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Abstract

We study the existence of classical solutions of a taxis-diffusion-reaction model for tu-
mour-induced blood vessel growth. The model in its basic form has been proposed by Chap-
lain and Stuart (IMA J. Appl. Med. Biol. (10), 1993) and consists of one equation for the
endothelial cell-density and another one for the concentration of tumour angiogenesis factor
(TAF). Here we consider the special and interesting case that endothelial cells are immobile
in the absence of TAF, i.e. vanishing cell motility. In this case the mathematical structure of
the model changes significantly (from parabolic type to a mixed hyperbolic-parabolic type)
and existence of solutions is by no means clear. We present conditions on the initial and
boundary data which guarantee local existence, uniquenessand positivity of classical solu-
tions of the problem. Our approach is based on the method of characteristics and relies on
known maximalLp and Hölder regularity results for the diffusion equation.

Mathematics Subject Classification 2000: 35M10, 35L60, 35K55, 35K20, 92C17
Keywords: taxis-diffusion-reaction models, vanishing motility, hyperbolic equations, method
of characteristics, nonlinear parabolic equations, maximal regularity

1 Introduction

A compact, solid tumour in the so-calledavascular stateresides in the tissue of the (human) body
and has no direct connection to the blood circulation (vascular) system. This missing connection
results in a limited availability of nutrients because the only means of transport from the vascular
system to the tumour is by diffusion through the separating tissue. As a consequence, an avascu-
lar tumour cannot grow beyond a few millimetres in diameter.In order to grow further, it must
initiate the outgrowth of new capillaries from the pre-existing vascular system in its direction.
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Once tumour and vascular system have established a connection, the tumour has reached thevas-
cular state. This growth process, bringing the tumour from the avascular to the vascular state, is
calledtumour-induced angiogenesis. Due to the increased availability of nutrients, a vascularised
tumour can grow further, can form metastasis and becomes potentially lethal. Understanding the
mechanisms of tumour-induced angiogenesis is a key to successfully avoiding its completion,
which can serve as a potential part of a cancer therapy.

The process of tumour-induced angiogenesis is initiated and controlled by a diffusive chemical
compound, known astumour-angiogenesis factor(TAF), which is released by the tumour cells
into the surrounding tissue. Blood vessels and newly grown capillaries are lined byendothelial
cellsso that their density can be used as a measure of how well the vascular system is developed
in the tissue around the tumour. A PDE system for the time- andspace-dependent endothelial cell
densityu(t, x) and the TAF concentrationc(t, x) as a model of tumour-induced angiogenesis has
been proposed in 1993 by Chaplain and Stuart [12]. Despite its simplicity, this model captures
many of the main events of the process and will serve as a motivation and starting point for our
investigations presented here. Other models of tumour-induced angiogenesis, often taking into
account more details of the process, are given in, for instance, [11, 6, 25].

If the process of tumour-induced angiogenesis is to be completed successfully, then this will
happen in a finite time interval. For this reason we consider our model for timest ∈ J0 := [0, T0].
In space we consider a bounded domainΩ ⊂ R

n of tissue surrounding the avascular tumour. An
obvious choice isn = 3 whereas Chaplain and Stuart [12] usen = 1. The results of this paper
will be valid for all n ∈ N. We assume a smooth boundaryΓ of Ω, which decomposes in two
disjoint, closed and nonempty subsetsΓ1 andΓ2. HereΓ2 describes the shape of the tumour and
Γ1 is the “outer boundary” out of or through which new vasculature is growing under the influence
of TAF. The situation is depicted in Fig. 1.

surrounding tissue
blood
vessel

avascular

diffusing TAF

tumour

Ω

Γ

Γ1

2

Figure 1: Schematic picture of the process of tumour-induced angiogenesis.

The model equations foru andc are derived using balance of mass and are given by

∂tu+ ∇ · (−ε∇u+ χu∇c) = f(u, c) , (1a)

∂tc+ ∇ · (−D∇c) = g(u, c) , (1b)

see [12], where the reaction terms are

f(u, c) = max{0, c − c∗} · µu(1 − u) − βu , (2a)

g(u, c) = − αuc

γ + c
− λc . (2b)

These model equations have to be supplemented with suitableinitial and boundary conditions and
non-negative real parameter values forε, χ, c∗, µ, β,D(> 0), α, γ, andλ. We assumeε > 0 for
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now and briefly outline the subprocesses of tumour-induced angiogenesis which are modelled by
the various terms in the above set of equations; for more details we refer to [12]. TAF diffuses in
Ω, is taken up by endothelial cells and decays linearly with rate λ. The TAF uptake by endothe-
lial cells is modelled as a Michaelis-Menten kinetics term in g(u, c). The release of TAF by the
tumour cells is to be modelled by a Dirichlet or inflow boundary condition onΓ2. On Γ1, we
assume that all TAF has been taken up, is decayed, or transported away in the blood system, and
choose homogeneous Dirichlet boundary conditions there. With regard to the motile endothelial
cells, the model assumes some random movement of them represented by linear diffusion with
diffusion rateε. More importantly, it is known that higher TAF concentrations have an attract-
ing influence on endothelial cells and cause a directed migration of these towards areas of higher
TAF concentration, i.e. ultimately towards the tumour. This latter process is termedpositive
chemotaxisand the flux of endothelial cells due to chemotaxis is modelled asχu∇c. Here,χ
is the chemotactic constant and the gradient ofc, pointing towards higher TAF concentrations,
prescribes the direction of cell migration. The chemotaxisterm leads to an additional coupling of
the two PDEs and renders (1) quasilinear. In the reaction term f(u, c), a linear loss of cells with
rateβ is assumed, and further logistic growth of them is modelled.Endothelial cells divide only
if a sufficiently high TAF concentration is present in their surrounding and divide more often the
higher the TAF concentration. This influence of TAF on cell division is modelled via the simple
threshold functionmax{0, c−c∗} which multiplies the growth term. On the boundaryΓ1 we pre-
scribe some spots of positive endothelial cell density representing some already grown capillaries
which are trying to grow towards the tumour. On the boundaryΓ2 we prescribe homogenous
Dirichlet boundary conditions having in mind that the modelequations hold only up to the time
when the vasculature connects with the tumour—thereafter other processes take over and other
models must be used.

The PDE system (1) can be viewed as a generic case for many other models describing pro-
cesses from developmental biology, e.g. tumour invasion [7], fracture [8] and wound [16] healing,
and fungal growth [10]. Despite the more difficult nature of many of these other models, the unify-
ing component is that they all contain a (chemo-)taxis-diffusion-reaction equation similar to (1a)
with a positive random motility coefficientε. Therefore these models are generically parabolic
PDE systems. The PDE system (1) is a version of the well-knownKeller-Segel model (cf. [23])
with an additional reaction termf(u, c) in the first equation. As to literature, there is a wealth
of results on several variants of the Keller-Segel model concerning existence and uniqueness as
well as the qualitative behaviour of the solutions, see e.g.Yagi [30], Horstmann [21], Nagaiet al.
[27], and Alt [1] . We also refer the reader to the recent survey by Horstmann [22] and the refer-
ences given therein. Classical results on quasilinear parabolic systems can be found in [24]. We
further refer to Amann [3, 4]. It is well-known that local well-posedness of quasilinear parabolic
problems in various function spaces can be established by means of maximal regularity results
for related linear problems and the contraction mapping principle, see e.g. Clément and Li [13],
Lunardi [26], and Amann [5].

In model (1, 2) it is assumed that the endothelial cells perform random motions becauseε > 0.
This assumption may not be correct as endothelial cells are relatively inert in the absence of TAF.
Also, from a practical point of view, the cell random motility coefficient is often rather small and
difficult to estimate experimentally. These considerations naturally lead to the questions:

1. Is there a loss of well-posedness if model (1, 2) is modifiedby settingε = 0?

2. Is model (1, 2) withε = 0 capable of describing the main events of tumour-induced angio-
genesis?
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The second question has been investigated numerically in some depth in [17] and a positive answer
emerged. However, to the best of the authors knowledge, no analytic results on the local well-
posedness of system (1, 2) withε = 0 are known.1 This new and challenging mathematical
question is tackled in the present work and hence we contribute an answer to the first question. In
particular, we give conditions on the problem data such thatthe local existence and uniqueness of
classical solutions is guaranteed. These require that the threshold functionmax{0, c− c∗} in (2a)
is replaced with a smooth approximation; this can be done without altering the essential features of
the model. Due toε = 0, and under the assumption that a solutionc(t, x) is known, equation (1a)
is a first-order hyperbolic PDE foru. Therefore we consider system (1) withε = 0 as a quasi-
linear, mixed hyperbolic-parabolic PDE system. The gradient of c prescribes the flow direction of
u and therefore we can prescribe boundary data foru only when the gradient ofc points intoΩ,
i.e. on the inflow segment ofΓ. From the modelling of tumour-induced angiogenesis it is clear
that the inflow segment ofΓ is Γ1. These considerations will be reflected in the precise problem
definition in the following section.

The remainder of the paper unfolds as follows. In Sec. 2 we present and describe our main
result. This result is then proved in Sec. 3. Here we make use of the method of characteristics
to derive, for a given functionc, a solution operator for equation (1a) withε = 0. Inserting this
operator in equation (1b) results in a fully nonlinear equation and we prove local well-posedness
by means of a fixed-point argument employing Hölder andLp maximal regularity results for the
diffusion equation. In the final section we discuss further questions and outline extensions of the
presented results. Some comments on known results for related hyperbolic problems are included.

2 Main result

Let J0 = [0, T0], Ω ⊂ R
n be a bounded domain with smooth boundaryΓ which decomposes

according toΓ = Γ1 ∪ Γ2, whereΓ1 and Γ2 are disjoint, closed, and nonempty. The outer
unit normal ofΓ at positionx is denoted byν(x). For the unknownsu : J0 × Ω̄ → R and
c : J0 × Ω̄ → R we consider the normalized (χ = D = 1) taxis-diffusion-reaction system































∂tu+ ∇c · ∇u+ (∆c)u = f(u, c), t ∈ J0, x ∈ Ω
∂tc− ∆c = g(u, c), t ∈ J0, x ∈ Ω
u(t, x) = h0(t, x), t ∈ J0, x ∈ Γ1

c(t, x) = h(t, x), t ∈ J0, x ∈ Γ
u(0, x) = u0(x), x ∈ Ω
c(0, x) = c0(x), x ∈ Ω.

(3)

Our main result reads as follows.

Theorem 2.1. Let α ∈ (0, 1), J0 = [0, T0] and Ω ⊂ R
n be a bounded domain withC3+α

boundaryΓ which decomposes according toΓ = Γ1 ∪ Γ2, whereΓ1 andΓ2 are disjoint, closed,
and nonempty. Suppose that the subsequent assumptions are satisfied.

(i) h0 ∈ C1+α(J0 × Γ1), u0 ∈ C1+α(Ω̄);

(ii) h ∈ C(3+α)/2,3+α(J0 × Γ), c0 ∈ C3+α(Ω̄);

(iii) f, g ∈ C1+α(V̄ ), where{(u0(x), c0(x)) : x ∈ Ω̄} ⊂ V, V ⊂ R
2 open;

(iv) u0 = h0|t=0 and∂th0|t=0 + ∇c0 · ∇u0 + (∆c0)u0 = f(u0, c0) on Γ1;

(v) c0 = h|t=0 and∂th|t=0 − ∆c0 = g(u0, c0) on Γ;

(vi) (−1)i∇c0 · ν > 0 on Γi, i = 1, 2.

1We will comment on existing results for related hyperbolic chemotaxis models in Sec. 4.
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Then there existsT ∈ (0, T0] such that (3) has a unique local solution

(u, c) ∈ C1+α([0, T ] × Ω̄) × C(3+α)/2,3+α([0, T ] × Ω̄).

Moreover, if in addition to the above assumptions,

(vii) u0 ≥ 0, h0 ≥ 0, andf(0, η) ≥ 0 for all (0, η) ∈ V, η ≥ 0;

(viii) c0 ≥ 0, h ≥ 0, andg(ξ, 0) ≥ 0 for all (ξ, 0) ∈ V, ξ ≥ 0;

thenu andc are non-negative on[0, T ] × Ω̄.

By Cβ/2,β([0, T ]× Ω̄) we denote the classical parabolic Hölder space of orderβ, see e.g. [24,
Chapter 1].

3 Proof of the main result

3.1 Basic ideas of the proof

The proof of the first part of Thm. 2.1 proceeds in two steps. Inthe first step, Section 3.2, we
employ the method of characteristics to solve the hyperbolic subproblem foru for a givenc
(sufficiently smooth):







∂tu+ ∇c · ∇u+ (∆c)u = f(u, c), t ∈ J, x ∈ Ω
u(t, x) = h0(t, x), t ∈ J, x ∈ Γ1

u(0, x) = u0(x), x ∈ Ω.
(4)

HereJ = [0, T ], T ∈ (0, T0]. Inserting the solution formulau = Φ(c) into the PDE forc, the
quasilinear system (3) reduces to the single nonlocal, fully nonlinear equation forc:







∂tc− ∆c = g(Φ(c), c), t ∈ J, x ∈ Ω
c(t, x) = h(t, x), t ∈ J, x ∈ Γ
c(0, x) = c0(x), x ∈ Ω.

(5)

In the second step, Section 3.3, problem (5) is then locally solved by means of a fixed point
argument which makes use of maximal Hölder andLp regularity of the diffusion equation.

To be more precise, letZT
c = C(3+α)/2, 3+α(J × Ω̄). We introduce the set

BT
R = {w ∈ ZT

c : w|t=0 = c0 and|w|ZT
c
≤ R},

whereR ≥ R0 := |c0|C3+α(Ω̄). We fix furtherp ∈ (2 + n,∞) and consider the base space

Y T = H1
p(J ;Lp(Ω)) ∩ Lp(J ;H2

p (Ω)). HereLp(J ;X) resp.H1
p(J ;X) mean the vector-valued

Lebesgue resp. Sobolev space of functions onJ taking values in the Banach spaceX (X =
Lp(Ω), H2

p(Ω)). It is well-known from parabolicLp-theory thatY T embeds intoC(J ;C1(Ω̄)),
in particularY T →֒ C(J × Ω̄), see [9, Thm. 10.4] or [14, Thm. A3.14]. Employing Arsela-
Ascoli’s theorem it is not difficult to see thatBT

R is a closed subset inY T . The idea is then to
apply the contraction mapping principle to the mappingc 7→ c̃ defined on the setBT

R by means of






∂tc̃− ∆c̃ = g(Φ(c), c), t ∈ J, x ∈ Ω
c̃(t, x) = h(t, x), t ∈ J, x ∈ Γ
c̃(0, x) = c0(x), x ∈ Ω.

(6)

In order to succeed, we will prove
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Theorem 3.1. Under the assumptions of Thm. 2.1 there is a pair(T,R) ∈ (0, T0]× [R0,∞) such
that the mappingc 7→ c̃ defined by (6) (i) leavesBT

R invariant; and (ii) is a strictY T contraction.

We point out that due to the fact that equation (5) is fully nonlinear, one is really forced to
employ optimal regularity estimates of the diffusion equation. Interestingly, it seems that the
treatment of (5) requires maximal regularity results in both theLp scale and a scale of Hölder
spaces such asCβ/2,β. To prove invariance ofBT

R (property (i) in Thm. 3.1), we will use maximal
Hölder regularity withβ = 1 + α, while (ii) is shown by means of maximalLp regularity with
p ∈ (2 + n,∞).

Finally, in Section 3.4, we prove the second part of Thm. 2.1.Here, the main tools are posi-
tivity theory for ODEs and a comparison principle for semilinear parabolic PDEs.

3.2 The hyperbolic equation foru

From now on we will assume that the dataf, g, u0, c0, h0, andh are subject to the conditions
(i)-(vi) in Thm. 2.1. Supposec ∈ BT

R is known. To solve the nonlinear hyperbolic problem (4)
for u, we use the method of characteristics.

Let ΠT
in = {(0, x) : x ∈ Ω̄} ∪ {(t, x) : t ∈ J, x ∈ Γ1} as well asΠT

out = {(T, x) : x ∈
Ω̄} ∪ {(t, x) : t ∈ J, x ∈ Γ2}. Define the functionψ : ΠT

in → R by means of

ψ(t, x) =

{

u0(x) : t = 0
h0(t, x) : t > 0,

(t, x) ∈ ΠT
in. (7)

With y = (t, x) andz(s) = u(y(s)), s ∈ [0, s0], the characteristic ODE system associated with
(4) then reads

ẏ(s) = (1,∇c(y(s))), s ∈ (0, s0) (8)

ż(s) = −∆c(y(s))z(s) + f(z(s), c(y(s))), s ∈ (0, s0). (9)

We have now the subsequent result.

Lemma 3.1. GivenR ∈ [R0,∞), there existsT1(R) > 0 such that for allT ∈ (0, T1(R)] and
c ∈ BT

R the following statements hold true:

(i) For everyy′ = (t′, x′) ∈ J × Ω̄ \ (ΠT
in ∩ ΠT

out) there are uniques0 = s0(y
′, c) ≥ 0

and y0 = y0(y
′, c) = (t0, x0) ∈ ΠT

in such that the (unique) solutiony(s) = y(s; y′, c)
of (8) with initial conditiony(0) = y0 fulfils y(s0) = y′. (For y′ ∈ ΠT

in ∩ ΠT
out we set

s0(y
′, c) := 0 andy0(y

′, c) := y′.)

(ii) t(s; y′, c) = s+ t′ − s0(y
′, c), s ∈ [0, s0(y

′, c)], in particular t0(y′, c) = t′ − s0(y
′, c).

(iii) The solutionu of (4) is given by

u(t′, x′) = z(s0(y
′, c); y′, c), (t′, x′) ∈ J × Ω̄,

wherez(s; y′, c), s ∈ [0, s0(y
′, c)], denotes the unique solution of

{

ż(s) = −∆c(y(s; y′, c))z(s) + f(z(s), c(y(s; y′, c))), s ∈ (0, s0(y
′, c))

z(0) = ψ(y0(y
′, c)).

(10)
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(iv) The solution of (4) is equivalently given byu(t′, x′) = z̃(t′; y′, c), where z̃(ρ; y′, c) for
ρ ∈ [t0(y

′, c), t′] solves

{

˙̃z(ρ) = −∆c(ρ, x̃(ρ; y′, c))z̃(ρ) + f(z̃(ρ), c(ρ, x̃(ρ; y′, c)))
z̃(t0(y

′, c)) = ψ(y0(y
′, c)),

(11)

x̃(ρ; y′, c) being the unique solution of

{

˙̃x(ρ) = ∇c(ρ, x̃(ρ)), ρ ∈ (t0(y
′, c), t′)

x̃(t′) = x′.
(12)

Moreover,x̃(ρ; y′, c) = x(ρ − t0(y
′, c); y′, c) and z̃(ρ; y′, c) = z(ρ − t0(y

′, c); y′, c), ρ ∈
[t0(y

′, c), t′].

Proof. Suppose thatc ∈ BT
R. Clearly,∇c ∈ C1(J × Ω̄; Rn) and |∇c(t, x) − ∇c0(x)| ≤

C(R)T for all (t, x) ∈ J × Ω̄, whereC(R) is a constant depending onR. This, together with
(vi), implies that for sufficiently smallT1(R) there exist positiveδ1, δ2 independent ofc such that
for anyT ∈ (0, T1(R)] we have

δ1 ≤ (−1)i∇c(t, x) · ν(x) ≤ δ2, t ∈ J, x ∈ Γi. (13)

So we see thatΠT
in resp.ΠT

out are the inflow resp. outflow segment of the trajectories through the
cylinderJ × Ω̄ corresponding to (8). This shows (i). Statement (ii) follows directly fromṫ(s) ≡ 1
andt(s0(y′, c)) = t′, while (iii) results from the method of characteristics, see e.g. Evans [15].
Here one has to possibly further decreaseT1(R) in order to ensure thatf in (10) is well-defined,
see below. To obtain (iv), one uses (iii) and employs the change of variablesρ = s+ t0(y

′, c).
It remains to show thatT1(R) can be selected small enough such that the terms in (10)

and (11) containing the functionf are well-defined, which, in the tilde formulation, means that
(z̃(ρ; y′, c), c(ρ, x̃(ρ; y′, c))) ∈ V for all ρ ∈ [t0(y

′, c), t′], y′ ∈ J × Ω̄, andc ∈ BT
R. As to the

second argument, it follows from (12) that

|x̃(ρ; y′, c) − x′| ≤ |ρ− t′| |∇c|∞ ≤ TC1(R),

which, together withc|t=0 = c0, entails

|c(ρ, x̃(ρ; y′, c)) − c0(x
′)| ≤ C2(R)(ρ+ |x̃(ρ; y′, c) − x′|) ≤ C̃(R)T. (14)

So the term on the left-hand side of (14) can be made arbitrarily small. Concerning the first
argument, the ode (11) allows for thea priori estimate

|z̃(ρ; y′, c)| ≤ 1

1 − TC3(R)
(T |f |∞ + |ψ|∞) ≤ Cd, ρ ∈ [t0(y

′, c), t′], (15)

provided that e.g.TC3(R) ≤ 1/2; hereCd denotes a constant which depends only on the data.
From (15) and (11) we deduce further that forρ ∈ [t0(y

′, c), t′],

|z̃(ρ; y′, c) − ψ(y0(y
′, c))| ≤ T (|∆c|∞|z̃|∞ + |f |∞) ≤ T (C3(R)Cd + C̃d).

Finally, we haveψ(y0(y
′, c)) = u0(x0(y

′, c)) in caset0(y′, c) = 0, and otherwiseψ(y0(y
′, c)) =

h0(y0(y
′, c)) as well as

|h0(y0(y
′, c)) − u0(x0(y

′, c))| = |h0(y0(y
′, c)) − h0(0, x0(y

′, c))| ≤ CdT,
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where we used assumption (iv) of Thm. 2.1.�

We remark that in what follows we will work with both solutionformulae foru provided by
Lemma 3.1 (iii) and (iv). The advantage of the second formulation consists in the fact that the
first argument of the∇c and∆c terms in (11) and (12), which isρ, does not depend (directly) on
y′ andc. This proves extremely useful in the estimates below, sinceone does not need so much
time regularity of∇c and∆c, respectively.

The next result concerns the regularity of the solutionu of (4) and is crucial for the proof of
the invariance property of the setBT

R, (i) in Thm. 3.1.

Lemma 3.2. GivenR ∈ [R0,∞), there exists a numberT2(R) ∈ (0, T1(R)] such that for any
T ∈ (0, T2(R)] andc ∈ BT

R, the solutionu = Φ(c) of (4) belongs to the spaceC1+α(J × Ω̄) and
|u|C1+α(J×Ω̄) ≤ Cdata, where the constantCdata > 0 depends on the data butnot onT andR.

Proof. 1. Geometric properties of the characteristics:Givenc ∈ BT
R, it is appropriate to

decompose the hyperbolic domain asJ × Ω̄ = H1 ∪H2 ∪Hcrit, where

Hcrit = {y′ ∈ J × Ω̄ : y0(y
′, c) ∈ {0} × Γ1},

H1 = {y′ ∈ (J × Ω̄) \ Hcrit : t0(y
′, c) = 0},

H2 = {y′ ∈ (J × Ω̄) \ Hcrit : x0(y
′, c) ∈ Γ1}.

Let y′ ∈ H2 ∪Hcrit, that isy0(y
′, c) ∈ J × Γ1. Putting

|y(s∗; y′, c) − y0(y
′, c)| := max

s∈[0,s0(y′,c)]
|y(s; y′, c) − y0(y

′, c)|

we have the uniform estimate

|y′− y0(y
′, c)| ≤ |y(s∗; y′, c)− y0(y

′, c)| ≤
∫ s∗

0
|(1,∇c(y(s; y′, c)))| ds ≤ T (1+C(R)), (16)

which means in particular that givenε > 0 the distance between the setΓ1 and the orbit{x(s; y′, c) :
s ∈ [0, s0(y

′, c)]} is less thanε wheneverT is sufficiently small.
Setϕ(x) := dist(x,Γ1), x ∈ Ω̄; clearly∇ϕ(x) = −ν(x), x ∈ Γ1. By (13), there existsε > 0

andδ0 > 0 both not depending onc ∈ BT
R such that for sufficiently smallT ,

∇ϕ(x) · ∇c(y) ≥ δ0, y = (t, x) ∈ J × {x̄ ∈ Ω̄ : dist(x̄,Γ1) < ε} =: J × Λε. (17)

Hereafter we will always assume thatT is so small such that (17) is valid.
We show next that for sufficiently smallT (andε), the subsequent property (A) holds.

(A) For anyx̂ ∈ Γ1 and anyt′ ∈ (0, T ], there is exactly onex′ ∈ Λε ∩ {x̂+ λ(−ν(x̂)) : λ ≥ 0}
such that(t′, x′) ∈ Hcrit.

To prove (A), note first that for continuity reasons it suffices to show uniqueness. To this end, fix
two different pointsx1

0, x
2
0 ∈ Γ1∩B(x̂, ε0), whereB(x̂, ε0) designates the ball with centrêx and

(small) radiusε0; note that in view of (16) the assumptionx1
0, x

2
0 ∈ B(x̂, ε0) is not a restriction

of generality. Letx1(s) andx2(s) be the corresponding space components of the characteristics
through(0, x1

0) resp.(0, x2
0), that is (cf. Lemma 3.1)

{

ẋi(s) = ∇c(s, xi(s)), s ∈ (0, t′)
xi(0) = xi

0,
(18)
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for i = 1, 2. We are interested in the angleβ(s) between the vectors(−ν(x̂)) andx1(s)− x2(s),
for s ∈ [0, t′]. Our goal is to show, that for sufficiently smallT , the angleβ(t′) is bounded away
from zero, uniformly w.r.t.x̂, t′, x1

0, andx2
0, which clearly implies the uniqueness statement in

(A).
Setδ = |x1

0 − x2
0| and|x1(s∗) − x2(s∗)| = maxs∈[0,t′] |x1(s) − x2(s)|. Then it follows from

(18) that

|x1(s∗) − x2(s∗)| ≤
∫ s∗

0
|∇c(s, x1(s)) −∇c(s, x2(s))| ds + |x1

0 − x2
0|

≤ TC(R)|x1(s∗) − x2(s∗)| + δ,

and thus

|x1(s∗) − x2(s∗)| ≤
δ

1 − TC(R)
≤ (1 + ε1)δ, (19)

provided thatTC(R) is small enough. From (18) and (19) we further conclude that

|x1(s) − x2(s)| ≥ −TC(R)|x1(s∗) − x2(s∗)| + |x1
0 − x2

0|
≥ −TC(R)(1 + ε1)δ + δ ≥ (1 − ε1)δ, s ∈ [0, t′], (20)

as long asT is sufficiently small. Besides, (18), (19), and the triangleinequality imply

||x1(s) − x2(s)| − δ| ≤ |x1(s) − x2(s) − (x1
0 − x2

0)| (21)

≤ TC(R)|x1(s∗) − x2(s∗)| ≤ ε1(1 + ε1)δ (22)

for all s ∈ [0, t′], if T is sufficiently small. From (20), (21), (22) we then infer that

| cos β(s) − cosβ(0)| =
∣

∣

∣

[x1(s) − x2(s)] · (−ν(x̂))
|x1(s) − x2(s)|

− [x1
0 − x2

0] · (−ν(x̂))
|x1

0 − x2
0|

∣

∣

∣

=
∣

∣

∣

[x1(s)−x2(s) − (x1
0−x2

0)] · (−ν(x̂))δ − [x1
0−x2

0] · (−ν(x̂))[|x1(s)−x2(s)| − δ]

|x1(s) − x2(s)| δ
∣

∣

∣

≤ 2ε1(1 + ε1)δ
2

(1 − ε1)δ2
=

2ε1(1 + ε1)

1 − ε1
,

thus | cos β(s) − cos β(0)| can be bounded above by e.g.1/2 provided thatT is small enough.
Choosingε0 small enough, we certainly have| cos β(0)| ≤ 1/4, by the assumed smoothness of
Γ1, and hence| cos β(s)| ≤ 3/4 or |β(s)| ≥ β0 > 0 for all s ∈ [0, t′]. This shows (A).

By means of a similar argument and a suitable variable transformation we describe below one
can prove that for sufficiently smallT (andε), the following corresponding property (B) holds.

(B) For anyx′ ∈ Λε \ Γ1, there is at most onet′ ∈ [0, T ] such that(t′, x′) ∈ Hcrit.

Given an arbitrary characteristicy(·; y′, c) with y0(y
′, c) ∈ J × Γ1 we may use the variable

transformationζ = θ(s) = ϕ(x(s; y′, c)). Observe that (16) and (17) entail that

dθ(s)

ds
= ∇ϕ(x(s; y′, c)) · ∇c(y(s; y′, c)) ≥ δ0 > 0, s ∈ [0, s0(y

′, c)], (23)

provided thatT is small enough. So the inverse functionθ−1 is well-defined, that is, we can
recovers from ζ by means ofs = θ−1(ζ). In view of θ(0) = ϕ(x(0; y′, c)) = ϕ(x0(y

′, c)) = 0
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and θ(s0(y′, c)) = ϕ(x(s0(y
′, c); y′, c)) = ϕ(x′) =: ζ0(x

′), the s-interval [0, s0(y′, c)] corre-
sponds to theζ-interval [0, ζ0(x′)]. Letting thenȳ(ζ; y′, c) = y(θ−1(ζ); y′, c), ζ ∈ [0, ζ0(x

′)], the
transformed ODE reads

d

dζ
ȳ(ζ; y′, c) =

dθ−1(ζ)

dζ
(1,∇c(ȳ(ζ; y′, c))), ζ ∈ (0, ζ0(x

′)), ȳ(ζ0(x
′); y′, c) = y′,

where
dθ−1(ζ)

dζ
= ((∇ϕ(x̄(ζ; y′, c)) · ∇c(ȳ(ζ; y′, c)))−1, ζ ∈ [0, ζ0(x

′)].

Employing the notation

γc(y) =
(1,∇c(y))

∇ϕ(x) · ∇c(y) , y = (t, x) ∈ J × Λε,

we have
˙̄y(ζ; y′, c) = γc(ȳ(ζ; y

′, c)), ζ ∈ (0, ζ0(x
′)), ȳ(ζ0(x

′); y′, c)) = y′. (24)

Observe that by (16),

|ζ0(x′)| = |ϕ(x′)| = |ϕ(x′) − ϕ(x0(y
′, c1))| ≤ |∇ϕ|∞|x′ − x0(y

′, c1)| ≤ T C̃(R). (25)

Note also that (17) ensures that the denominator ofγc in (24) is bounded away from zero.
In order to show (B), one can now proceed as in the proof of (A). In fact, given two different

pointsx1
0, x

2
0 ∈ Γ1 one considers the corresponding (transformed) characteristicsȳ1(ζ) andȳ2(ζ)

(ζ ∈ [0, ζ0(x
′)]) through(0, x1

0) resp. (0, x2
0) and verifies that the angle between the vectors

ȳ1(ζ) − ȳ2(ζ) and(1, 0, . . . , 0) ∈ R
n+1 can be bounded away from zero for allζ ∈ [0, ζ0(x

′)],
uniformly w.r.t.x′, x1

0, andx2
0, provided thatT has been selected small enough.

The properties (A) and (B) are needed below to extend the local to the desired global H¨older
estimates. Observe that property (A) and compactness of̄Ω ensure that there exists a number
N ∈ N independent ofR andT ∈ (0, T1(R)] such that any two different points(t′, x′), (t′, x̄′) ∈
J × Ω̄ can be connected by a chainC of k ≤ N line segments in the set{(t′, x) : x ∈ Ω̄} of
length≤ |x′ − x̄′| so thatC satisfies the following property: if(t′, x′), (t′, x̄′) ∈ Hi ∪Hcrit, then
C ⊂ Hi∪Hcrit, i = 1, 2; otherwiseC crossesHcrit precisely one time. In the case whent′ varies
andx′ is fixed the situation is even simpler, thanks to (B).

2. A formula for ∇u: We will next derive a representation for∇u. Suppose thaty′ ∈
H1 ∪H2. From Lemma 3.1 (iv) we infer that

∂u

∂x′i
(t′, x′) =

∂z̃

∂x′i
(t′; t′, x′), i = 1, . . . , n,

in the sense of differentiation w.r.t. a parameter, see e.g.Amann [2]. Here and in the fol-
lowing lines we suppress the dependence onc in the notation. One verifies that the function
(∂z̃/∂x′i)(ρ; t

′, x′), ρ ∈ [t0(y
′), t′], solves the ODE

ẇ(ρ) = κi(ρ; y
′)w(ρ) + ηi(ρ; y

′), ρ ∈ (t0(y
′), t′), (26)

with

κi(ρ; y
′) = − ∆c(ρ, x̃(ρ; y′)) + fu(z̃(ρ; y′), c(ρ, x̃(ρ; y′))),

ηi(ρ; y
′) =

(

−∇∆c(ρ, x̃(ρ; y′))z̃(ρ; y′)+fc(z̃(ρ; y
′), c(ρ, x̃(ρ; y′)))∇c(ρ, x̃(ρ; y′))

)

· ∂x̃
∂x′i

(ρ; y′).
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Furthermore,∂z̃/∂x′i satisfies the initial condition

∂z̃

∂x′i
(t0(y

′); y′) = ξi(y
′), (27)

where

ξi(y
′) =

(

∆c(y0(y
′))ψ(y0(y

′))−f(ψ(y0(y
′)), c(y0(y

′)))
) ∂t0
∂x′i

(y′) +
∂

∂x′i
(ψ(y0(y

′))); (28)

in fact, differentiatẽz(t0(y′); t′, x′) = ψ(y0(y
′)) w.r.t. x′i and employ (11) to see this.

From (26) and (27) we deduce that

∂z̃

∂x′i
(ρ; y′, c) = exp

(

∫ ρ

t0(y′,c)
κi(τ ; y

′, c) dτ
)

ξi(y
′, c)

+

∫ ρ

t0(y′,c)
exp

(

∫ ρ

σ
κi(τ ; y

′, c) dτ
)

ηi(σ; y′, c) dσ, (29)

thus withρ = t′,

∂u

∂x′i
(t′, x′) = exp

(

∫ t′

t0(y′,c)
κi(τ ; y

′, c) dτ
)

ξi(y
′, c)

+

∫ t′

t0(y′,c)
exp

(

∫ t′

σ
κi(τ ; y

′, c) dτ
)

ηi(σ; y′, c) dσ. (30)

Our next objective is to find more explicit expressions forξi andηi. Differentiating (12) with
respect to the parameterx′i shows that the function(∂x̃/∂x′i)(ρ; y

′), ρ ∈ [t0(y
′), t′], solves the

linear ODE problem

ẇ(ρ) = ∇2c(ρ, x̃(ρ))w(ρ), ρ ∈ [t0(y
′), t′], w(t′) = ei, (31)

where∇2c denotes the Hessian matrix ofc w.r.t. the spatial variables andei designates theith
unit vector. Fromx0(y

′) = x̃(t0(y
′); y′) we obtain by differentiation w.r.t.x′i

∂x0

∂x′i
(y′) =

∂x̃

∂ρ
(t0(y

′); y′)
∂t0
∂x′i

(y′) +
∂x̃

∂x′i
(t0(y

′); y′)

= ∇c(y0(y
′))
∂t0
∂x′i

(y′) +
∂x̃

∂x′i
(t0(y

′); y′). (32)

Obviously∂t0/∂x′i = 0 in H1. If y′ ∈ H2, we haveϕ(x0(y
′)) = 0, which, by differentiation

w.r.t. x′i, yields

∇ϕ(x0(y
′)) · ∂x0

∂x′i
(y′) = 0.

In view of (32) and∇ϕ(x) = −ν(x), x ∈ Γ1, we therefore get

∂t0
∂x′i

(y′) = −
ν(x0(y

′)) · ∂x̃
∂x′

i
(t0(y

′); y′)

ν(x0(y′)) · ∇c(y0(y′))
, y′ ∈ H2. (33)

In analogous fashion one sees that the function(∂x̃/∂t′)(ρ; y′) solves the linear ODE problem

ẇ(ρ) = ∇2c(ρ, x̃(ρ))w(ρ), ρ ∈ [t0(y
′), t′], w(t′) = −∇c(y′), (34)
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and that
∂x0

∂t′
(y′) = ∇c(y0(y

′))
∂t0
∂t′

(y′) +
∂x̃

∂t′
(t0(y

′); y′), (35)

as well as
∂t0
∂t′

(y′) = − ν(x0(y
′)) · ∂x̃

∂t′ (t0(y
′); y′)

ν(x0(y′)) · ∇c(y0(y′))
, y′ ∈ H2. (36)

Observe that each of the derivatives computed above (∂t0/∂x
′
i, ∂t0/∂t

′, ...) possesses a con-
tinuous extension fromH1 toH1 ∪Hcrit and fromH2 to H2 ∪Hcrit.

3. Continuity of u and ∇u: Continuity of u in J × Ω̄ follows from Lemma 3.1 and the
compatibility conditionu0 = h0|t=0 onΓ1.

We next show that∇u is continuous inJ × Ω̄. To this end, lety∗ ∈ Hcrit. In view of (28),
(7), (32), and∂t0/∂x′i = 0 in H1, we see that

lim
H1∋y′→y∗

ξi(y
′) = lim

H1∋y′→y∗
∇u0(x0(y

′)) · ∂x0

∂x′i
(y′) = ∇u0(x0(y∗)) ·

∂x̃

∂x′i
(t0(y∗); y∗).

On the other hand, we may choose a functionv ∈ C1(J×Ω̄) such thatv|t=0 = u0 andv|Γ1 = h0,
thereby obtaining (with∂t0

∂x′
i
(y∗) := limH2∋y′→y∗

∂t0
∂x′

i
(y′))

lim
H2∋y′→y∗

ξi(y
′) =

(

∆c0(x0(y∗))h0(0, x0(y∗))−f(h0(0, x0(y∗)), c0(x0(y∗)))
) ∂t0
∂x′i

(y∗)

+ ∂tv(0, x0(y∗))
∂t0
∂x′i

(y∗) + ∇v(0, x0(y∗)) · lim
H2∋y′→y∗

∂x0

∂x′i
(y′)

=
(

∆c0(x0(y∗))u0(x0(y∗)) − f(u0(x0(y∗)), c0(x0(y∗))) + ∂th0(0, x0(y∗))
) ∂t0
∂x′i

(y∗)

+ ∇u0(x0(y∗)) ·
(

∇c0(x0(y∗))
∂t0
∂x′i

(y∗) +
∂x̃

∂x′i
(t0(y∗); y∗)

)

= ∇u0(x0(y∗)) ·
∂x̃

∂x′i
(t0(y∗); y∗);

here we used the compatibility conditions (iv) and (32). Thereforeξi ∈ C(J × Ω̄), i = 1, . . . , n.
The continuity of∇u in J × Ω̄ follows now from (30).

4. Preparing the Hölder estimates: We next collect several basic inequalities, which will
be needed for estimatingu in theC1+α(J × Ω̄) norm. In what is to follow,C, Cd, CR, and
µ(T ) denote positive constants, which may differ from line to line, but which are such thatC is
independent ofR, T , and the data;Cd depends only on the data;CR depends onR but not on
T and the data;µ(T ) is independent ofR and the data and satisfiesµ(T ) → 0 asT → 0. By
choosingT sufficiently small, we may assume that for each of the (finitely many) terms of the
form µ(T )(CR + Cd) appearing in the subsequent lines, the inequality

µ(T )(CR + Cd) ≤
1

2

is valid.
Observe first that under this conventionc ∈ BT

R (i.e. c|t=0 = c0) implies

|c|∞ + |∇c|∞ + |∇2c|∞ + |∇3c|∞ ≤ µ(T )CR + Cd ≤ 1

2
+ Cd ≤ C̃d. (37)
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Further, fort1, t2 ∈ J, x ∈ Ω̄,

|∆c(t1, x) − ∆c(t2, x)| ≤ CR|t1 − t2|(1+α)/2 ≤ µ(T )CR|t1 − t2|α ≤ 1

2
|t1 − t2|α. (38)

Since∂x̃/∂x′i solves (31), it follows that

| ∂x̃
∂x′i

(ρ; y′)| ≤ |ei| + |∇2c|∞
∫ t′

ρ
| ∂x̃
∂x′i

(σ; y′)| dσ, ρ ∈ [t0(y
′), t′],

and thus, by Gronwall’s lemma and (37),

| ∂x̃
∂x′i

(ρ; y′)| ≤ Cd, ρ ∈ [t0(y
′), t′], i = 1, . . . , n. (39)

Similarly, using (34) for∂x̃/∂t′, we find a bound

|∂x̃
∂t′

(ρ; y′)| ≤ Cd, ρ ∈ [t0(y
′), t′]. (40)

From (17), (32), (33), (36), (39), and (40) we then infer that

|∂t0
∂t′

(y′)| + |∂t0
∂x′i

(y′)| ≤ Cd, y′ ∈ H2 ∪Hcrit, (41)

|∂x0

∂x′i
(y′)| ≤ Cd, y′ ∈ J × Ω̄. (42)

Differentiating further (31) and (34) withw = ∂x̃/∂x′i andw = ∂x̃/∂t′, respectively, with
respect tot′ andx′, and employing (39), (40), and (37) (|∇3c|∞ ≤ Cd!), we obtain, similarly as
above, that

| ∂2x̃

∂x′i∂x
′
j

(ρ; y′)| + | ∂
2x̃

∂x′i∂t
′
(ρ; y′)| ≤ Cd, ρ ∈ [t0(y

′), t′], i, j = 1, . . . , n. (43)

Recall further (15), which together with Lemma 3.1 (iv), gives|u|C(J×Ω̄) ≤ Cd.
The following estimates involve the functions̃x and z̃. Let t′ ∈ J, x′, x̄′ ∈ Ω̄, and assume

thatt0(t′, x′) ≤ t0(t
′, x̄′). Setting

|x̃(ρ∗; t′, x′) − x̃(ρ∗; t
′, x̄′)| := max

ρ∈[t0(t′,x̄′),t′]
|x̃(ρ; t′, x′) − x̃(ρ; t′, x̄′)|

and employing (12) we have

|x̃(ρ∗; t′, x′)−x̃(ρ∗; t′, x̄′)| ≤
∫ t′

ρ∗

|∇c(ρ, x̃(ρ; t′, x′))−∇c(ρ, x̃(ρ; t′, x̄′))| dρ+|x′−x̄′|

≤ µ(T )CR|x̃(ρ∗; t′, x′) − x̃(ρ∗; t
′, x̄′)| + |x′−x̄′|,

which yields
|x̃(ρ; t′, x′) − x̃(ρ; t′, x̄′)| ≤ 2 |x′ − x̄′|, ρ ∈ [t0(t

′, x̄′), t′]. (44)

Similarly, using (11) and (44) we now show that

|z̃(ρ; t′, x′) − z̃(ρ; t′, x̄′)| ≤ Cd|x′ − x̄′|, ρ ∈ [t0(t
′, x̄′), t′], (45)
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whenever(t′, x′) and(t′, x̄′) are jointly fromHi ∪Hcrit, i = 1, 2. In fact, with

|z̃(ρ∗∗; t′, x′) − z̃(ρ∗∗; t
′, x̄′)| := max

ρ∈[t0(t′,x̄′),t′]
|z̃(ρ; t′, x′) − z̃(ρ; t′, x̄′)|

we may estimate

|z̃(ρ∗∗; t′, x′)−z̃(ρ∗∗; t′, x̄′)|
≤ Cd |t0(t′, x′) − t0(t

′, x̄′)| + |ψ(y0(t
′, x′, c)) − ψ(y0(t

′, x̄′, c))|

+

∫ ρ∗∗

t0(t′,x̄′)
|∆c(ρ, x̃(ρ; t′, x′))z̃(ρ; t′, x′)−∆c(ρ, x̃(ρ; t′, x̄′))z̃(ρ; t′, x̄′)| dρ

+

∫ ρ∗∗

t0(t′,x̄′)
|f(z̃(ρ; t′, x′), c(ρ, x̃(ρ; t′, x′)))−f(z̃(ρ; t′, x̄′), c(ρ, x̃(ρ; t′, x̄′)))| dρ

≤
(

CCd (|∂t0
∂x′

|∞ + |∂x0

∂x′
|∞) + 4TCdCR

)

|x′ − x̄′|

+ T (CR + Cd)|z̃(ρ∗∗; t′, x′) − z̃(ρ∗∗; t
′, x̄′)|,

which implies (45).
5. ∇u belongs toC0,α(J × Ω̄; Rn): From step 3 we already know that∇u ∈ C(J ×

Ω̄). Employing (30) and the expressions for∇[ψ(y0)] derived in step 3 it is readily seen that
|∇u|C(J×Ω̄) ≤ Cd.

Let nowy′ = (t′, x′), ȳ′ = (t′, x̄′) ∈ H2∪Hcrit. W.l.o.g. we may assume thatt0(y′) ≤ t0(ȳ
′).

Then it follows from (44), (45), and assumption (iii) of Thm.2.1 that

|fu(z̃(ρ; y′), c(ρ, x̃(ρ; y′))) − fu(z̃(ρ; ȳ′), c(ρ, x̃(ρ; ȳ′)))|
≤ Cd(|z̃(ρ; y′) − z̃(ρ; ȳ′)|α + |c(ρ, x̃(ρ; y′)) − c(ρ, x̃(ρ; ȳ′))|α)

≤ Cd|x′ − x̄′|α, ρ ∈ [t0(ȳ
′), t′], (46)

and the corresponding inequality being true forfc. Therefore

| exp (

∫ t′

t0(y′)
κi(τ ; y

′) dτ) − exp (

∫ t′

t0(ȳ′)
κi(τ ; ȳ

′) dτ)|

≤ eµ(T )Cd(

∫ t0(ȳ′)

t0(y′)
|κi(τ ; y

′)| dτ +

∫ t′

t0(ȳ′)
|κi(τ ; y

′) − κi(τ ; ȳ
′)| dτ)

≤
√
e(|t0(y′) − t0(ȳ

′)|1−αCd|x′ − x̄′|α + TCd|x′ − x̄′|α) ≤ C|x′ − x̄′|α. (47)

We turn now toξi. From (33) it is immediate that∂t0/∂x′i ∈ C1(H2 ∪Hcrit) and∂x0/∂x
′
i ∈

C1(H2 ∪Hcrit; R
n) for all i = 1, . . . , n. From (17), (37), and (43) we further infer that

|∇2t0(y
′)| + |∇2x0(y

′)| ≤ Cd, y′ ∈ H2. (48)

Choosing an extensionv ∈ C1+α(J × Ω̄) of h0 we have

∂

∂x′i
(ψ(y0(y

′))) = ∂tv(y0(y
′))
∂t0
∂x′i

(y′) + ∇v(y0(y
′)) · ∂x0

∂x′i
(y′).

This, together with (38), (41), (42), (48), shows that for all i = 1, . . . , n,

|ξi(y′) − ξi(ȳ
′)| ≤ Cd|x′ − x̄′|α. (49)
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As toηi, note first that (37), (31), and (44) yield

| ∂x̃
∂x′i

(ρ; y′) − ∂x̃

∂x′i
(ρ; ȳ′)| ≤ Cd|x′ − x̄′|, ρ ∈ [t0(ȳ

′), t′]. (50)

Sincec ∈ BT
R and in view of (44), we further have

|∇∆c(ρ, x̃(ρ; y′)) −∇∆c(ρ, x̃(ρ; ȳ′))| ≤ CR|x′ − x̄′|α, ρ ∈ [t0(ȳ
′), t′]. (51)

Combining (51), (50), (44), (45), and (46) forfc we obtain

|ηi(ρ; y
′) − ηi(ρ; ȳ

′)| ≤ CRCd|x′ − x̄′|α, ρ ∈ [t0(ȳ
′), t′], (52)

and further

|
∫ t′

t0(y′)
exp (

∫ t′

σ
κi(τ ; y

′) dτ) ηi(σ; y′) dσ −
∫ t′

t0(ȳ′)
exp (

∫ t′

σ
κi(τ ; ȳ

′) dτ) ηi(σ; ȳ′) dσ|

≤
∫ t0(ȳ′)

t0(y′)
exp (

∫ t′

σ
κi(τ ; y

′) dτ) |ηi(σ; y′)| dσ

+

∫ t′

t0(ȳ′)
| exp (

∫ t′

σ
κi(τ ; y

′) dτ) ηi(σ; y′) − exp (

∫ t′

σ
κi(τ ; ȳ

′) dτ) ηi(σ; ȳ′)| dσ

≤
√
eCd|t0(y′) − t0(ȳ

′)| + µ(T )(Cd + CRCd)|x′ − x̄′|α ≤ C|x′ − x̄′|α,

which, together with (47) and (49), implies|∇u|C0,α(H2∪Hcrit;Rn) ≤ Cd. In the same fash-
ion (it is even simpler) one can show that|∇u|C0,α(H1∪Hcrit;Rn) ≤ Cd. Hence, by step 1,
|∇u|C0,α(J×Ω̄;Rn) ≤ Cd.

6. ∇u belongs toCα,0(J × Ω̄; Rn): Again we show only|∇u|Cα,0(H2∪Hcrit;Rn) ≤ Cd;
the corresponding estimate|∇u|Cα,0(H1∪Hcrit;Rn) ≤ Cd can be established much more easily.
Combining both estimates and step 1 then yield|∇u|Cα,0(J×Ω̄;Rn) ≤ Cd.

Let now y′j = (t′j , x
′) ∈ H2 ∪ Hcrit, j = 1, 2. W.l.o.g. we may assume thatt0(y′1) ≤

t0(y
′
2). We distinguish three cases w.r.t. the numberst0(y

′
1), t

′
1, t0(y′2), andt′2 as displayed in the

following identity, which will be employed to estimate the integral terms in (30).

∫ t′1

t0(y′
1)
F1 −

∫ t′2

t0(y′
2)
F2 =



















∫ t0(y′
2)

t0(y′
1)
F̃1 −

∫ t′2
t′1
F̃2 : t0(y

′
1) ≤ t′1 ≤ t0(y

′
2) ≤ t′2

∫ t0(y′
2)

t0(y′
1)
F1+

∫ t′1
t0(y′

2)
(F1−F2)−

∫ t′2
t′1
F2 : t0(y

′
1) ≤ t0(y

′
2) ≤ t′1 ≤ t′2

∫ t0(y′
2)

t0(y′
1)
F1+

∫ t′2
t0(y′

2)
(F1−F2)+

∫ t′1
t′2
F1 : t0(y

′
1) ≤ t0(y

′
2) ≤ t′2 ≤ t′1,

here F̃j(ρ) = Fj(ρ), ρ ∈ [t0(y
′
j), t

′
j ], and F̃j(ρ) = 0, ρ /∈ [t0(y

′
j), t

′
j ]. The first case is the

trivial one, as we do not have a term involving the differenceF1 − F2. In the second and third
case, one can use the estimation techniques from the preceding steps to get, one after another, the
subsequent inequalities satisfied for anyρ ∈ [t0(y

′
2),min{t′1, t′2}]:

|x̃(ρ; y′1) − x̃(ρ; y′2)| + |z̃(ρ; y′1) − z̃(ρ; y′2)| ≤ Cd|t′1 − t′2|,
|fu(z̃(ρ; y′), c(ρ, x̃(ρ; y′))) − fu(z̃(ρ; ȳ′), c(ρ, x̃(ρ; ȳ′)))| ≤ Cd|t′1 − t′2|α,
|fc(z̃(ρ; y

′), c(ρ, x̃(ρ; y′))) − fc(z̃(ρ; ȳ
′), c(ρ, x̃(ρ; ȳ′)))| ≤ Cd|t′1 − t′2|α,

|∇∆c(ρ, x̃(ρ; y′1)) −∇∆c(ρ, x̃(ρ; y′2))| ≤ CRCd|t′1 − t′2|α,
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| ∂x̃
∂x′i

(ρ; y′1) −
∂x̃

∂x′i
(ρ; y′2)| ≤ Cd|t′1 − t′2|,

|κi(ρ; y
′
1) − κi(ρ; y

′
2)| ≤ Cd|t′1 − t′2|α,

|ηi(ρ; y
′
1) − ηi(ρ; y

′
2)| ≤ CRCd|t′1 − t′2|α.

In the second case one can estimate the second summand in (30)as follows.

|
∫ t′1

t0(y′
1)
exp (

∫ t′1

σ
κi(τ ; y

′
1) dτ) ηi(σ; y′1) dσ −

∫ t′2

t0(y′
2)
exp (

∫ t′2

σ
κi(τ ; y

′
2) dτ) ηi(σ; y′2) dσ|

≤
∫ t0(y′

2)

t0(y′
1)
exp (

∫ t′1

σ
κi(τ ; y

′
1) dτ) |ηi(σ; y′1)| dσ +

∫ t′2

t′1

exp (

∫ t′2

σ
κi(τ ; y

′
2) dτ) |ηi(σ; y′2)| dσ

+

∫ t′1

t0(y′
2)
| exp (

∫ t′1

σ
κi(τ ; y

′
1) dτ) ηi(σ; y′1) − exp (

∫ t′2

σ
κi(τ ; y

′
2) dτ) ηi(σ; y′2)| dσ

≤
√
eCd(|t0(y′1)−t0(y′2)|+|t′1−t′2|)+

∫ t′1

t0(y′
2)

exp (

∫ t′1

σ
κi(τ ; y

′
1) dτ) |ηi(σ; y′1)−ηi(σ; y′2)| dσ

+

∫ t′1

t0(y′
2)
| exp (

∫ t′1

σ
κi(τ ; y

′
1) dτ) − exp (

∫ t′2

σ
κi(τ ; y

′
2) dτ)| |ηi(σ; y′2)| dσ

≤ Cd|t′1 − t′2| + T
√
eCRCd|t′1 − t′2|α + T

√
e(TCd|t′1 − t′2|α + Cd|t′1 − t′2|)Cd

≤ C|t′1 − t′2|α .

The same Hölder estimate holds in the third case, by an analogous chain of estimates. It is then
also clear how to treat the first integral term in (30) to get the desired Hölder estimate. Moreover,
similarly as in step 5, one can show that

|ξi(y′1) − ξi(y2
′)| ≤ Cd|t′1 − t′2|α,

and hence|∇u|Cα,0(H2∪Hcrit;Rn) ≤ Cd.
7. Regularity of ∂tu: The remaining estimate|∂tu|Cα(J×Ω̄) ≤ Cd follows from

∂tu = −∇c · ∇u− (∆c)u+ f(u, c)

andc ∈ BT
R as well as from the estimates obtained above foru and∇u; recall here the crucial

inequality (38).�

The subsequent lemma provides the basic estimates concerning thec-dependence ofu.

Lemma 3.3. GivenR ∈ [R0,∞), there exists a numberT3(R) ∈ (0, T2(R)] such that for any
T ∈ (0, T3(R)], y′ ∈ J × Ω̄, andc1, c2 ∈ BT

R,

|y0(y
′, c1) − y0(y

′, c2)| + |s0(y′, c1) − s0(y
′, c2)| ≤ µ(T )|∇c1 −∇c2|∞ (53)

and

|u1 − u2|Lp(J×Ω) ≤ µ(T )(|c1 − c2|C(J ;C1(Ω̄)) + |∆c1 − ∆c2|Lp(J×Ω)). (54)
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Proof. We will continue to employ the convention introduced in step4 above concerning the
usage of the constantsC, Cd, CR, andµ(T ).

We begin with the estimate for|y0(y
′, c1) − y0(y

′, c2)|. Let c1, c2 ∈ BT
R and fixy′ ∈ J × Ω̄.

We distinguish three cases.
Case 1:Suppose thatt0(y′, ci) = 0 for i = 1, 2. By Lemma 3.1 (ii),s0(y′, ci) = t′ as well as

t(s; y′, ci) = s for i = 1, 2. With xi(s) := x(s; y′, ci) and

|x1(s∗) − x2(s∗)| = max
s∈[0,t′]

|x1(s) − x2(s)|

we therefore have

|x1(s∗) − x2(s∗)| ≤
∫ t′

s∗

|∇c1(τ, x1(τ)) −∇c2(τ, x2(τ))| dτ

≤
∫ t′

s∗

(Cd|x1(τ) − x2(τ)| + |∇c1(τ, x2(τ))−∇c2(τ, x2(τ))|) dτ

≤ TCd|x1(s∗) − x2(s∗)| + T |∇c1 −∇c2|∞.

Thus
|x0(y

′, c1) − x0(y
′, c2)| ≤ |x1(s∗) − x2(s∗)| ≤ µ(T )|∇c1 −∇c2|∞. (55)

Case 2:Suppose thaty0(y
′, ci) ∈ J×Γ1, i = 1, 2. We will use the transformed characteristics

ȳi(ζ) := ȳ(ζ; y′, ci), i = 1, 2, which were introduced in step 1 of the proof of Lemma 3.2 and
which are solutions of (24). Analogously to the first case we consider

|ȳ1(ζ∗) − ȳ2(ζ∗)| := max
ζ∈[0,ζ0(x′)]

|ȳ1(ζ) − ȳ2(ζ)|.

Note thatci ∈ BT
R and (17) yield

|γc1(y1) − γc1(y2)| ≤ δ−2
0 CR|y1 − y2|, y1, y2 ∈ J × Λε,

|γc1(y) − γc2(y)| ≤ δ−2
0 CR|∇c1 −∇c2|∞, y ∈ J × Λε;

and thus

|ȳ1(ζ∗)−ȳ2(ζ∗)| ≤
∫ ζ0(x′)

ζ∗

|γc1(ȳ1(ζ)) − γc2(ȳ2(ζ))| dζ

≤
∫ ζ0(x′)

ζ∗

(|γc1(ȳ1(ζ)) − γc1(ȳ2(ζ))| + |γc1(ȳ2(ζ)) − γc2(ȳ2(ζ))|) dζ

≤ TCR(|ȳ1(ζ∗) − ȳ2(ζ∗)| + |∇c1 −∇c2|∞),

where we used (25). Hence

|y0(y
′, c1) − y0(y

′, c2)| ≤ |ȳ1(ζ∗) − ȳ2(ζ∗)| ≤ µ(T )|∇c1 −∇c2|∞. (56)

Case 3: Suppose thatt0(y′, c1) = 0 andy0(y
′, c2) ∈ J × Γ1. For continuity reasons and

by convexity ofBT
R, there existsλ∗ ∈ [0, 1] such thatc∗ := λ∗c1 + (1 − λ∗)c2 ∈ BT

R and
y0(y

′, c∗) ∈ {0} × Γ1. The desired estimate for|y0(y
′, c1) − y0(y

′, c2)| follows then from the
trivial inequality

|y0(y
′, c1) − y0(y

′, c2)| ≤ |y0(y
′, c1) − y0(y

′, c∗)| + |y0(y
′, c∗) − y0(y

′, c2)|,
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estimates (55), (56), and the definition ofc∗.
All in all we have proven an estimate of the form

|y0(y
′, c1) − y0(y

′, c2)| ≤ µ(T )|∇c1 −∇c2|∞, y′ ∈ J × Ω̄, c1, c2 ∈ BT
R. (57)

To see the corresponding inequality for|s0(y′, c1) − s0(y
′, c2)|, we make use of the identity

s0(y
′, c) = t′ − t0(y

′, c) (see Lemma 3.1 (ii)), which gives

|s0(y′, c1) − s0(y
′, c2)| = |t0(y′, c1) − t0(y

′, c2)| ≤ |y0(y
′, c1) − y0(y

′, c2)|;

(57) yields then the desired estimate. This completes the proof of (53).
We come now to (54). Letc1, c2 ∈ BT

R andy′ ∈ J × Ω̄. W.l.o.g. we may assume that
t0(y

′, c1) ≤ t0(y
′, c2). Let

|z̃(ρ∗; y′, c1) − z̃(ρ∗; y
′, c2)| = max

ρ∈[t0(y′,c2),t′]
|z̃(ρ; y′, c1) − z̃(ρ; y′, c2)|,

|x̃(ρ∗∗; y
′, c1) − x̃(ρ∗∗; y

′, c2)| = max
ρ∈[t0(y′,c2),t′]

|x̃(ρ; y′, c1) − x̃(ρ; y′, c2)|.

Observe first that (12) entails

|x̃(ρ∗∗; y′, c1) − x̃(ρ∗∗; y
′, c2)| ≤ µ(T )|∇c1 −∇c2|∞. (58)

Using (11) we estimate now

|z̃(ρ∗; y′, c1) − z̃(ρ∗; y
′, c2)| ≤

≤
∫ t0(y′,c2)

t0(y′,c1)
(|∆c1(ρ, x̃(ρ; y′, c1))z̃(ρ; y

′, c1)|+|f(z̃(ρ; y′, c1), c1(ρ, x̃(ρ; y′, c1)))|) dρ

+

∫ ρ∗

t0(y′,c2)
|∆c1(ρ, x̃(ρ; y′, c1))z̃(ρ; y′, c1) − ∆c2(ρ, x̃(ρ; y

′, c2))z̃(ρ; y
′, c2)| dρ

+

∫ ρ∗

t0(y′,c2)
|f(z̃(ρ; y′, c1), c1(ρ, x̃(ρ; y′, c1)))−f(z̃(ρ; y′, c2), c2(ρ, x̃(ρ; y′, c2)))| dρ

+ |ψ(y0(y
′, c1)) − ψ(y0(y

′, c2))| =: I1 + I2 + I3 + I4.

Thanks to (53), (15), andc1 ∈ BT
R, we obtain for the first term

I1 ≤ |t0(y′, c1) − t0(y
′, c2)| (|∆c1|∞|z̃(·; y′, c1)|∞ + |f |∞)

≤ µ(T )Cd|∇c1 −∇c2|∞ ≤ µ̃(T )|∇c1 −∇c2|∞.

As to I2, we employ (58), (15), andc2 ∈ BT
R to estimate

I2 ≤
∫ ρ∗

t0(y′,c2)
|∆c1(ρ, x̃(ρ; y′, c1)) − ∆c2(ρ, x̃(ρ; y′, c1))| |z̃(·; y′, c1)|∞ dρ

+

∫ ρ∗

t0(y′,c2)
|∆c2(ρ, x̃(ρ; y′, c1)) − ∆c2(ρ, x̃(ρ; y′, c2))| |z̃(·; y′, c1)|∞ dρ

+

∫ ρ∗

t0(y′,c2)
|∆c2(ρ, x̃(ρ; y′, c2))| |z̃(ρ∗; y′, c1) − z̃(ρ∗; y

′, c2)| dρ

≤Cd

∫ t′

t0(y′,c2)
|∆c1(ρ, x̃(ρ; y′, c1)) − ∆c2(ρ, x̃(ρ; y

′, c1))| dρ

+ µ(T )Cd|∇c1 −∇c2|∞ + TCd|z̃(ρ∗; y′, c1) − z̃(ρ∗; y
′, c2)|.
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ConcerningI3, we use the Lipschitz continuity off , (58), andc1 ∈ BT
R, thereby getting

I3 ≤Cd

∫ ρ∗

t0(y′,c2)
(|z̃(ρ; y′, c1)−z̃(ρ; y′, c2)| + |c1(ρ, x̃(ρ; y′, c1))−c2(ρ, x̃(ρ; y′, c2))|) dρ

≤CdT (|z̃(ρ∗; y′, c1) − z̃(ρ∗; y
′, c2)| + |c1 − c2|∞ + Cdµ(T )|∇c1 −∇c2|∞).

Finally, the Lipschitz continuity ofψ and (53) yield

I4 ≤ Cd|y0(y
′, c1) − y0(y

′, c2)| ≤ Cdµ(T )|∇c1 −∇c2|∞.

In sum,

|z̃(ρ∗; y′, c1) − z̃(ρ∗; y
′, c2)| ≤ µ(T )(|c1 − c2|∞ + |∇c1 −∇c2|∞)

+ Cd

∫ t′

t0(y′,c2)
|∆c1(ρ, x̃(ρ; y′, c1)) − ∆c2(ρ, x̃(ρ; y′, c1))| dρ. (59)

Setting

˜̃x(ρ; y′, c1) =

{

x′ : 0 ≤ ρ < t0(y
′, c1)

x̃(ρ; y′, c1) : t0(y
′, c1) ≤ ρ ≤ t′,

it follows from (59) and|u1(y
′) − u2(y

′)| ≤ |z̃(ρ∗; y′, c1) − z̃(ρ∗; y
′, c2)| that

|u1(y
′) − u2(y

′)| ≤ µ(T )|c1 − c2|C(J ;C1(Ω̄))

+ Cd

∫ t′

0
|∆c1(ρ, ˜̃x(ρ; y′, c1))−∆c2(ρ, ˜̃x(ρ; y

′, c1))| dρ.
(60)

We use now (60) to estimateu1 − u2 in theLp(J ×Ω)-norm. To begin with, observe that for
any fixedt′ ∈ J , the mapping(ρ, x′) 7→ ˜̃x(ρ; t′, x′, c1) of [0, t′]× Ω̄ into Ω̄ is product measurable
(w.r.t. λρ × λx′ , λ denoting the Lebesgue measure), and thus the integrand is aswell, since
∆ci ∈ C(J × Ω̄). In fact, we may write

˜̃x(ρ; t′, x′, c1) = χ{ρ<t0(t′,x′,c1)}x
′ + χ{ρ≥t0(t′,x′,c1)}x̃(ρ; t

′, x′, c1), ρ ∈ [0, t′], x′ ∈ Ω̄,

where both characteristic functions are product measurable, owing to the continuity of the function
(ρ, x′) 7→ ρ− t0(t

′, x′, c1). Proceeding, the continuous version of Minkowski’s inequality yields

I(t′) := (

∫

Ω
(

∫ t′

0
|∆c1(ρ, ˜̃x(ρ; y′, c1)) − ∆c2(ρ, ˜̃x(ρ; y

′, c1))| dρ)p dx′)1/p

≤
∫ t′

0
(

∫

Ω
|∆c1(ρ, ˜̃x(ρ; y′, c1)) − ∆c2(ρ, ˜̃x(ρ; y

′, c1))|p dx′)1/p dρ, t′ ∈ J.

Next we use the decompositionΩ = Ω1(t
′, ρ) ∪ Ω2(t

′, ρ) with Ω1(t
′, ρ) = {x′ ∈ Ω : ρ <

t0(t
′, x′, c1)} andΩ2(t

′, ρ) = Ω \ Ω1(t
′, ρ) to conclude that fort′ ∈ J ,

I(t′) ≤ II(t
′) + III(t

′) :=

∫ t′

0
|∆c1(ρ, ·) − ∆c2(ρ, ·)|Lp(Ω) dρ

+

∫ t′

0
(

∫

Ω2(t′,ρ)
|∆c1(ρ, x̃(ρ; y′, c1)) − ∆c2(ρ, x̃(ρ; y′, c1))|p dx′)1/p dρ. (61)
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We then transform the variable of the inner integral of the second term according tox′ 7→ x̄′ =
x̃(ρ; t′, x′, c1). To determine the JacobianDx′x̃(ρ; t′, x′, c1), we differentiate (12) with respect to
x′ to the result (cp. (31)) that forx′ ∈ Ω2(t

′, ρ),

∂

∂ρ
[Dx′ x̃(ρ; t′, x′, c1)] = ∇2c1(ρ, x̃(ρ; t′, x′, c1))Dx′ x̃(ρ; t′, x′, c1)

and
Dx′x̃(t′; t′, x′, c1) = In,

whereIn denotes the identity matrix inRn×n. Using Liouville’s formula for the Wronskian, we
then see that

det((Dx′ x̃(ρ; t′, x′, c1))
−1) = exp(

∫ t′

ρ
trace(∇2c1(τ, x̃(τ ; t

′, x′, c1))) dτ).

Sincec1 ∈ BT
R, there isC1 > 0 independent ofρ, t′, x′, c1 such that

|det((Dx′ x̄′(x′))−1)| ≤ exp(

∫ t′

ρ
|∇2c1(τ, x̃(σ; t′, x′, c1))| dτ) ≤ eTCd ≤ C1.

So, lettingΩ′
2(t

′, ρ) := {x̃(ρ; t′, x′, c1) : x′ ∈ Ω2(t
′, ρ)} ⊂ Ω̄, the change of variable formula

allows us to estimate

III(t
′)

≤ C
1/p
1

∫ t′

0
(

∫

Ω2(t′,ρ)
|∆c1(ρ, x̃(ρ; y′, c1))−∆c2(ρ, x̃(ρ; y

′, c1))|p |det(Dx′x̄′(x))| dx′)1/p dρ

= C
1/p
1

∫ t′

0
(

∫

Ω′
2(t

′,ρ)
|∆c1(ρ, x̄′) − ∆c2(ρ, x̄

′)|p dx̄′)1/p dρ ≤ C
1/p
1 II(t

′), t′ ∈ J. (62)

Finally, (60), (61), (62), and Young’s inequality imply (54). �

3.3 The parabolic equation forc

We study now the fully nonlinear problem (5) for the unknownc. For the linear problem







∂tv − ∆v = g̃, t ∈ J, x ∈ Ω

v(t, x) = h̃(t, x), t ∈ J, x ∈ Γ
v(0, x) = v0(x), x ∈ Ω,

(63)

the subsequent maximal regularity results are well-known,see e.g. [24, Chap. IV, Thm. 5.2 and
Thm. 9.1].

Theorem 3.2. LetT ∈ (0, T0].
(i) (maximal Ḧolder regularity) Letα ∈ (0, 1), and assume thatΓ ∈ C3+α. Then (63) has

a unique solutionv ∈ C(3+α)/2,3+α(J × Ω̄) if and only if g̃ ∈ C(1+α)/2,1+α(J × Ω̄), h̃ ∈
C(3+α)/2,3+α(J × Γ), v0 ∈ C3+α(Ω̄), and the compatibility conditionsv0 = h̃|t=0 as well as
∂th̃|t=0 − ∆v0 = g̃|t=0 are satisfied onΓ; in this case,

|v|C(3+α)/2,3+α(J×Ω̄) ≤Mα(|g̃|C(1+α)/2,1+α(J×Ω̄) + |h̃|C(3+α)/2,3+α(J×Γ) + |v0|C3+α(Ω̄)),
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where the constantMα > 0 does not depend onT .
(ii) (maximalLp regularity) Let1 < p < ∞, and assume thatΓ ∈ C2. Suppose further that

h̃ = 0 andv0 = 0. Then (63) possesses a unique solutionv ∈ H1
p(J ;Lp(Ω)) ∩ Lp(J ;H2

p (Ω)) if
and only ifg̃ ∈ Lp(J × Ω); in this case,

|v|H1
p (J ;Lp(Ω))∩Lp(J ;H2

p(Ω)) ≤Mp|g̃|Lp(J×Ω),

where the constantMp > 0 is independent ofT .

We are now in position to prove Thm. 3.1.
Proof. Supposec ∈ BT

R andT ∈ (0, T3(R)]. Settingu = Φ(c) we know from Lemma 3.2
that |u|C1+α(J×Ω̄) ≤ Cd. Evidently,

|u(t, x) − u0(x)| + |c(t, x) − c0(x)| ≤ (Cd +CR)T ≤ µ(T ), t ∈ J, x ∈ Ω̄,

and so(u(t, x), c(t, x)) ∈ V, t ∈ J, x ∈ Ω̄, providedT is sufficiently small, sayT ≤ T4(R); we
will assume this in what follows.

PutG = g(u, c). Clearly,|G|∞ ≤ Cd and

|g(u(t, x), c(t, x)) − g(u(t̄, x),c(t̄, x))| ≤ Cd(|u(t, x) − u(t̄, x)| + |c(t, x) − c(t̄, x)|)
≤ Cd(Cd + CR)|t− t̄| ≤ C|t− t̄|(1+α)/2.

Thus|G|C(1+α)/2,0(J×Ω̄) ≤ Cd. Since∇G = gu(u, c)∇u + gc(u, c)∇c, we conclude from

|gu|∞ + |gc|∞ + |∇u|Cα/2,α(J×Ω̄) + |∇c|Cα/2,α(J×Ω̄) ≤ Cd

and

|gu(u(t, x), c(t, x)) − gu(u(t̄, x̄), c(t̄, x̄))| + |gc(u(t, x), c(t, x)) − gc(u(t̄, x̄), c(t̄, x̄))|
≤ Cd(|u(t, x) − u(t̄, x̄)|α + |c(t, x) − c(t̄, x̄)|α)

≤ Cd((Cd + CR)|t− t̄|α + Cd|x− x̄|α)

≤ C|t− t̄|α/2 + Cd|x− x̄|α

that |∇G|Cα/2,α(J×Ω̄) ≤ Cd. Hence|G|C(1+α)/2,1+α(J×Ω̄) ≤ Cd, and so by Thm. 3.2(i),

|c̃|ZT
c
≤Mα(|g(u, c)|C(1+α)/2,1+α(J×Ω̄)+|h|C(3+α)/2,3+α(J×Γ)+|c0|C3+α(Ω̄)) ≤ Cdata,

for T ≤ T4(R); the constantCdata > 0 depends on the data but not onT andR. Therefore, if we
chooseR = Cdata thenc̃ ∈ BT

R, i.e. (i) is satisfied.
Let now c1, c2 ∈ BT

R and ui = Φ(ci). Thanks top > 2 + n the embeddingY T →֒
C(J ;C1(Ω̄)) holds true. Besides(c1 − c2)|t=0 = 0, so we have the estimate

|c1 − c2|C(J ;C1(Ω̄)) ≤M0|c1 − c2|Y T , (64)

where the constantM0 > 0 does not depend onT ∈ (0, T4(R)]. By Lemma 3.3, Thm. 3.2 (ii),
and (64), we may estimate

|c̃1−c̃2|Y T ≤ Mp|g(u1, c1) − g(u2, c2)|Lp(J×Ω)

≤MpCd(|u1 − u2|Lp(J×Ω) + |c1 − c2|Lp(J×Ω))

≤MpCd(µ(T )(|c1 − c2|C(J ;C1(Ω̄))+|∆c1−∆c2|Lp(J×Ω)) + T 1/p|c1−c2|C(J×Ω̄))

≤MpCdµ(T )|c1 − c2|Y T ,

i.e. (ii) is fulfilled, provided we chooseT so small that the numberMpCdµ(T ) in the last line is
strictly less than1. �



22 Alf Gerisch, Matthias Kotschote, and Rico Zacher

3.4 Positivity of the solution

Suppose that the additional assumptions (vii) and (viii) are fulfilled. Let us assume for the moment
thatf(0, η) ≥ ε > 0 for all (0, η) ∈ V with η ≥ 0 and thatg(ξ, 0) ≥ ε for all (ξ, 0) ∈ V with
ξ ≥ 0. Define the nonempty open setsV +

η := {(ξ, η) ∈ V : η > 0} andV +
ξ := {(ξ, η) ∈

V : ξ > 0}. ChooseC1+α extensionsf∗, g∗ of f |
V +

η
andg|

V +
ξ

, respectively, to all ofR2 such

thatf∗(0, η) ≥ 0 for all η ∈ R andg∗(ξ, 0) ≥ 0 for all ξ ∈ R. In order to show that the unique
local solution(u, c) of (3) is non-negative, i.e.u ≥ 0 andc ≥ 0 on [0, T ] × Ω̄, we consider the
modified problem (3)∗ which differs from (3) only in that the reaction termsf(u, c) andg(u, c)
are replaced byf∗(u, c) andg∗(u, c). By the first part of Thm. 2.1, problem (3)∗ possesses a
unique local solution denoted by(u∗, c∗).

From Lemma 3.1, we see thatu∗ = Φ(c∗) ≥ 0 if z(s0(y′, c∗); y′, c∗) ≥ 0 for all y′ ∈ J × Ω̄.
Observe thatz(·; y′, c∗) solves an ODE of the form

ż(s) = F (s, z(s)), s ∈ (0, s0(y
′, c∗)), z(0) = z0,

wherez0 ≥ 0, thanks tou0, h0 ≥ 0, andF (s, 0) ≥ 0, s ∈ [0, s0(y
′, c∗)] since, by construction,

f∗(0, η) ≥ 0 for all η ∈ R. Thus the positivity criterion for nonautonomous ODEs yieldsz(s0) ≥
0, henceu∗ ≥ 0.

Consider next
{

∂tĉ− ∆ĉ = g∗(u∗, ĉ), t ∈ J, x ∈ Ω
ĉ = 0, t ∈ J, x ∈ Γ.

(65)

By construction ofg∗, we haveg∗(u∗, 0) ≥ 0 onJ × Ω̄. Thusc1 ≡ 0 is a subsolution of (65), i.e.

{

∂tc1 − ∆c1 ≤ g∗(u∗, c1), t ∈ J, x ∈ Ω
c1 ≤ 0, t ∈ J, x ∈ Γ.

(66)

On the other hand, due toh ≥ 0, c∗ is a supersolution of (65), i.e. the reverse inequalities hold
in (66) for c∗. Furthermore0 = c1|t=0 ≤ c∗|t=0 = c0. It follows then from the comparison
principle for semilinear parabolic PDEs with homogeneous Dirichlet boundary conditions, see
e.g. [14, Thm. 24.6], thatc1 ≤ c∗, that isc∗ ≥ 0.

Since{(u0(x), c0(x)) : x ∈ Ω̄} ⊂ V , we know that(u∗(t, x), c∗(t, x)) ∈ V for all (t, x) ∈
J × Ω̄, providedT is sufficiently small. We deduce then fromu∗, c∗ ≥ 0 that(u∗(t, x), c∗(t, x))

∈ V +
η ∩ V +

ξ and hencef∗(u∗, c∗) = f(u∗, c∗) as well asg∗(u∗, c∗) = g(u∗, c∗). This shows that
(u∗, c∗) also solves problem (3). Henceu = u∗ ≥ 0 andc = c∗ ≥ 0, by uniqueness.

In the general case, we approximatef(u, c) and g(u, c) by fε(u, c) := f(u, c) + ε and
gε(u, c) := g(u, c) + ε, respectively, whereε > 0. With fε(u, c) andgε(u, c) we are in the situa-
tion above and thus the problem (3) withf andg replaced byfε andgε has a unique non-negative
solution(uε, cε). As ε → 0, these solutions converge to the unique solution(u, c) of (3), due to
the continuous dependence of the solution on the data. This proves that(u, c) is non-negative and
completes the proof of Thm. 2.1.

4 Discussion and concluding remarks

Theorem 2.1 yields local existence of a solution(u, c) of problem (3) in the regularity class
C1+α([0, T ] × Ω̄) × C(3+α)/2,3+α([0, T ] × Ω̄). TakingT as initial time andu(T, ·), c(T, ·) as
initial data, one can continue the solution to a larger interval. This procedure may be repeated
indefinitely, thereby constructing a maximally defined solution (u, c) : [0, Tmax) × Ω̄ → R

2
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belonging toC1+α([0, T̃ ] × Ω̄) × C(3+α)/2,3+α([0, T̃ ] × Ω̄) for eachT̃ < Tmax. Provided that
there is no restriction onTmax by the domainV of f andg, Tmax - if it is finite - is characterized
by

(T1) lim sup
T↑Tmax

(|u(T, ·)|C1+α(Ω̄) + |c(T, ·)|C3+α(Ω̄)) = ∞

or (T2) there existsi ∈ {1, 2} andx∗ ∈ Γi s.t. lim
T↑Tmax

(−1)i∇c(T, x∗) · ν(x∗) = 0.

There are biologically relevant situations, whereTmax is solely characterized by(T1). To give
an example, assume that (vii) holds andg(u, c) is of the formg(u, c) = cg̃(u, c), whereg̃ ≤ 0
on R

2
+; so g from the motivating model described in the introduction, see (2b), is admissible.

Assume further that0 ≤ c0 ≤ 1 and thath = 0 on R+ × Γ1 as well ash = 1 on R+ × Γ2.
Thus (viii) is satisfied, and so the local solution(u, c) of (3) is non-negative. Let nowT1 > 0 and
suppose that(u, c) solves (3) on[0, T1)× Ω̄. If (T1) with Tmax replaced byT1 does not hold, then
(u, c) solves (3) even on[0, T1] × Ω̄, in particular we have

∂tc− ∆c− g̃(u, c)c ≥ 0 on [0, T1] × Ω̄.

Since(−g̃) ≥ 0, we may apply the strong parabolic maximum principle, cf. Evans [15, Thm.
7.12], to conclude thatc > 0 in (0, T1] × Ω, becausec cannot be a constant function, by the
chosen boundary conditions. By the parabolic Hopf lemma, cf. Protteret al. [28, Chapter 3, Sec.
3, Thm. 7], it follows then that∂νc < 0 on [0, T1] × Γ1. Moreover,

∂tc− ∆c− g̃(u, c)c ≤ 0 on [0, T1] × Ω̄

together with the initial and boundary conditions forc, entails thatc ≤ 1, by the weak parabolic
maximum principle. Applying once more the strong maximum principle and Hopf’s lemma, we
see thatc < 1 in (0, T1] × Ω and∂νc > 0 on [0, T1] × Γ2. Hence(T2) with Tmax replaced byT1

cannot occur.
In problem (3) we prescribe Dirichlet boundary conditions for c. In the above proof of the

local well-posedness of (3), these play a role in Sec. 3.3, only, where the parabolic problem (5) is
considered. So there are corresponding results concerningwell-posedness in the case wherec is
subject to an inhomogeneous Neumann or Robin boundary condition; this also includes problems
with different types of boundary conditions onΓ1 andΓ2. For example, ifc = h1 onJ × Γ1 and
∂νc = h2 onJ × Γ2, one needs thath1 ∈ C(3+α)/2,3+α(J0 × Γ1), h2 ∈ C(2+α)/2,2+α(J0 × Γ2),
and

(v)1 c0 = h1|t=0 and∂th1|t=0 − ∆c0 = g(u0, c0) on Γ1;

(v)2 ∂νc0 = h2|t=0 and∂th2|t=0 − ∂ν∆c0 = ∂ν [g(u0, c0)] on Γ2.

Furthermoreh2|t=0 must be strictly positive onΓ2, so as not to contradict condition (vi) in Thm.
2.1. For this particular example one has also positivity of the solution, whenever (vii) and (viii)
with h = h1, h2 (in Thm. 2.1) are additionally fulfilled.

We further remark that our method to prove the strong well-posedness of (3) extends to prob-
lems of the general form

{

∂tu+ a(t, x, c,∇c) · ∇u = f(t, x, u, c,∇c,∇2c, ∂tc), t ∈ J0, x ∈ Ω
∂tc = g(t, x, u, c,∇c,∇2c), t ∈ J0, x ∈ Ω,

(67)

with sufficiently smooth nonlinearitiesa, f , g, whereg satisfies an ellipticity condition, and with
(vi) in Thm. 2.1 being replaced by(−1)ia(0, x, c0(x),∇c0(x))·ν(x) > 0 for all x ∈ Γi, i = 1, 2.
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As to further generalizations, if e.g.a depends on∂tc or ∇2c, several of our arguments used
in Sec. 3 break down, for instance step 1 (property (B)) in the proof of Lemma 3.2 as well as the
Lipschitz estimate for the considered fixed point mapping (cf. Lemma 3.3).

It would be interesting to know whether one can allowa to depend onu; in this case the situ-
ation is much more involved, for the characteristic ODEs arefully coupled and one is confronted
with the possible formation of shocks.

Concerningg, it is not possible to include derivatives ofu as arguments, since in this case one
does not have enough regularity on the right-hand side of theparabolic PDE to prove the desired
invariance property ofBT

R.
The results obtained in this paper can be further generalized to models for chemotactic sys-

tems. In these models there are several populations interacting with each other and with several
chemical agents. For a generalization of the Keller-Segel model in this direction, see e.g. Wolan-
ski [29].

A recent series of papers [20, 19, 18] is concerned with variants of the hyperbolic model for
chemotaxis in one space dimension of the form

u+
t + (γ(c, ct, cx)u+)x = −µ+(c, ct, cx)u+ + µ−(c, ct, cx)u−,

u−t − (γ(c, ct, cx)u−)x = µ+(c, ct, cx)u+ − µ−(c, ct, cx)u−, (68)

τct −Dcxx = g(c, u+ + u−).

Here the total particle (cell) densityu = u+ + u− has been split into densities for right and left
moving particlesu+ andu−, respectively. The turning ratesµ+ andµ− as well as the speed
γ depend on the density of the external signalc and its first order derivatives. The model is
studied either on the real line or on a bounded interval(a, b) with suitable boundary conditions.
For the special case ofconstantspeed and for turning rates depending onc andcx, only, Hillen
and Stevens [20] prove local and global existence and uniqueness of weak solutions to (68) with
bothτ = 0 andτ > 0 using the method of characteristics and the contraction mapping principle
together with certain regularity properties of the heat semigroup. Hillenet al. [19] investigate
(68) with τ = 0, g(c, u+ + u−) = κ(u+ + u−) − βc, turning rates depending onc andcx, and
they allow the speed to depend onc but not on derivatives ofc. They are able to establish global
existence, but not uniqueness, of weak solutions by means ofthe vanishing viscosity method.
The authors of the present paper strongly believe that with the techniques employed in the proof
of Thm. 2.1, in particular with maximal regularity of the diffusion equation in various function
spaces, local existence and uniqueness of strong or even classical solutions to (68) withτ,D > 0
can be established without restrictions on the dependencies of the speed and the turning rates; this
is subject of ongoing investigations.
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valuable suggestions.
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[6] A. R. A. Anderson and M. A. J. Chaplain. Continuous and discrete mathematical models of tumor-induced
angiogenesis.Bull. Math. Biol., 60:857–899, 1998.

[7] A. R. A. Anderson, M. A. J. Chaplain, E. L. Newman, R. J. C. Steele, and A. M. Thompson. Mathematical
modelling of tumour invasion and metastasis.J. Theoret. Med., 2:129–154, 2000.

[8] A. Bailón-Plaza and M. C. H. van der Meulen. A mathematical framework to study the effects of growth factor
influences on fracture healing.J. Theor. Biol., 212:191–209, 2001.

[9] O. V. Besov, V. P. Il’in, and S. M. Nikol’skiı̆.Integral Representations of Functions and Imbedding Theorems.
Vol. I. John Wiley & Sons, New York, 1978.

[10] G. P. Boswell, H. Jacobs, F. A. Davidson, G. M. Gadd, and K. Ritz. A positive numerical scheme for a mixed-type
partial differential equation model for fungal growth.Appl. Math. Comput., 138:321–340, 2003.

[11] H. M. Byrne and M. A. J. Chaplain. Mathematical models for tumour angiogenesis: numerical simulations and
nonlinear wave solutions.Bull. Math. Biol., 57:461–486, 1995.

[12] M. A. J. Chaplain and A. M. Stuart. A model mechanism for the chemotactic response of endothelial cells to
tumour angiogenesis factor.IMA J. Math. Appl. Med. Biol., 10:149–168, 1993.

[13] Ph. Clément and S. Li. Abstract parabolic quasilinearevolution equations and applications to a groundwater
problem.Adv. Math. Sci. Appl., 3:17–32, 1994.

[14] D. Daners and P. Koch Medina.Abstract evolution equations, periodic problems and applications, volume 279
of Pitman Research Notes in Mathematics Series. Longman Scientific & Technical, 1992.

[15] L. C. Evans.Partial Differential Equations, volume 19 ofGraduate Studies in Mathematics. Amer. Math. Soc.,
Providence, R. I., 1998.

[16] E.A. Gaffney, K. Pugh, P.K. Maini, and F. Arnold. Investigating a simple model of cutaneous wound healing
angiogenesis.J. Math. Biol., 45:337–374, 2002.

[17] A. Gerisch and M. A. J. Chaplain. Robust numerical methods for taxis–diffusion–reaction systems: Applications
to biomedical problems.Math. Comput. Modelling, accepted for publication, 2004.

[18] T. Hillen and H. A. Levine. Blow-up and pattern formation in hyperbolic models for chemotaxis in 1-D.Z.
Angew. Math. Phys., 54:839–868, 2003.

[19] T. Hillen, C. Rohde, and F. Lutscher. Existence of weak solutions for a hyperbolic model of chemosensitive
movement.J. Math. Anal. Appl., 260:173–199, 2001.

[20] T. Hillen and A. Stevens. Hyperbolic models for chemotaxis in 1-D. Nonlinear Anal. Real World Appl., 1:409–
433, 2000.

[21] D. Horstmann. Lyapunov functions andLp-estimates for a class of reaction-diffusion systems.Colloq. Math.,
87:113–127, 2001.

[22] D. Horstmann. From 1970 until present: the Keller-Segel model in chemotaxis and its consequences. Preprint 3,
MPI for Mathematics in the Sciences, 2003.

[23] E. F. Keller and L. A. Segel. Initiation of slime mold aggregation viewed as instability.J. Theor. Biol., 26:399–
415, 1970.

[24] O. A. Ladyzenskaja, V. A. Solonnikov, and N. N. Ural’ceva. Linear and Quasilinear Equations of Parabolic
Type. Amer. Math. Soc. Transl. Math. Monographs. Amer. Math. Soc., Providence, R. I., 1968.

[25] Howard A. Levine, Brian D. Sleeman, and Marit Nilsen-Hamilton. Mathematical modeling of the onset of
capillary formation initiating angiogenesis.J. Math. Biol., 42:195–238, 2001.

[26] A. Lunardi. Analytic Semigroups and Optimal Regularity in Parabolic Problems, volume 16 ofProgress in
Nonlinear Differential Equations and Their Applications. Birkhäuser, Basel, 1995.
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