}
Restricting ¢ in (72) to Q,, we may employ the Lojasiewicz inequality for £ near u, and use
VE(u) = —v+ f to get
_ 1
W)’ < Ca{lv(t)\ GRS CEIERIOIE

([P @Rt e, (73)

with some constant C3 > 0. From (70) and (73) we then obtain for a.a. t € Q,
& ()] = oW )i ()
- 0{5 koolv(t )l2 G (bx |v|2)(t)}
= Ca{lo@)] + SO+ [Bx [o)@)]2 + (@) + [f(7)[2) dr)=}

204(|v(t)\+[(b*\vl2)(t)]§)—Cs(\f(t)lJr(/t (BOP + £ ()P ant),  (74)

where Cy, Cs > 0 are constants. Integrating (74) over €, and using (Hf) yields v € Lq(Q4;R"™).

We show now that v € L1 (R4 ;R™). To this end, choose t,, /" 0o such that lim,, oo w(tn) = .
We may assume that t, € €, for all n € N. Let s,, n € N, be the corresponding exit times
defined in (52). Then there exists N € N such that sy = co. If the contrary was true, we would
have |u(sy,) — us| = 0 > 0 for all n € N. On the other hand, we get from (65) that

2(1-0)
2

() — ] < | % 0) (5] + | % 0)(t)] + ko / )| dr
+ | (k*v)(tn) — mlgnoo(k*v)(t
< (k% v)(s)] + | (k% v)(tn)] +koo/ lv(T)| dT
(tn,00)N Q0

+ |(kxv)(t,) — lim (k*v)(ty)] — 0asn — oo,

m—00
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due to v € L1(Q,;R™) and (67). So we have a contradiction, and therefore sy = oo for some
N € N. Hence v € L1 (R4;R™), which together with (65) and (67) entails that lim;_, oo u(t) = ..

Finally, from Proposition 4.2 we see that V& (u.) = 0. The proof is complete. O
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