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Abstract. We study a quasilinear fractional evolution equation, which is of
order four in space and 1+ 3 in time, where 8 € (0,1). Under the restriction
B < 3/5 we are able to prove existence and uniqueness of global smooth
solutions. This result can be seen as the analogue of a result obtained by

Engler for a related problem of second order.
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1. Introduction

In this paper we investigate the existence and uniqueness of global smooth solutions

to the problem

AP (uy — uy) + o(u
u(t,0) =u

um(t,OS = Ugy
w(0,2) = up(x), uy

5 h“h&
TR

telo,T
€l T% (1.1)

Here 8;6 denotes the Riemann-Liouville fractional derivation operator of order

B3 € (0,1) defined by

atﬁu(t) = 0 /Ot g1—p(t — T)u(r) dr, (1.2)
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where
to— 1

t)y= —, t>0, > 0.
The nonlinearity ¢ is a smooth real-valued function satisfying the condition
0<ky<o'(s) <Ky, s€ER. (1.3)
The functions f, ug, and u; are given data.

The corresponding second order problem, that is,

0 (uy — ) — o(uy)y = f(t,x), te(0,T), z€0,L]
u(t,0) = u(t, L) =0, te[0,T] (1.4)
u(0,2) = uo(z), w(0,2) =us(x), =z €]l0,L],
as well as variants of it have been studied by many authors. Existence of global
weak solutions but not uniqueness has been obtained in [10] for all 5 € (0,1).

Existence of global strong solutions for all 8 € (0,1) has been established in [8]
and [3] by means of a perturbation argument requiring the smallness of the number

K2 — R1

o (1.5)
We further mention Gripenberg’s result [9], where global weak solutions u with
square integrable but no uniqueness were obtained under the condition 5 < 1/2.
Restricting further 8 to be less than 1/3, Engler [7] was able to show existence
and uniqueness of global smooth solutions for a variant of (1.4) without smallness
condition on the number in (1.5).

In this paper we prove an analogue of Engler’s result [7] in the ’fourth order
case’, see Theorem 4.2. We also need to impose a restriction on 3, which is 8 <
3/5. Assuming this condition together with (1.3) and suitable smoothness and
compatibility conditions on the data and the nonlinearity (see (H1)-(H4) below),
we establish global existence and uniqueness of smooth solutions of (1.1) (with
uy = 0, see below).

Our proof consists of two parts. In the first step we obtain the local well-
posedness of (1.1) for all 8 € (0,1) in the framework of continuous interpolation
spaces, see Theorem 3.2. Here we make use of a recent result on abstract quasilinear
fractional evolution equations, [4, Theorem 13]. This result requires u; = 0, which
will be assumed throughout this paper. We remark that by using the results in
[11], it is also possible to treat the case u; # 0. We recall that the method of
continuous interpolation spaces has been introduced by Da Prato and Grisvard in
[5] and extended by Angenent [2], Lunardi [12], and Simonett [13].

In the second part of our proof we derive a priori estimates which imply the
global well-posedness of (1.1). A crucial step here is to obtain an a priori bound
for uy, in a Holder space, which is achieved by using Engler’s method, see [7]. In
order to justify the corresponding computations, we are forced to work with higher
regularity. So the parameters in our setting are chosen in such a way that a solution
on a time-interval [0, T, say, necessarily belongs to the space C* ([0, T]; C*([0, L])).
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We remark that short-time existence and uniqueness of smooth solutions can be
shown under weaker assumptions on the function ¢ and the data.

Taking the a priori Holder estimate for u,, as a starting point, we then carry
out a bootstrap argument, which eventually yields the global well-posedness of
(1.1). Note that in contrast to the second order case, problem (1.4), here one is
confronted with an extra nonlinear term, which is of third order, as can be seen
by writing the first equation in (1.1) as

atﬁ(ut - Ul) + 0/(umz)ummzz = 70—/,(uzm)uix1 + f(tax)a t> 07 T e [Oa L}

The paper is organized as follows. In Section 2 we fix some notation. Section
3 is devoted to the local well-posedness, while Section 4 is on a priori estimates
and global existence. Finally, in Section 5 we prove an auxiliary result, which is
needed in Section 3.

2. Preliminaries

By f *g we mean the convolution defined by (f *g)( fo f&—=n)g(r)dr, t >0,
of two functions f, g supported on the positive halﬂme

Let X be a Banach space and T' > 0. We say that a function v € L1((0,7); X)
has a fractional derivative of order 8 € (0, 1) if u = g f for some fe L1((0,T); X).
In this case we write afu =f.

We next consider functions defined on Jy := (0,7] which have (at most) a
singularity of prescribed order at ¢t = 0. Letting J = [0,7T] and p € (0,1) we define
the space

BUC_,(J; X) = {u €C(Jo; X) : t'Fu(t) € BUC(Jy; X)
. 1—p _
and t1_1>r51+t lu(t)|x =0},
which becomes a Banach space when endowed with the norm
lulpuc, . (7;x) = sup T u(t)|x-

teJo
We further introduce the following subspace of BUC,_,(J; X). For 8 € (0,1) we
set (cf. [4, p. 423])

BUC{*(J; X) = {u € BUCL_,(J; X): u=1x+ gi1p * ,
for some z € X and f € BUC:_,(J; X)}.

3. Local well-posedness

In order to prove existence and uniqueness of local (in time) smooth solutions of
(1.1) with u; = 0, we will apply [4, Theorem 13]. In what follows we explain the
underlying setting and verify the assumptions needed in this result.
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Let L > 0 and set I = [0, L]. Let
Fy={veC(): v(0) =v(L) =0}
and
F={vec*I): v0)=v(L)=0,i=0,24},
endowed with the canonical norms. For s € (0,8) with s ¢ N we define
B (I) = {v e h*(I): vD(0) = v (L) =0 for all i € {0,2,4,6} withi < s},

where h®(I) stands for the little Holder space with exponent s. It is well known,
see [12], that the continuous interpolation space

Fy = (Fo, F1)§ o = hyt(I), 6€(0,1), 40 ¢ N.
Putting
Eo=h(I), Ei=ht*(I), 0€(0,1), 40 ¢ N,
the following embeddings hold true:
FEi — F; — Ey — Fyj.
We further set

En:(Eval)g,oo, ne (Oa 1)'
Then
E,=h"(1), 0e(0,1), 40 ¢N, ne(0,1), 4n+6) ¢N.  (3.1)
We next put
i MtB
n= 1+43

and assuming that E; — C3(I) (cp. (3.8) below) we may define
A)w = 0" (Vpg)Wazzas v E Ep, w € Ey,
and
F() = —0" (V4 )V2pe, v E Ep.
Then (1.1) with u; = 0 can be written as an abstract quasilinear problem of the
form

{ 0w + A(wyu = F(u) + f(1), t>0 (3.2)

u(0) = ug, ut(0)=0.
Letting i, 8 € (0,1) and J = [0,T], we choose
Eo(J) := BUC,_,(J; Ey)

as the base space for the fractional differential equation in (3.2) and seek solutions
in the corresponding maximal regularity class

Ey(J) = BUC,*/(J; Eg) N BUC1_,(J; Ey).
It has been shown in [4, Theorem 10], cf. also [11], that
Ey(J) = BUCUHPU=n=0=m (1 gy 0<n< . (3.3)

In particular, we have R
Ey(J) — BUC(J; Ey). (3.4)
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Note that if 443 > 1, then the Hélder exponent in (3.3) exceeds 1, provided n > 0
is sufficiently small.
We will next fix the parameters y, 6§ € (0,1) appropriately, ensuring among
other things that E; — C3(I) and E1(J) — C1(J; C4(1)).
Let € € (0, 4(%6)) and set
(14 8), 0= — yse g= D o (3.5)
p= =gt =152 :
Here we exclude those values of ¢, for which the condition
40¢ N, 4n+60)¢N, and 4(i+6)¢N
is violated. Then
. opt+B
‘LL = — =
1+p
and it is readily checked that n € (0, ii). We further have 6 + 7 =1+ ¢, and
1
(1481 =)~ (L= ) = (14 B)( 15 +2) —(1+)
=1+4+¢(1+0).

Using (3.1) and (3.3), we thus see that
E\y(J) — BUCHAA=m=0=m) (1, plnt40 1))

1—¢

)

= BUC" W0 (1, pi 1) (1)) — Y (J; CH(I)). (3.6)
Notice as well that
2+ 3 3
0= " - S 426,26 .
a0 1+ﬂ+38 5e<2+ e, é‘) (3.7

In particular, we have
E; = hfH0(1) — 058=(1). (3.8)

We will assume that the data and the nonlinearity in (1.1) are subject to the
following conditions:

(H1) 0 € C"(R), o™ (0) =0, k =0,2,4;
(H2) 0 < k1 <0d'(s) < ke, sER;
(H3) f € C'(Ry;C(I))NC(Ry; CH(I)),
f(t,O) = f(taL) = facac(tvo) = faaa;(t’L) =0,t>0;
(H4) ug € C3(I), ul”(0) =ul(L) =0,k =0,2,4,6; u; =0.

Observe that (H3) implies that f € BUC,_,([0,T]; Ey), for any T > 0, while
(H4) and (3.7) ensure that ug € E; = h;lf+49(f). Therefore condition (47) in [4]
is satisfied.

We remark that for the Theorems 3.2 and 4.2 below we do not need the full

regularity of ug required in (H4). In fact, ug € hgéﬂ +(%Ls)(l ) would be sufficient.
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For Banach spaces X, Y, and a mapping G of X into Y, we write G €
Cllo; (X;Y), if every point € X has a neighbourhood U such that G restricted
to U is globally Lipschitz continuous. By B(X,Y) we mean the space of bounded
linear operators from X into Y. We write B(X) = B(X, X) for short.

In order to be able to apply [4, Theorem 13], it remains to verify that (cf. [4,

condition (46)])
(A, f) S Cl_(Eﬁ;M,(Lu(El,Eo) X EQ) (39)

loc
Here Mg, ,(E1, Ep) denotes the space of all operators A € B(E1, Ey) satisfying
the following two conditions: (i) Jw > 0 such that A, := A + wI is a nonnegative
closed operator in Ey with spectral angle w4, < 5(1 — 3); (ii) AP uy + Au = h(t),
u(0) = 0, uz(0) = 0, has maximal regularity in Ey(J), i.e. there exists C' > 0 such
that for any h € Eo(J),

‘“|E1(J) < C|h‘E~‘0(J))
where u solves 07w, + Au = h(t), u(0) = 0, u,(0) = 0. Mg, . (E1, Ep) is equipped
with the topology of B(E1, Ep).

Let v € E; and w € Ey. Then, obviously, Wezer € Eo = hﬁf([) and vy, €
hyPH4972(1) Note that 2 < 40 < 4 < 41 + 40 — 2, due to (3.5) and (3.7). Since

(0'(vm)wmm) = 0’ (Vaz) 2o Warzz + 20" (Voz ) VoosWerzrs
xTrr
+ J/(vmr)wzzmmrza

and ¢”(0) = 0, by (H1), we see that (0’ (V) Weges )z vanishes at = 0 and z = L.
In view of (H1) (o0 € C° is enough) it is then clear that A € C.(Ex; B(E1, Ey)).

loc

Similarly, one checks that F € le(E[“ Ey). Note that here one needs one deriv-

loc
ative more for o; 0 € C°® does not suffice. Notice also that

(J//(vm)vim) = U/I/I(Umm)v;lm + 50///(vrx)vg2mzvxrm
xTrxr
+ 20" (V40) [V2 420 + VowaVswaa)s

which shows that (0" (ves)v2,.,)

zz vanishes at x =0 and = = L, by (H1).
Finally, let v € Ej; be fixed and define the operators

ANw = UI(’Uzw)w;va::rwy w e Fla
and
Aw = A)w = 0’ (Vpr ) Wapze, w € Ej.

Then it follows from (H2) and the preceding considerations that A and A are
isomorphisms mapping F} into Fy and E; into Ey, respectively. Note that Av = Av
for all v € E;. Furthermore, A as an operator in Fy is nonnegative with spectral
angle ¢ ; = 0. The latter property is a consequence of the following result.



Global smooth solutions to a fractional evolution equation 7

Lemma 3.1. Let L > 0 and Fy = {v € C([0,L];C) : v(0) = v(L) = 0} equipped
with the supremum norm. Suppose further that m € C([0, L)) is strictly positive.

Then the operator A : D(A) C Fy — Fy defined by
D(A) = Fy = {v e C*([0,L];C) : vD(0) =v(L) =0, i =0,2,4},

and

Aw =mw"", w e D(A),

is invertible and sectorial with spectral angle ¢ ; = 0. We have C\ (0,00) C p(A)
and for any ¥ € [0,m) there exists M1 () > 0 such that

M, (9)
14+ A7

[+ A) " () < A€ C\{0}, farg A < 0. (3.10)

A proof of Lemma 3.1 is given in Section 5.

It follows now from [4, Theorem 11] applied to the operators A and A, that
A € Mg, ,(Eq, Ep). This shows that A(v) € Mg, ,(Eh, Ey) for all v € Ej;. Hence
condition (3.9) is satisfied.

We are now in position to apply [4, Theorem 13]. This establishes the local
well-posedness of (1.1) in the described setting.

Theorem 3.2. Let the assumptions (H1)-(H4) be satisfied. Let 5 € (0,1) and as-
sume that the parameters p, 0 € (0,1) are chosen as in (3.5). Then there exists
a unique mazximal solution u defined on the mazimal interval of existence [0,Tp),
where Ty € (0,00], and such that for any T € (0,Ty) one has

we 27 = BUCH([0.71: 1 (0. 1)) N BUCL,([0.T): K& (0. 1))

and u solves (1.1) on [0, T]. Further, for any T € (0,Tp), u € C1([0,T]; C4([0, L])).
If Ty < oo then

=
@

lim sup |u(t)|h4a+4s([0 ) = 9 for any d € (@i, 1), where i = i
t1To be ’ 1+

®

4. A priori estimates and global well-posedness

In this section we will prove that the solution w of (1.1) constructed in Theorem
3.2 exists globally, i.e. Ty = co. We will make use of the following simple lemma.

Lemma 4.1. Let T > 0, 8 € (0,1), and v € Lip(—oo,T| with v(t) = v(0), t < 0.
Then

t

/ gg(t—s)[v(s)—v(t)]stZ/ ds(t = $)o(s) —v(B)] ds, 0<t<T. (4.1)

— 00 — 00
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Proof. We split the integral on the right-hand side of (4.1) and integrate by parts.
This gives for ¢t € (0,71,

[;%me®—MM®:1;m@ +f“48

=~ [v(0) = v(®)] ga(t) + [(v() = v(s5)) ga(t — 5)]
+ /0 gp(t — s)[v(s) —v(t)]s ds
= [ astt =)o)~ violds = [ galt = 9)uts) = o(t))ds.
0

Note that the first line shows that the integral on the right-hand side of (4.1)
is well-defined. In the step before last we used the Lipschitz continuity of v to
conclude that limgp (v(t) — v(s)) gg(t — s) = 0. O

The main result of the present paper is now the following.

Theorem 4.2. Let the assumptions (H1)-(H4) be satisfied. Assume that

3
0<pB< =,
s 5

and suppose that the parameters p, 0 € (0,1) are chosen as in (3.5). Then the
unique mazimal solution u of (1.1) constructed in Theorem 3.2 exists globally, that
is, Ty = oo: For any T > 0 one has

ue 27 = BUCITI(0, T} hl([0, 1) N BUC ([0, T hyt 7 ([0, 1]))
and u solves (1.1) on [0,T].

Proof. Suppose that Tp < oo and let T € [Tp/2,Tp). By means of a series of
estimates for v on [0,T] x [0, L] (uniform with respect to T'), we will show that

hrtr%jb:(l)lp |u(t)|h§£ﬂ+8+5)([O,L]) < 00, (4.2)

where ¢ is the positive number that was used in the definition of § and p in (3.5).
By the blow up criterion given in Theorem 3.2, (4.2) leads to a contradiction,
which will imply that Ty = oo.

The proof of (4.2) proceeds in four steps. In the first step we will obtain the
basic a priori bound for u,, in a space of Hélder continuous functions. In the Steps
2-4 we will carry out a bootstrap argument which eventually yields (4.2).

Step 1: An estimate for u,, in C°([0,T];C%(I)) with some § > 0. Since
u € CY([0,T);C4([0,L))), by Theorem 3.2, and f € C*([0,7T];C([0,L])), due to
(H3), we may convolve the first equation in (1.1) with gg and differentiate with
respect to time, thereby obtaining

Uyt + gp * [U(umx)mt] =ga * (ft) + gﬁ(t)sﬂ(w% (4.3)
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where p(x) = f(0,2) — o(uj(x))zz. Setting u(t, z) = ug(x) for ¢ < 0, (4.3) can be
written as

ug(t, ) + / 9p(t — s)[o(Ugz (S, 7)) — 0(Ugs(t,2))]zas ds

— 00
= (g8 % f)(t,2) + gs(t)p(),
which after an integration by parts, cf. Lemma 4.1, appears in the form

ug (t, ) + / g5t — 8)[o(uga (s, @) — 0 (Ugg(t, T))]ze ds

= (e (o) + gs(t)e(a). (4.4)

We multiply (4.4) by uq, integrate over [0, L], and integrate by parts. This gives
(¢(0) =0, by (H1))

L4 [iear e [ g0 2 bt sya
thOUt )% dx J3 $) 5 ,8)ds

— 00

:/0 [(g8 * ) (X, 2) + gp(t)p(2)]ue(t, z) dw, ¢ € (0,T] (4.5)
where

L Ugq ()
) = [ [ lot) = ol (s.a)) dyda,

2z (8,x)
Since o is strictly increasing, we see that H(¢,s) > 0 for all 0 < s, t < T'. Also, by
continuity of u,,: on [0,T] x [0, L], there exists a constant M > 0 such that

0
H(t,s) < M|t — s|?, |§H(t,s)|§M|t—s|, 0<s,t<T.
Therefore, setting
1 L t
W) = 2 / w(t, 2)? dz —/ dp(t — $)H(t,s)ds, te€0,T],
0 —00

we may rewrite (4.5) as
. L
W(t) = / (g5 % £2)(t,2) + g5 (D) p(@)]ue (1, 7) d

[ - 1o

—0o0

Since gg and H are nonnegative and by using Young’s inequality, we then obtain

L
WO <WO+5 [ oo+ h)to) +as00e@) do. te.T]

which yields the estimate

L t
W(t):%/o ut(t,x)zdx—[ ga(t —s)H(t,s)ds < C, te[Ty/2,T], (4.6)
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where the constant C' depends only on W (Ty/2) and the data.
It is not difficult to see (cf. [7, Lemma 3.3]) that

Uz (L,2)

o [0t ) = 0,2 < [ o)~ olu(sa)ldy. (47

2K/2 uzz(s7$)
Proceeding as in Engler [7] (cf. Lemma 3.4), it follows from (4.6) and (4.7) that
|U(u:vw)(t7 ) - U(uww)(s7 ')|L2(1) < Cl|t - S|(1_B)/27 t, s € [T0/27T]7 (4'8)

where the constant C; depends only on W (Ty/2) and the data. In fact, writing
E(t) = o(ugz)(t, ) € La(I) for t € [Tp/2,T], (4.6) and (4.7) imply that

/t_h(t Rt — £y dr < O, e [To/2,T) he (0,To/2],  (49)

where the constant C' depends only on W (T,/2) and the data. From (4.9) and
Holder’s inequality we then obtain
3—

¢ ¢ 1
|ttt - elnar < V([ ¢-rprar)’ < o'
t—h t—h

for all t € [Ty/2,T] and h € (0,Ty/2], where C; = C1(C, (). Setting

&n(t) = %/ph(T —t+h)(r)dr, tel[Ty/2,T], h€(0,Tp/2],

this yields

2 t

60 =& Olean = 351 | 7= t+PED = &) drlra
t

< f2l ‘/tfh |§(t) 75(7)|L2([) dr < 2@1h¥

as well as
. 2 [t S 148
Ol < 35 [ 160) = €l dr < 2000
h* Jip
Hence, for Tp/2 < s <t < T and h:=t—s € (0,T/2) we have
1€(t) = () Lory S 1EE) = En(t) Loy + 1En(E) = En(8)|Lo(r) + 1ER(S) — £(8) Lo ()

1-8

< 40" 4201 (t — s)h 5 <60 (L —5) 2

b

which proves (4.8).
Thanks to (4.6), (4.8), and the smoothness of o we obtain bounds for

us € Loo([0,T); Lo(I))  and  o(uge) € C 27 ([0, T); La(I)), (4.10)

which depend only on the data, W (Ty/2), and the corresponding bounds on the
interval [0, Tp/2].

We now put v = 1 % o(ug,). Then we have a bound for v in the space
C'*+=8/2([0,T); Lo(I)) in terms of the bound for o(u.,) € C#([(LT];LQ(I)).
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On the other hand, we may integrate the first equation in (1.1) with respect to
time to the result

Uxa::_glfﬁ*ut"’_]-*fa

which yields a bound for v in the space C*~4([0,T]; H3(I)) in terms of the bound
for uy € Loo([0,T]; L2(I)) and the data. By means of interpolation (cp. [7, pp.
283-284]) and Sobolev embedding, we have the embeddings

%27 ([0, T); Lo (I)) N C=A([0,T); H2(I)) — ¢4 =52 +70=8) ([0, T]; H3™(I))
— C([0,T);:C°(1))

for some > 0 and some 7 € (i, %), the latter being possible, since 8 < 3/5.

Hence we obtain an a priori estimate for o(us,) in C°([0,T]; C°(I)). Since o is
strictly increasing and smooth, we get also an a priori bound for wu,, itself in
the space C°([0,T]; C°(I)). Note that this bound is uniform with respect to T' €
[To/2,To).

Step 2: An estimate for u in BUC([0, T]; C4*91(I)) with §; € (0,5). We write
the first equation in (1.1) as

afﬁut + O'/(uxx)uz:cxa: = f - Uu(uxw)uix;m te (O,T], YIS [O,L], (411)
and view it as a linear equation for u of the form
afut + m(t, ) Upprr = f, (4.12)

where m = 0'(tgs) and f = f — 0" (ugy)u,,. Note that f(¢,0) = f(t,L) = 0,

t € [0, T, since, by assumptions, f enjoys the same property and ¢”(0) = 0. We use
then maximal regularity of (4.12) together with the boundary and initial conditions
as in (1.1), in the space Eo([0,7]) = BUC;_,([0,T]; h{?(I)) with p € (0,1) and
6 € (0,0/4). Letting

Ev([0,T]) = BUC,Z,(0,T); i (1)) N BUCI-,((0, T); by 7 **(1)),
this gives the estimate

vl t0.21) < C (171 uqto.7yy + 10l gossa ) ) (4.13)

where C' is a positive constant which depends only on the parameters and the
bound for w,, in C?([0,T]; C%(I)). The space C*4?(I) forms an algebra with respect
to pointwise multiplication, and we have

(0" (i (£, ) Ve (85 ) a0 (1) < |07 (U (E, ) a0 (1) |tawar (5 )| Gao 1y, € [0,T)-
Since 46 < 4, there exists n € (0,1/2) such that

|uzzz(t> ’)|C’49(I) < Cl|uxm(ta ')‘ncz+49(])|uacz(ta )‘é;?])a te [OaT]a
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where C; > 0 is a positive constant. Using these inequalities we may estimate
z 2
|f|E0([o,T]) < \U”(um)umx\éo([o,:r]) + \f|E0([o,T])

_ 2 2(1—
S 02 , S(lg.)pT] tl 'u|umw(t7 ')|C772+49(I)|Uw1(t7 )|C(5(I;]) + |f|Eo([O,T])
€(0,

2n -
< Gslulpyo,, qoarmsromy + W lEsqo (4.14)

where the constants Cy, C3 depend on T and the bound for w,, in C?([0, T]; C%(I)).
It follows then from (4.13) and (4.14) that

2
[l &, 0,17y < C2Clulg] (o1y) + C(‘f|Eo([o,T]> + |“0|h;*ff+4ﬂ<r>)'

Thanks to 2 < 1 and by Young’s inequality, this yields a bound for u in E’l([O, T))
in terms of Ty, the parameters, the data, and [u|cs (o, 7);c(1))- In view of (3.4),
(3.8), and 6 < §/4 the space ZT embeds into BUC([0,T]; C*+4%(I)). We thus
obtain a bound for w in the latter space in terms of the preceding set of quantities
and the corresponding bound on the interval [0, Ty /2]. Putting 6; = 46, this is the
desired bound of Step 2.

Step 3: An estimate for u in BUC([0, T]; C%*+%2(I)) with some d, € (0,d;).
We differentiate the first equation in (1.1) twice with respect to x, which is possible
since f and o(usy)ee belong to the space C([0,T]; C?(I)) (by (3.4), (3.8), (H1),
(H3)) and thus 8”u; does so, by (1.1). Letting w = u,, we obtain

8tﬁwt + Ul(umz)wwwxm :fmw - 401/(uww)ux;rwwwo:x - 30//(uww)uiz$$

o 60_I//(umz)uimmumzzm o 0_////(

um)u4

rxx*

(4.15)
Furthermore
w(t,0) = w(t, L) = we(t,0) = wee (¢, L) =0, t € (0,T],
and
w(0,2) = uy(x), w(0,2) =0, =€ 0,L]
Denoting the right-hand side of (4.15) by f, we have f(t,()) = f(t,L) = 0,
t € (0,T], as frz, Uge, and Ugzqe enjoy this property, and o”(0) = o"(0) =
0, by assumption. By means of maximal regularity in the space Ey([0,7])
BUC,_,([0,T); h$2(I)) with g € (0,1) as in (3.5) and dy € (0, min{dy,8<}), there
is a positive constant C' depending only on the parameters and the a priori bound
for u,, in CO([0,T]; C°(I)) such that with
E\([0,T]) = BUCYZ(0,T); 32 (1)) N BUC—,([0, T]; By (1))
there holds the estimate

[z, o, < C<|f\E0<[o,T}> + ‘“3|h§g+4ﬂu))- (4.16)

Since
1/2 1/2
|wmmx(ta ')|C‘52 (I) S Cllwmx(ta ')|C/2+62 (I) ‘umxrx(ta .)|C/‘52 ay’
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we obtain, similarly to the argument in Step 2,

1 1/2
|f‘EO([O,T]) < 02(‘w|}§/1([07T]) + |fzx‘E~'0([0,T]) + 1)7 (4-17)

where the constant Cy depends on T, the parameters, and the a priori bounds for
u from Step 1 and Step 2. Combining (4.16) and (4.17), and employing Young’s
inequality, we find a bound for u,, in E1([0,T]) in terms of Tj, the parameters,
the data, and the a priori estimates for u from Step 1 and Step 2. In view of (3.4),
(3.8), and J3 < 8¢, the space ZT embeds into BUC([0, T]; C%+°2(I)). Therefore we
obtain a bound for u in the latter space in terms of the preceding set of quantities
and the corresponding bound on the interval [0, Ty/2]. This completes Step 3.

Step 4: An estimate for v in BUC([0, T]; C*®+#+)(T)) with 6,  as in (3.5).
Letting again w = uy,, it follows from (4.15) and Step 3 that

07wy + 0 (Uga ) Wazzs + 40" (Ugz ) UgzaWazs = G, (4.18)

where § is a function which is a priori bounded in C([0, T]; C%(I)), uniform with
respect to T € [Ty/2,To), and satisfies g(¢,0) = g(¢t, L) =0, t € (0,T].
Let 6 and p as in (3.5) and define

v =460 +4e — 2. (4.19)

Note that v € (0,2), because 3 € (0, £) and € € (0, ﬁ)

We then consider (4.18) as an equation for w in the space Eo([0,T]) =
BUC:_,,([0,T); h](I)). The coefficients are a priori bounded in C([0,77]; C*(1)),
uniform with respect to T € [Tp/2,Tp). The linear term 40" (U )UgreWegs 1 of
lower order, and hence by a perturbation argument, one has maximal regularity
in Ey([0,T)), that is, with

Ey([0,T]) = BUCYZ((0,T); hy (1) N BUC1 ([0, T} by S (1)

we get the estimate

], (o, < C(|§|Eo<[o,T]> + |“3|hz:4ﬂ<f>)’

where C' depends only on Tj, the parameters, the data, and the bound for u from
Step 3. By the embedding

E1((0,T]) = BUC([0, T); (1)),

we thus obtain a uniform bound for u in BUC([O,T];h§j7+4ﬂ(I)). In view of

(4.19) this means we have a bound for u in BUC’([O,T];hg((:9+’1+6)(I)), uniform
with respect to T € [Ty/2,Tp). This contradicts the hypothesis that Ty < oo.
Hence we have global existence. 0
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5. Proof of Lemma 3.1
Proof. Define the operator B by means of
D(B) = {v e C*([0,L];C) : vD(0) =0 (L) =0,i=0,2},
(Bu)(z) = —u"(z), wue€ D(B).
Then B : D(B) C Fy — Fj is invertible, i.e. 0 € p(B), and it is sectorial with

spectral angle ¢ = 0. The same then holds for B?: D(B?) C Fy — Fy. We have
C\ (0,00) C p(B?) and for any ¥ € [0, 7) there exists Co(9) > 0 such that

_ Co (V)

A+ BH! < 2
A+ B%) " B < T+
Moreover, D(B?) = F; = {v € C*([0,L];C) : v¥(0) = v®(L) =0, i = 0,2,4},
and by using standard interpolation inequalities we see that the graph norm of
B? on D(B?) is equivalent to the usual norm of C*([0, L]). Again from standard
interpolation inequalities and from the identity

B*A+B*) ' =1-\)+BH!

we obtain for any ¢ € [0,7) and 0 < k < 4,

1
DF(\+ B*H)™! < CR(0
DM+ B sy < Cu0) (17

A e C\ {0}, Jarg A| < 9.

-
) ,AeC\ {0}, larg A <9, (5.1)

d

where D = and Cg(9¥) > 0 are constants depending only on & and ¥.

dz’
Let now m € C([0, L]) be strictly positive and set
mp := min m(z), my := max m(zx).
2€[0,L] z€(0,L]

Define the operator M : Fy — Fy by means of
(Mu)(z) = m(z)u(x), x€][0,L], u € Fy.
Then M € Isom(Fy), |M|gr,) < me, and |M~|gr,) < 1/m;y. Furthermore
we have A = MB? with D(A) = D(B?), and so clearly 0 € p(A) and A~' =
(B?)~tM~1.
_In order to show that C\ (0,00) C p(A), it is sufficient to prove that A + A :
D(A) — Fy is bijective for any A € C\(—o0,0). To this end, for such a A, we define

the operator K : D(A) — Fy (D(A) equipped with the graph norm) as follows:

(Ku)(z) = Mu(z), ue D(A).

Then K is compact, and since A € Isom(D(A), Fy), it follows then from the
stability of the index under compact perturbations that the index of K + A is
Z€ero.

The null space of K+A is {0}. Indeed, let u € D(A) be such that Ku+Au = 0.
We divide this equation by m, multiply by @, and integrate over [0, L]; this yields

L 1 2 o " 2 _
)\/0 oy @) da:—i—/o " (2)[2 dz = 0.
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In view of the positivity of m and due to A € C\ (—o0,0), it follows that u = 0.
We conclude that K 4+ A € Isom(D(A), Fy). Hence A + A € Isom(D(A), Fy) for all
A e C\ (—0,0).

As to (3.10), observe that by continuity of the resolvent and as a consequence
of what we have just proved, (3.10) holds provided |A| < p for p > 0, with M;(¢)
replaced with some M (¥, p). Therefore it remains to show the following:

M(9.p) (5.2)

|(>‘+A)71|B(Fo) < T+A] |/\| > Py |arg >‘| < 9.

{ Vi € [0,7) 3p > 0 IM (Y, p) > 0 such that

Employing the resolvent estimates (5.1) for the operator B? and using the conti-
nuity of m, (5.2) can be proved by the method of localization and perturbation
arguments, see e.g. [1, pp. 479-480] or [6]. Due to limitations of space, we do not
carry out the details. U
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