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Abstract

We study the existence of classical solutions of a taxifisibn-reaction model for tu-
mour-induced blood vessel growth. The model in its basimfbas been proposed by Chap-
lain and Stuart (IMA J. Appl. Med. Biol. (10), 1993) and castsiof one equation for the
endothelial cell-density and another one for the concéatraf tumour angiogenesis factor
(TAF). Here we consider the special and interesting cagestidothelial cells are immobile
in the absence of TAF, i.e. vanishing cell motility. In thisse the mathematical structure of
the model changes significantly (from parabolic type to aadikyperbolic-parabolic type)
and existence of solutions is by no means clear. We presewlfitams on the initial and
boundary data which guarantee local existence, uniquemekpositivity of classical solu-
tions of the problem. Our approach is based on the methodaracteristics and relies on
known maximalL,, and Holder regularity results for the diffusion equation.

Mathematics Subject Classification 2000: 35M10, 35L60, 35K55, 35K20, 92C17
Keywords: taxis-diffusion-reaction models, vanishing motility,gerbolic equations, method
of characteristics, nonlinear parabolic equations, maknegularity

1 Introduction

A compact, solid tumour in the so-calledascular stateesides in the tissue of the (human) body
and has no direct connection to the blood circulation (Masgsystem. This missing connection
results in a limited availability of nutrients because tidyaneans of transport from the vascular
system to the tumour is by diffusion through the separaiggye. As a consequence, an avascu-
lar tumour cannot grow beyond a few millimetres in diametarorder to grow further, it must
initiate the outgrowth of new capillaries from the pre-éxig vascular system in its direction.

*This manuscript is theevised version of April 6, 2006f the Report on Analysis and Numerical Mathe-
matics No. 04-24, August 31, 2004, Martin-Luther-UnivétsiHalle-Wittenberg, Germany, sdw t p: / / www.
mat hemat i k. uni - hal | e. de/ report s/ . Submitted for publication.
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Once tumour and vascular system have established a coomebie tumour has reached thees-
cular state This growth process, bringing the tumour from the avasdoléhe vascular state, is
calledtumour-induced angiogenesiBue to the increased availability of nutrients, a vasdskat
tumour can grow further, can form metastasis and becomesipalty lethal. Understanding the
mechanisms of tumour-induced angiogenesis is a key to ssftdly avoiding its completion,
which can serve as a potential part of a cancer therapy.

The process of tumour-induced angiogenesis is initiateldcantrolled by a diffusive chemical
compound, known agimour-angiogenesis factqifAF), which is released by the tumour cells
into the surrounding tissue. Blood vessels and newly groapillaries are lined bgndothelial
cellsso that their density can be used as a measure of how well Hvellea system is developed
in the tissue around the tumour. A PDE system for the time-spade-dependent endothelial cell
densityu(t, x) and the TAF concentration(¢, ) as a model of tumour-induced angiogenesis has
been proposed in 1993 by Chaplain and Stuart [12]. Desitsintplicity, this model captures
many of the main events of the process and will serve as a atistivand starting point for our
investigations presented here. Other models of tumouwreied angiogenesis, often taking into
account more details of the process, are given in, for iestgi 1, 6, 25].

If the process of tumour-induced angiogenesis is to be cet@glsuccessfully, then this will
happen in a finite time interval. For this reason we considentodel for timeg € J, := [0, Tp].

In space we consider a bounded dom@irc R" of tissue surrounding the avascular tumour. An
obvious choice i3 = 3 whereas Chaplain and Stuart [12] use= 1. The results of this paper
will be valid for all n € N. We assume a smooth bounddhof €2, which decomposes in two
disjoint, closed and nonempty subsgfsandI’;. Herel's describes the shape of the tumour and
'y is the “outer boundary” out of or through which new vasculatis growing under the influence
of TAF. The situation is depicted in Fig. 1.

surrounding tissue

avascular
tumour

Figure 1: Schematic picture of the process of tumour-indwggiogenesis.

The model equations far andc are derived using balance of mass and are given by

u+ V- (—eVu+ xuVe) = f(u,c), (1a)
oc+ V- (=DVe) =g(u,c), (1b)

see [12], where the reaction terms are

f(u,¢) =max{0,c— "} - pu(l —u) — Bu, (2a)
auc
g(u,c):—7+c—)\c. (2b)

These model equations have to be supplemented with suitatiédé and boundary conditions and
non-negative real parameter values 0%, ¢*, u, 3, D(> 0), a, 7y, and\. We assume > 0 for
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now and briefly outline the subprocesses of tumour-induecggbgenesis which are modelled by
the various terms in the above set of equations; for morelsleta refer to [12]. TAF diffuses in
Q, is taken up by endothelial cells and decays linearly with ha The TAF uptake by endothe-
lial cells is modelled as a Michaelis-Menten kinetics temy(u, c). The release of TAF by the
tumour cells is to be modelled by a Dirichlet or inflow boundapndition onI's. OnTI'y, we
assume that all TAF has been taken up, is decayed, or traedpway in the blood system, and
choose homogeneous Dirichlet boundary conditions theiith i&gard to the motile endothelial
cells, the model assumes some random movement of them eaprdsby linear diffusion with
diffusion ratec. More importantly, it is known that higher TAF concentratiohave an attract-
ing influence on endothelial cells and cause a directed mograf these towards areas of higher
TAF concentration, i.e. ultimately towards the tumour. sThitter process is termgubsitive
chemotaxisand the flux of endothelial cells due to chemotaxis is modedlexuVe. Here, x

is the chemotactic constant and the gradient,gfointing towards higher TAF concentrations,
prescribes the direction of cell migration. The chemotéaiim leads to an additional coupling of
the two PDEs and renders (1) quasilinear. In the reaction f&u, c), a linear loss of cells with
rate 3 is assumed, and further logistic growth of them is model&ddothelial cells divide only
if a sufficiently high TAF concentration is present in thair®unding and divide more often the
higher the TAF concentration. This influence of TAF on cellisibn is modelled via the simple
threshold functiommax{0, ¢ — ¢* } which multiplies the growth term. On the boundarywe pre-
scribe some spots of positive endothelial cell densityesgnting some already grown capillaries
which are trying to grow towards the tumour. On the boundarywe prescribe homogenous
Dirichlet boundary conditions having in mind that the modeglations hold only up to the time
when the vasculature connects with the tumour—thereafter @rocesses take over and other
models must be used.

The PDE system (1) can be viewed as a generic case for manymtuels describing pro-
cesses from developmental biology, e.g. tumour invasigrirgcture [8] and wound [16] healing,
and fungal growth [10]. Despite the more difficult nature @iy of these other models, the unify-
ing component is that they all contain a (chemo-)taxisudifin-reaction equation similar to (1a)
with a positive random motility coefficient Therefore these models are generically parabolic
PDE systems. The PDE system (1) is a version of the well-knigelter-Segel model (cf. [23])
with an additional reaction terrfi(u, c) in the first equation. As to literature, there is a wealth
of results on several variants of the Keller-Segel modeteaning existence and uniqueness as
well as the qualitative behaviour of the solutions, see¥agi [30], Horstmann [21], Nagaet al.
[27], and Alt [1] . We also refer the reader to the recent syt Horstmann [22] and the refer-
ences given therein. Classical results on quasilineaibplcasystems can be found in [24]. We
further refer to Amann [3, 4]. It is well-known that local irplosedness of quasilinear parabolic
problems in various function spaces can be established lansnef maximal regularity results
for related linear problems and the contraction mappingggle, see e.g. Clement and Li [13],
Lunardi [26], and Amann [5].

In model (1, 2) itis assumed that the endothelial cells perf@ndom motions because> 0.
This assumption may not be correct as endothelial cellssdaévely inert in the absence of TAF.
Also, from a practical point of view, the cell random maotiltoefficient is often rather small and
difficult to estimate experimentally. These consideratioaturally lead to the questions:

1. Is there a loss of well-posedness if model (1, 2) is modifigdettinge = 0?

2. Is model (1, 2) witke = 0 capable of describing the main events of tumour-inducedbang
genesis?
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The second question has been investigated numericallyrie siepth in [17] and a positive answer
emerged. However, to the best of the authors knowledge, alytanresults on the local well-
posedness of system (1, 2) with= 0 are known: This new and challenging mathematical
question is tackled in the present work and hence we cotgridgnu answer to the first question. In
particular, we give conditions on the problem data suchtti@tocal existence and uniqueness of
classical solutions is guaranteed. These require thahthsttold functiommax{0,c— c¢*} in (2a)

is replaced with a smooth approximation; this can be doneawitaltering the essential features of
the model. Due ta = 0, and under the assumption that a solutiéh =) is known, equation (1a)
is a first-order hyperbolic PDE fat. Therefore we consider system (1) with= 0 as a quasi-
linear, mixed hyperbolic-parabolic PDE system. The gnaiddé ¢ prescribes the flow direction of
u and therefore we can prescribe boundary data:.fonly when the gradient af points intof2,

i.e. on the inflow segment df. From the modelling of tumour-induced angiogenesis it éacl
that the inflow segment df is I';. These considerations will be reflected in the precise prabl
definition in the following section.

The remainder of the paper unfolds as follows. In Sec. 2 wegnteand describe our main
result. This result is then proved in Sec. 3. Here we make tLitgeeanethod of characteristics
to derive, for a given functiom, a solution operator for equation (1a) with= 0. Inserting this
operator in equation (1b) results in a fully nonlinear egpraind we prove local well-posedness
by means of a fixed-point argument employing Holder apdnaximal regularity results for the
diffusion equation. In the final section we discuss furtheestions and outline extensions of the
presented results. Some comments on known results foeddigperbolic problems are included.

2 Main result

Let Jo = [0,7p], @ C R™ be a bounded domain with smooth bound&ryvhich decomposes
according toI' = I'y U I'y, whereI'; and T’y are disjoint, closed, and nonempty. The outer
unit normal of" at positionz is denoted by (z). For the unknowns: : Jo x Q@ — R and

c: Jy x  — R we consider the normalizegt = D = 1) taxis-diffusion-reaction system

(Ou+ Ve Vu+ (Ac)u = f(u,c), teJy,ze
Oc — Ac=g(u,c), te€Jy, xze
u(t,z) = ho(t,x), te€Jy,zely
c(t,z) =h(t,z), te€Jy,zel
u(0,z) = up(x), x €
c(0,z) = co(z), x €.

®3)

Our main result reads as follows.

Theorem 2.1. Leta € (0,1), Jo = [0,Tp] and Q2 C R™ be a bounded domain wite3+
boundaryl” which decomposes accordinglfo= I"; U T'y, wherel'; andT';y are disjoint, closed,
and nonempty. Suppose that the subsequent assumptiorsisfied.
(1)  hg € CYT(Jy x I'1), ug € C1T(Q);
h e CBH/23%a(Jo 5 T, ¢g € C3H(Q):;
f, g € CHr(V), where{(ug(x),co(x)) : 2 € Q} € V, V c R? open
uo = holi=o and d¢holi—o + Vo - Vug + (Aco)ug = f(ug,co) onT'y;
co = hli=p and dyh|i=o — Aco = g(ugp,cp) onT’;
(vi)  (=1)'Vey-v>00nTy, i=1,2.

1we will comment on existing results for related hyperboliemotaxis models in Sec. 4.
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Then there exist®' € (0, Tp] such that (3) has a unique local solution
(u,c) € CH([0,T] x Q) x CB+/Z3+e (o T] x Q).
Moreover, if in addition to the above assumptions,

(vii) ug >0, hg >0, and f(0,n) > 0forall (0,n) € V,n>0;
(viid) co>0,h>0,andg(£,0) > 0forall (£,0) € V, £ > 0;

thenu andc are non-negative ofo), 7] x €.

By C%/2:8([0,T] x Q) we denote the classical parabolic Holder space of gideee e.g. [24,
Chapter 1].

3 Proof of the main result

3.1 Basic ideas of the proof

The proof of the first part of Thm. 2.1 proceeds in two stepsthinfirst step, Section 3.2, we
employ the method of characteristics to solve the hyperkslibproblem for, for a givenc
(sufficiently smooth):

Ou+ Ve -Vu+ (Ac)u = f(u,e), teJ ze
u(t,x) = ho(t,z), teJ zely 4
u(0,x) = up(z), x €.

HereJ = [0,7], T € (0,Tp). Inserting the solution formula = ®(c) into the PDE forc, the
guasilinear system (3) reduces to the single nonlocaly idhlinear equation fot:

oc — Ac= g(®(c),c), teJ xze
{ c(t,x) = h(t,x), teJ,zel (5)
c(0,z) = co(z), x €.

In the second step, Section 3.3, problem (5) is then locallyesl by means of a fixed point
argument which makes use of maximal Holder dndegularity of the diffusion equation.
To be more precise, legf! = C(3+2)/2.3+a( ] x Q). We introduce the set

Bg ={we ZCT f w0 = o and|w|Z;[ < R},

whereR > Ry := [co|csra(). We fix furtherp € (2 + n,o0) and consider the base space
YT = HI(J; Ly(Q)) N Ly(J; H2()). HereL,(J; X) resp. H}(J; X) mean the vector-valued
Lebesgue resp. Sobolev space of functionsjotaking values in the Banach spade (X =
Ly(), H2(2)). Itis well-known from parabolid.,-theory thaty'” embeds intaC'(J; C(12)),

in particularY” — C(J x Q), see [9, Thm. 10.4] or [14, Thm. A3.14]. Employing Arsela-
Ascoli's theorem it is not difficult to see thd? is a closed subset iF7. The idea is then to
apply the contraction mapping principle to the mapping ¢ defined on the se?£ by means of

e — Aé = g(®(c),c), ted ze
) = h(t,z), teJxel (6)
) = co(z), x €.

In order to succeed, we will prove
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Theorem 3.1. Under the assumptions of Thm. 2.1 there is a péirR) € (0, Tp] x [Rp, o) such
that the mapping — ¢ defined by (6) (i) IeaveB£ invariant; and (ii) is a strictY’” contraction.

We point out that due to the fact that equation (5) is fully lirear, one is really forced to
employ optimal regularity estimates of the diffusion equat Interestingly, it seems that the
treatment of (5) requires maximal regularity results inhbtbte L,, scale and a scale of Holder
spaces such a8%/28. To prove invariance QB£ (property (i) in Thm. 3.1), we will use maximal
Holder regularity with3 = 1 + o, while (i) is shown by means of maximdl, regularity with
p € (2+n,00).

Finally, in Section 3.4, we prove the second part of Thm. Blére, the main tools are posi-
tivity theory for ODEs and a comparison principle for semelar parabolic PDEs.

3.2 The hyperbolic equation foru

From now on we will assume that the datag, ug, co, ho, andh are subject to the conditions
(D-(vi) in Thm. 2.1. Suppose € B}{? is known. To solve the nonlinear hyperbolic problem (4)
for u, we use the method of characteristics.

LetTlZ = {(0,2) : 2 € Q} U {(t,z) : t € J,x € Ty} aswellaslll, = {(T,z) : z €

out —

Q}U{(t,z) : t € J,z € I'y}. Define the function) : IIZ, — R by means of

b(t,z) = { Zggf)x) i N 8, (t,) e IIF,. 7)

With y = (t,x) andz(s) = u(y(s)), s € [0, so], the characteristic ODE system associated with
(4) then reads

y(s) = (L, Ve(y(s))), s€(0,50) (8)
i(s) = —Ac(y(s))z(s) + f(z(s),c(y(s)), s € (0,50). (9)

We have now the subsequent result.

Lemma 3.1. GivenR € [Ry, ), there existd1 (R) > 0 such that for alll” € (0,7;(R)] and
c € B}, the following statements hold true:

(i) For everyy = (¢',2') € J x Q\ (I} Nn1IL,) there are uniquesy = so(y',¢) > 0

out
andyo = yo(y',c) = (to, o) € II such that the (unique) solution(s) = y(s; v, c)
of (8) with initial conditiony(0) = o fulfils y(so) = ¢'. (Fory’ € X N1IL, we set
so(y',¢) == 0andyo(y', c) :=y'.)

(i) t(s;9/,¢) =s+t —s0(y,c), s €10,50(y, ¢)], in particular to(y', c) = t' — so(v/, ¢).
(i) The solutionu of (4) is given by
u(t,2') = z(so(y/,c);y,c), (t',2") e JxQ,
wherez(s; 4/, ¢), s € [0,50(y, ¢)], denotes the unique solution of

{ is) = —Acly(s; ', 0))2(s) + f(2(s),ely(s:9/,0)), s € (0.50(8,¢)) (1
2(0) = ¥ (yo(y', c))-
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(iv) The solution of (4) is equivalently given byt',z') = 2(t';y/,c), wherez(p;y/', c) for
p € [to(y',¢),t'] solves

{ Z(p) = —Aclp, 2 (pry', ) Z(p) + f(2(p), clp, T (p3 Y, ©))) (11)
Z(to(y' 0) = (yo(y', c)),

Z(p; v/, ¢) being the unique solution of

{ f((t/j; ZZ?(pj(p))’ p € (to(y',c),t') (12)

Moreover,z(p;y',c¢) = xz(p — to(y,¢);y',c) and Z(p; v/, ¢) = z(p — to(y/,¢);y',¢), p €
[to(y', ), t'].

Proof. Suppose that € B%. Clearly, Ve € C1(J x ;R") and |Ve(t, z) — Veo(x)] <
C(R)T for all (t,z) € J x €, whereC(R) is a constant depending di. This, together with
(vi), implies that for sufficiently small’; (R) there exist positivé;, J, independent of such that
foranyT € (0,71 (R)] we have

01 < (—1)ch(t,a:) v(x) <o, teJ xel. (13)

So we see thdf[Z;L resp.I1Z, , are the inflow resp. outflow segment of the trajectories tiinciine
cylinder.J x Q corresponding to (8). This shows (i). Statement (ii) folboslirectly fromi(s) = 1
andt(so(y’,c)) = t/, while (iii) results from the method of characteristicse ®g. Evans [15].
Here one has to possibly further decre@$eR) in order to ensure that in (10) is well-defined,

see below. To obtain (iv), one uses (iii) and employs the gbaaf variablep = s + to(y/, ¢).

It remains to show thaf;(R) can be selected small enough such that the terms in (10)
and (11) containing the functiofi are well-defined, which, in the tilde formulation, meanst tha
(Z(p; ', 0),clp, @(p;y,c))) € Vforall p € [to(y/,¢),t'], v € J x Q, andc € BL. As to the
second argument, it follows from (12) that

[Z(p;y', ) — 2’| < |p —t'[|Veloo < TC1(R),
which, together withe|;—o = ¢y, entails
lc(p, E(p; 9/, ¢)) — co(a’)] < Co(R)(p +|E(p; 9/, c) — 2']) < C(R)T. (14)

So the term on the left-hand side of (14) can be made arlytramall. Concerning the first
argument, the ode (11) allows for thegoriori estimate

1

yi(p;y/,c)‘ < W(T‘f‘m + W}‘oo) < Cd, pE [to(y',c),t/], (15)

provided that e.g7T’Cs(R) < 1/2; hereC, denotes a constant which depends only on the data.
From (15) and (11) we deduce further that foe [tq(y/, ¢),t'],

203y ¢) = Doy, )| < T(|Acloo|Z|oo + | floo) < T(C3(R)Ca + Ca).

Finally, we have)(yo (v, ¢)) = uo(zo(y', ¢)) in casety(y’, c¢) = 0, and otherwise)(yo(y', ¢)) =
ho(yo(y',c)) as well as

ho(yo(y',€)) = uo (o (s )| = [ho(yo(y', €)) — ho(0, 20 (Y, c))| < CdT,
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where we used assumption (iv) of Thm. 21.

We remark that in what follows we will work with both solutidormulae for« provided by
Lemma 3.1 (iii) and (iv). The advantage of the second forthaconsists in the fact that the
first argument of th&/c andAc terms in (11) and (12), which js, does not depend (directly) on
y’ andc. This proves extremely useful in the estimates below, someedoes not need so much
time regularity ofVc andAc, respectively.

The next result concerns the regularity of the solutioof (4) and is crucial for the proof of
the invariance property of the ngg () in Thm. 3.1.

Lemma 3.2. GivenR € [Ry, o), there exists a numbéf,(R) € (0,77 (R)] such that for any
T € (0, Ty (R)] andc € BE, the solutionu = ®(c) of (4) belongs to the spacg! ™ (.J x 1) and
\u!cl+a(JXQ) < Cgata, Where the constartt;,;, > 0 depends on the data babt onT" and R.

Proof. 1. Geometric properties of the characteristics:Givenc € B, it is appropriate to
decompose the hyperbolic domainas Q = H; U Ho U Hepir, Where

Hcm’t = {y/ €Jx Q : yO(y/>C) € {O} X Fl}a
Hy = {y/ € (J x Q) \Hcrit : tO(y/7C) = 0}7
Ho = {y' € (J x Q) \ Herit : w0(y/, ) € T1}.

Lety’ € Ho U Herit, thatisyo(y', c) € J x T'y. Putting

y(se; ' ) =y o)l == max  |y(s;9/,¢) —yo(ys )|
5€[0,s0(y’,c)]

we have the uniform estimate
Iy —yo¥', )l < ly(se;y'se) —yo(y',0)| < /0 (1, Ve(y(s; v, 0))|ds < T(14+C(R)), (16)

which means in particular that giverr> 0 the distance between the $gtand the orbif z(s;v/, ¢) :
s €10,s0(y, )]} is less thare wheneverT is sufficiently small.

Setp(x) :=dist(z,'1), x € Q; clearlyVy(z) = —v(z), x € T'1. By (13), there exists > 0
andéy > 0 both not depending one B}Q such that for sufficiently smafl’,

Vo(x) - Vely) > 6, y=(tz)eJx{zecQ:dis(z,T1)<e}=JxA.. (17)

Hereafter we will always assume tHétis so small such that (17) is valid.
We show next that for sufficiently small (ande), the subsequent propert) holds.

(A) For anyi € I'y and anyt’ € (0,71, there is exactly one’ € A, N {Z + \(—v(z2)) : A > 0}
such that(t’, z’) € Hepit.

To prove @), note first that for continuity reasons it suffices to showguaness. To this end, fix
two different pointsz}, 22 € 't N B(#, ¢9), whereB(, o) designates the ball with centieand
(small) radiuszo; note that in view of (16) the assumptiag, x3 € B(%, <) is not a restriction

of generality. Letr;(s) andz,(s) be the corresponding space components of the charaderisti
through(0, z}) resp.(0,#3), that is (cf. Lemma 3.1)

{ ii(s) = Ve(s,ai(s), s € (0.8) (18)

7;(0) = g,
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for i = 1,2. We are interested in the anghk¢s) between the vectors-v(z)) andz(s) — za(s),
for s € [0,¢']. Our goal is to show, that for sufficiently sm4ll the angles(t’) is bounded away
from zero, uniformly w.r.t.z, ¢/, 33(1) and:cg, which clearly implies the unigueness statement in
(A).

Setd = |zg — 25| and|z1(s.) — z2(s:)| = maxge(o 4 |1(s) — 22(s)|. Then it follows from
(18) that

|21(84) — 22(84)] < /Os* IVe(s,21(s)) — Vs, x2(s))| ds + |zg —
<TC(R)|z1(s4) — w2(s4)| + 0,

and thus

|z1(8x) — 22(54) < (1+¢71)6, (29)

< - -
= 1-TC(R)
provided that’C'(R) is small enough. From (18) and (19) we further conclude that

TC(R)|x1(s4) — zo(s:)| + |2p — 28
TC(R)(1+¢e1)d+d>(1—¢1), se]0,t], (20)

|21(s) — z2(s)| = —
> —
as long a4’ is sufficiently small. Besides, (18), (19), and the triarigkxquality imply

||1(s) — w2(s)| = 8] < |1 (s) — w2(s) — (x5 — 23)| (21)
S TC(R)|z1(ss) — w2(si)| < e1(1 +€1)d (22)

for all s € [0,t'], if T is sufficiently small. From (20), (21), (22) we then inferttha

|71(5) — m2(s)] g — ]
| [21(s)—wa(s) — (z5—af)] - (—v(&))d — [w5—=5] - (—v(@))[w1(s) —@2(s)| — ] ‘
[71(s) — w2(s)] &

| cos B(s) — cos 3(0)| = [£1(s) — 22(s)] - (—v(2)) (2§ — 28] - (—v(2)) ‘

< 251(14—51)(52 o 2e1(1 + 1)
- (1—61)52 N 1—¢ ’

thus| cos B(s) — cos 3(0)| can be bounded above by e.y/2 provided thatl’ is small enough.
Choosingey small enough, we certainly hayeos 5(0)| < 1/4, by the assumed smoothness of
I'y, and hencécos 5(s)| < 3/4 or |B(s)| > Bp > 0 for all s € [0,¢']. This shows ).

By means of a similar argument and a suitable variable toamsition we describe below one
can prove that for sufficiently small (ande), the following corresponding propert) holds.

(B) For anyx’ € A, \ T'1, there is at most oné € [0, 7] such that(t’, ') € Hepit

Given an arbitrary characteristig(-; 3/, ¢) with yo(y’,¢) € J x I'; we may use the variable
transformation = 0(s) = ¢(x(s;%/,¢)). Observe that (16) and (17) entail that

D) otassaf o)) Vely(si/, ) 2 do >0, selosolys0l, (@9
provided thatT" is small enough. So the inverse functién' is well-defined, that is, we can
recovers from ¢ by means ok = 6~1(¢). In view of §(0) = ¢(x(0;y',¢)) = @(xo(y’,c)) =0
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andf(so(y',¢)) = p(x(so(y',c);y,c)) = e(2') =: (o(a'), the s-interval [0, sq(y/, ¢)] corre-
sponds to th&-interval [0, (o (z')]. Letting theni(¢; v/, ¢) = y(071(C); 4/, ¢), ¢ € [0, {o(2)], the
transformed ODE reads

-1
%g(g;y/vc) = dedg(g) (I,Vc(gj(g‘;y/,c))), C € (O,C(](ﬂj‘/)), g(CO(ZL'/);y/,C) = y/a
where o1
2 = (Vetalciy. ) VelaGiy ) ¢ e 0.6l

Employing the notation

60) = G ey = (ta) € T X A
we have
Y(G Y e) =70y ), €€ (0,4(z),  (lo(z');y',c) =9 (24)

Observe that by (16),

[Go(a")] = le(a")] = lp(z') = p(zo(y, 1)) < [Veploolt” = zo(y',c1)| < TC(R).  (25)

Note also that (17) ensures that the denominatoy, @f (24) is bounded away from zero.

In order to showB), one can now proceed as in the proof A).(In fact, given two different
pointsz}, 22 € T'; one considers the corresponding (transformed) charstitstj; (¢) andga(¢)

(¢ € [0,¢o(2")]) through (0,z}) resp. (0,22) and verifies that the angle between the vectors
71(¢) — 72(¢) and(1,0,...,0) € R™*! can be bounded away from zero for alic [0, (o (2')],
uniformly w.r.t. 2/, x}, andz3, provided thafl” has been selected small enough.

The propertiesA) and B) are needed below to extend the local to the desired globkldt”
estimates. Observe that proper#y) (and compactness & ensure that there exists a number
N € Nindependent o andT € (0, 7;(R)] such that any two different point¢', /), (¢, ') €
J x € can be connected by a chainof ¥ < N line segments in the sétt’,z) : = € Q} of
length< |2/ — 7’| so thatC satisfies the following property: i, z'), (t', ") € H; U Herit, then
C C H;UHerit, @ = 1, 2; otherwiseC crossesH...;; precisely one time. In the case whéwaries
andz’ is fixed the situation is even simpler, thanks B).(

2. A formula for Vu: We will next derive a representation f&f«. Suppose thaty’ €
H; UHs. From Lemma 3.1 (iv) we infer that

ouw,, , 0z
arg(t’w)_@a:;

in the sense of differentiation w.r.t. a parameter, see @&mann [2]. Here and in the fol-
lowing lines we suppress the dependencecan the notation. One verifies that the function
(02/0x})(p; t',2"), p € [to(y'), 1], solves the ODE

tt,2),i=1,...,n,

i(p) = kilp;y ) w(p) +mi(psy'), p € (to(¥), 1), (26)
with
ki(p;y') = — Aclp, &(p;y') + fuZ(p; '), c(p, Z(p039))),
ni(p;y') = (=VAclp, 2(p; /) 2(p; ¥ )+ fe(Z(pi ), clp, E(p3y))) Velp, E(piy))

0T
5 Py

2
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Furthermore(z /0x/, satisfies the initial condition

%%mmbmw, 27)

where
6(6") = (Beluoly ¥~ F W), (@) s () + 5 (Blaos): - (29

in fact, differentiatez(¢o(y'); ¢/, ') = ¥ (yo(y')) w.r.t. 27 and employ (11) to see this.
From (26) and (27) we deduce that

s P
g—;(p;y’m) =exp (/t ki(T3y s €) dT)&(yCC)

O(y,7c)

P P
+/ exp(/ ki(T39, €) dT) ni(o;y, ¢) do, (29)
t o

o(y',0)
thus withp = ¢/,
t/

Ou (t',2') =exp (/ ki(T39 ) d7'> &)

/
dz; to(y’,c)

t/ t
—I—/ exp (/ ki(T39, €) d7'> ni(o;y, c) do. (30)
to(y’,c) o
Our next objective is to find more explicit expressionsgpandr;. Differentiating (12) with
respect to the parametef shows that the functiooz/0x;)(p;y'), p € [to(y'),t'], solves the
linear ODE problem

w(p) = Vie(p, 2(p))w(p), p € [to(y'), 1], w(t') = e (31)

whereV2¢ denotes the Hessian matrix ofv.r.t. the spatial variables ang designates théh
unit vector. Fromzo(y') = Z(to(y'); ¥') we obtain by differentiation w.r.tz/

8%0,_8@ ,',8t0, 0T N
W(y)_ a—p(to(y%y)a—w;(y)*‘@(to(y%y)

dto oz
= Vc(yo(y/))a—x;(y/) + a—m;(to(y/); y). (32)
Obviously 9ty /0x; = 0in Hy. If y € Ha, we havep(zo(y')) = 0, which, by differentiation
w.r.t. 2%, yields

Ve(zo(y')) -
In view of (32) andVp(z) = —v(x), x € I'1, we therefore get

o VW) By
ol T Gty Vet Y S 9

In analogous fashion one sees that the functioiy dt')(p; y') solves the linear ODE problem

w(p) = Vie(p, 2(p))w(p), p € [to(y'), 1], w(t') = =Ve(y), (34)




12 Alf Gerisch, Matthias Kotschote, and Rico Zacher

and that 5 5 5
Lo, / ﬂ / _3% N,
o7 (') = Ve(yo(y')) il (') + o (to(y');v), (35)
as well as i
o v(zo(y)) - S (to(¥);y)

/ /

W)= = ) Vel © Y T 9

Observe that each of the derivatives computed abotg §z;, 0ty /0t’, ...) possesses a con-
tinuous extension frorf; to H1 U Herir @and fromHs to Ho U Herit

3. Continuity of v and Vu: Continuity of u in J x Q follows from Lemma 3.1 and the
compatibility conditionuy = hq|=o onT.

We next show tha¥w is continuous inJ x Q. To this end, lety, € He.i;. In view of (28),
(7), (32), andty/0z; = 0in H;, we see that

ot

0xg T
"
oz,

lim  &(y') = lim  Vug(zo(y')) (y") = Vuo(zo(y«)) (to(ys); ys)-

H12y' —yx H12y' —ys« ((9%;

On the other hand, we may choose a function C*(.J x ) such that|,—¢ = ug andv|r, = ho,
thereby obtaining (With2 (i, ) = limyg,5,—y. 29 (y/))

o m &y') = (Bco@o())ho(0, z0(ys) — (ho(0,20 (1)), co(o(v.)) %@*)
+ 9p(0, xo(y*))%(y*) + Vo0, 20(ys)) - mgﬁy* gi? )
= (Acofa () ol (v)) = F(un (o). colan(v))+ Drho(0.0(01))) 55 s
+ Fup(ro() - (Veolao(y:)) 55 ) + 5 lolu-)ive))

= Vuo(zo(u)) - g (to(ye); v-);

here we used the compatibility conditions (iv) and (32). rEfiereé; € C(J x Q),i=1,...,n.
The continuity ofVu in J x Q follows now from (30).

4. Preparing the Holder estimates: We next collect several basic inequalities, which will
be needed for estimating in the C'T(J x Q) norm. In what is to follow,C, C4, Cg, and
wu(T') denote positive constants, which may differ from line teJibut which are such that is
independent ofk, T', and the data(’; depends only on the datéiz depends orR but not on
T and the datay(7') is independent of and the data and satisfig$7’) — 0 as7 — 0. By
choosingT sufficiently small, we may assume that for each of titély many) terms of the
form u(T)(Cr + Cy) appearing in the subsequent lines, the inequality

DO =

w(T)(Cr+ Cq) <

is valid.
Observe first that under this conventiorE B£ (i.e. ¢|t=0 = cp) implies

1 -
Icloe 4 |Ve|oo + V2| oo + |V3¢€|oo < (T)Cr + Cyq < 5+ c,; < Cy. (37)
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Further, fort,, to € J, z € Q,
|Ac(ty, z) — Ac(ta, z)| < Cglty — to| /2 < w(T)Cplty — to|* < %ul —ta|*.  (38)
Sincedz /0, solves (31), it follows that

oz

G0 >|<|ez|+|vC|oo/ S dn, p € laly). ]

and thus, by Gronwall’s lemma and (37),

oz .
’%(ﬂa y,)‘ < Cd7 pe [to(y/)7t/]7 1= 17 (2 (39)

Similarly, using (34) folwz/0t', we find a bound

D o < Ca e o) ) (40)

From (17), (32), (33), (36), (39), and (40) we then infer that
dto Ot

TR+ 5 ) < Car o € Ha U Mo (41)
0 _
W) <Cay Y €T x 0. (42)

Differentiating further (31) and (34) witv = 0z/0z}, andw = 0z/0t', respectively, with
respect ta’ andz’, and employing (39), (40), and (37M3c|s < C4'), we obtain, similarly as
above, that

2~ 2

|8$a/(p7 )|+| /

Recall further (15), which together with Lemma 3.1 (iv), @Wu|c(sxq) < Ca.
The following estimates involve the functiofisandz. Lett’ ¢ J, 2/, 2’ € Q, and assume
thatto (', 2') < to(¢',z’). Setting

oo PN < Ca pelto@) ] i g =1 on. (43)

Z(ps; ', 2") — E(pest', T) = max |Z(p;t',2") — Z(p;t, T')]
pEto(t',@’),t']

and employing (12) we have

*

t/
Z(ps; ' 2") =2 (pu; ', T')] < /IVC(% (st 2")=Ve(p, (p;t', 7)) dp+|a’ — 7|
p

IN

1(T)OR|E(pu; ' 2") — T(pust, T)| + 2’ =],

which yields
"i'(p;t,,l',) —@(p, tlﬂ‘%/)‘ < 2"T, _jlya pE [tO(tla‘i’/%t/]' (44)

Similarly, using (11) and (44) we now show that

|Z(p;t',2") — Z(p; ', T')| < Cyla’ = &|, pe€[tot, ), 1], (45)
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whenever(t’, z') and(t', ') are jointly fromH,; U Hi, ¢ = 1, 2. In fact, with

1Z(pas; U 2") — Z(pass t', 7)) :i= max  |Z(p;t', 7)) — Z(p; ', 7))
pe[to(t’,(i’),t’]

we may estimate
|§(p**;t/,x/)—Z(p**;t/,j/ﬂ
S Cd ‘tO(t/7 .Z'/) - tO(t/7 'i'/)‘ + W(?Jo(t/’ .Z'/, C)) - w(yO(tla ‘i./7 C))‘

P
T / Ac(p, #(pi ', a"))E(pi ', 2') — Aelp, F(pi t )3 (pi ' 2 dp

O(tl */)

+/tp**!f(2(p;t’,x) c(p,Z(p;t',2") = f(Z(p:t', @), clp, 2 (pst', 7)) dp

O(tl */)
ot
g(cgq 0 @HAﬂ%@gu—m|
+T(CR + Cd)| (p**at y ) - Z(p**at 7j )|7

61’0
loo + 157

which implies (45).

5. Vu belongs toC%(J x Q;R"): From step 3 we already know th&u ¢ C(J x
Q). Employing (30) and the expressions fGify)(y)] derived in step 3 it is readily seen that
Vulgrxa) < Ca-

Letnowy' = (¢,2/), 7 = (t',7') € HoUHcrir. W..O.g. we may assume that(y') < to(7').
Then it follows from (44), (45), and assumption (iii) of Th1 that

[fulZ(psy"), clp. 2(p5y")) — fu(Z(p3 7)), clp, Z(p; 7))l

< Call2(psy) — Z(p; 7)™ + |elp, 2(p39))) — clp, 2(p; 7))
< Cyla’ — 7|, p € [to(¥),t], (46)

and the corresponding inequality being true for Therefore
t/ t/
jexp ([ mi(rig)dr) exp ([ walrig)dr)
to(y’) to()
to(7') 4
<™ [Clriy)ldr+ [ et - (o)l d)
to(y) to(7')

<Ve(lto(y) — to()|'"*Cula’ — &'|* + TCyla’ — 7'|*) < Cla’ —2'|*.  (47)

We turn now ta¢;. From (33) it is immediate thalty/0z, € C*(Ha UHerir) anddzg/dz) €
CY(Ha U Herig; R™) forall i = 1,...,n. From (17), (37), and (43) we further infer that

V2to(y)| + [V220(y)] < Cay o' € Ho. (48)
Choosing an extensione C1T%(J x Q) of hy we have

0 dto

(') = Belun)) o () + Vol (y')) - o

w(y,)-
This, together with (38), (41), (42), (48), shows that fdriak 1,...,n

&) — &7 < Calz’ — 7|~ (49)
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As ton;, note first that (37), (31), and (44) yield

oz oz
\@(P;y/) o0 (7)) < Cala’ = 2|, pelto@)t] (50)

Sincec € B% and in view of (44), we further have
IVAc(p, (p;y)) — VAc(p, 2(p;7))| < Crlz’ = '|% p € [to(7),1]. (51)
Combining (51), (50), (44), (45), and (46) fér we obtain

ni(psy) — mi(p; )| < CrCalz’ — 2|, p € [to(@), 1], (52)
and further

t t t

| exp ( %i(T;y’)dT)m(ff;y’)dff—/ eXp(/ ki(r39) dr) mi(o; g') do|

to(y') o to(7)

to(7') t
< / exp / ki(rsyf) dr) (o ') do
to(y’) o

t/ t/ tl
+ / | exp (/ ki(T3y") dT) mi(o;y) — exp (/ ki(T; ) dT)mi(o; )| do
t o

0(37/) o

< VeCylto(y') — to(7')] + m(T)(Cq + CrCa)lz’ — Z'|* < Cla’ — Z'|%,

which, together with (47) and (49), implig& u|co.a(1,um,,.rny < Ca. In the same fash-
ion (it is even simpler) one can show tha&lu|co.(x,un,,.kny < Ca- Hence, by step 1,
IVulcoa(sxamrny < Ca

6. Vu belongs toC*?(J x Q;R™): Again we show only|Vu|ce.os,um,,.rn) < Ca;
the corresponding estimat® u|ca.o(3,un,,..;rn) < Ca €an be established much more easily.
Combining both estimates and step 1 then y|&1a a0y« o;rn) < Ca-

Let nowy: = (t},2") € Ha U Herir, j = 1,2. W.Lo.g. we may assume thai(y;) <
to(yh). We distinguish three cases w.r.t. the numbg(s)), ¢}, to(v5), andt, as displayed in the
following identity, which will be employed to estimate thetégral terms in (30).

t ~ t, ~
¢ 00((yy12 ft’2 P tto(yy) St < to(ys) <t
t
/t /t( ) p, +ft0 fﬁ Fy : to(y)) < to(ys) < t) <1
o o(y%) t
ft&f + it F1 Fy) +ft/ Fy o)) < to(yh) < th < £,

here Fj(p) = Fj(p), p € [to(y}),t;], and EFj(p) = 0, p ¢ [to(y};),t}]. The first case is the
trivial one, as we do not have a term involving the differefi¢e— F5. In the second and third
case, one can use the estimation techniques from the pngcstgips to get, one after another, the
subsequent inequalities satisfied for ang [to(v5), min{¢], th}]:

1Z(p;91) — Z(psy5)| + |2(p;91) — Z(p35)| < Calt] — 1),
|fu(Z(p39)s clps 2(p3y"))) — Fu(Z(p: 7)), clp, 2 (03 7)))| < Calty — t5]%,
[fe(Z(p ), clp, 2(p5y)) — fe(Z(p: 7)), clp, E(p3 §)))] < Calth — t5]%,

IVAc(p, 2(p;y1)) — VAc(p, Z(p;y5))| < CrCalth — 5],
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oz / ox ’ / /
P2 o) — ZZ (o] < Calt, —t
‘aw;(payl) ax;(p7y2)’ = d’ 1 2‘7

|ki(p;yh) — wi(ps yh)| < Calth — 5],
ni(p; 1) — mi(piyn)| < CrCalth — t5]°.

In the second case one can estimate the second summand &s f@lpws.

th t th th
[ e / ki (rs ) dr) mo(os ) do — / exp( / i (s ) dr) (o)) do|

to(y}) to(yh)
o6h) o oh , b /

< / o / ki(rs ) dr) Imi ()] dor + / exp ( / () dr) i ()] do
to(y] o th o

th th th
+/ \exp(/ m(T;y’l)dT)m(a;yi)—exp(/ ki(T5yp) dT) i (03 y5) | do
t o

0(y4) o

t th
< eCallto(y)—to(yh) | +16; —th])+ / exp( / Ra(riy) dr) s y,) — (o )| do

to(yh)
t ) th
T / e / i) dr) — exp( / i) dr)| s ) | do
to y’g o o
< Cylt) — th| + T eCRrCy|t) — th|* + T\/e(TCylt] — th|* + Cylt] — t5])Cy
< O] —th]™.

The same Holder estimate holds in the third case, by an goadochain of estimates. It is then
also clear how to treat the first integral term in (30) to getdisired Holder estimate. Moreover,
similarly as in step 5, one can show that

& (Y1) — &i(y2")] < Cylth — 5],

and henceVu|ca.o(1,un,, k) < Ca-
7. Regularity of 9;u: The remaining estimat@; u|ca ;) < Cq follows from

ou = —Ve-Vu— (Ac)u + f(u,c)

andc € B}Q as well as from the estimates obtained aboveufand Vu; recall here the crucial
inequality (38).00

The subsequent lemma provides the basic estimates camgehgic-dependence af.

Lemma 3.3. GivenR € [Ry, o), there exists a numbél;(R) € (0,7>(R)] such that for any
T € (0, T3(R)), v € J x Q,andcy, ¢y € BE,

lyo (', e1) — o', c2)| + |50y, e1) — s0(y, e2)| < w(T)|Ver — Vel (53)

and

ur — w2, (x0) < WT)(|e1 — e2loror@y) + 1Ac — Aca|r,(xa))- (54)
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Proof. We will continue to employ the convention introduced in sfegpbove concerning the
usage of the constan€s, Cy, Cr, andu(T).

We begin with the estimate fogo (v, c1) — yo(v/, c2)|. Leter, co € BE and fixy’ € J x Q.
We distinguish three cases.

Case 1:Suppose thaty(y’, ¢;) = 0 for i = 1,2. By Lemma 3.1 (ii),so(y/, ¢;) = t’ as well as
t(s;y',¢;) = sfori =1, 2. With z;(s) := z(s; ¥/, ¢;) and

|71(s+) — w2(s4)| = max [z1(s) — w2(s)|
s€[0,t']

we therefore have
t/
|z1(8x) — T2(54)] é/ [Ver(r,21(7)) — Vea(r, z2(7)) | dr

< / (Cylz1 (1) — 22(7)| + |Ver (1, 22(7)) = Vea (T, z2(7))|) dT
< TCd|l’1(S*) - 33‘2(8*)| + T|V61 - vC2|oo-

Thus
lzo(y', e1) — zo(y', c2)| < |z1(s+) — 22(s:)] < u(T)|Ver — Vealso. (55)

Case 2:Suppose thajy (v, ¢;) € JxT'1,i = 1, 2. We will use the transformed characteristics
7i(C) == 9(¢; v, ¢), i = 1,2, which were introduced in step 1 of the proof of Lemma 3.2 and
which are solutions of (24). Analogously to the first case wesader

191(G) — 92(C)] == ceax 191(€) = %2(C)]-

Note thatc; € B, and (17) yield

Ver (W1) = Yer (y2)| < 65 2Crlyr — yal, w1, 2 € J x A,
|’7¢1(y) - '702(3/)| < 50_2CR|V01 - VC2|oo> y€eJxAg

and thus
Co(z)
|91 () =2 (G| S/C [Ver (51(€)) — Yea (92(C))] dC

< /:O(m,)(hcl (71(€)) = Yer (T2 ()| + [7er (72(€)) = 7eo (72(C))1) dC
< TCRr(191(G) — 52(C)| + [Ver = Vea o),
where we used (25). Hence
lyo(y's e1) —wo(y', c2)l < [71(C) = G2(Go)l < u(T)Ver = Vea oo (56)

Case 3:Suppose thaty(y',c1) = 0 andyg(y’,c2) € J x I'y. For continuity reasons and
by convexity of BL, there exists\, € [0,1] such thate, := A.c; + (1 — AJ)ex € BE and
yo(y',cx) € {0} x I'y. The desired estimate fdgo(y', c1) — yo(y/, c2)| follows then from the
trivial inequality

lyo(y's 1) —yo(y's c2)| < lwo(W'ser) — oy, e)| + lwo (¥, ex) — vo (¥, 2)l,
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estimates (55), (56), and the definitiongf
All'in all we have proven an estimate of the form

(¥ e1) = yo(y's c2)| < u(T)|Ver — Vealoos Y € T x Q, c1, 2 € B (57)
To see the corresponding inequality fiep(y’,c1) — so(y', c2)|, we make use of the identity
so(y/,c) =t —to(y, ¢) (see Lemma 3.1 (ii)), which gives

[s0(y’, 1) = s0(y', e2)| = [to(y', 1) — to (¥ c2)| < [yoly', 1) — yo(y', c2);

(57) yields then the desired estimate. This completes thef mf (53).
We come now to (54). Lety,co € BR andy’ € J x Q. W.lLo.g. we may assume that

to(y',c1) < to(y',c2). Let

1Z(ps;y/ e1) — Z(p ¥ c2)| = max  |Z(p;y ) — Z(p;y s c2)l,
pE[to(y/,Cg),t/]
|Z(psss s 1) — Z(puss ) c2)| = max  |E(psy/,e1) — 2(ps ¢ e2)].

pE[to(y’c2),t']

Observe first that (12) entails

Z(psxs ¥ 1) = E(pass ', c2)| < (T)|Ver — Veg| oo (58)

Using (11) we estimate now
2(psy’sc1) = Z(pssy, e2)| <

to(y',c2)
< / e 3l )il )+ Gl en)ea(p. 5 ) D)
o(y',c1

Px
4 / B 3l e)Z oy )~ Bl Horo/ )3 el
to(y’,c2

+/tp* |FG(os o 1), c1(p, @(psy's e1)) = F(E(p; o, ), e2(p, Z(ps 9, 2))) | dp

o(y',c2)
+ (Yo (v e1)) — (yo(y'sc2))| = L+ Io+ I3+ Iy.

Thanks to (53), (15), andy € B%, we obtain for the first term

I <lto(y',c1) —to(y', c2)| (JAct|ool 254", €1)|oo + [ floo)
< ,u(T)Cd|V61 — VCQ|OO < ,L](T)|V61 — VCQ|OO.

As to I», we employ (58), (15), and, € Bg to estimate

Px
I < / 1l ) - Ber, oy )| G e
to(y’,c2

Px
4 / el (i er)) — Berp st/ ) e
to(y’,c2

Px
4 / Aea(p, 305y, ex))| E(pus s 1) — Zpusfse2)| dp
to(y’,c2)

t/
<y / Acs(p, (59 1)) — Dealp, (o 1)) dp
to(ylch)

+ u(T)Cq|Ver — Vealoo + TCylZ(pas yf 1) — Z(psi Y, c2)].
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Concerningls, we use the Lipschitz continuity df, (58), andc; € B}Q, thereby getting
P ~ / ~ / ~ / ~ /
(1Z(p v 1) =Z(ps ¢, e2)| + lea(p 2(p3y's e1)) —ca(p, T(p3 ¥, c2))]) dp

I3 < Cd/
to(y’,c2)
S CaT(|Z(ps; ', e1) — Z(ps; ¥, c2)| + |1 — e2loe + Cap(T)|Ver — Veg|oo).

Finally, the Lipschitz continuity ofy and (53) yield
14 < Cylyo(y's e1) — yo(y's e2)| < Cap(T)|Ver = Ve oo

In sum,
12(ps5 9/, 1) = Z(pss 0/, c2)| < (T (Jer = e2]oo + [Ver = Vea|oo)
t/
v [ 1By )~ Bexp )l dp (69
to(y',c2
Setting
5("0)—{$l 0< p<to(y,c1)
P Y.a j.(p;ylacl) 1t0(y/701) Spét/7
it follows from (59) andu1 (y') — ua(y')| < |Z2(ps; ¥, c1) — Z(ps; ¥/, c2)| that
(60)

lui(y') —u2(y)l < w(T)ler = ealoir.on@y
t/
+Cd/ |Ac1(p, 2(p; 4, c1))—Aca(p, 2(p; 4/, e1))| dp.
0

We use now (60) to estimatg — us in the L, (J x £2)-norm. To begin with, observe that for
any fixedt’ € J, the mappindp, z’) — z(p;t’,2', c1) of [0,#] x Q into Q is product measurable
(w.r.t. A, x Ay, A denoting the Lebesgue measure), and thus the integrandwelgssince

Ac; € O(J x Q). In fact, we may write
‘%(p;t/awlacl) = X{p<to(t’,m’,cl)}wl + X{pzto(t’,xl,cl)}"i’(p;t/7x/7Cl)7 pe [Oat/]a ‘T/ € Qa

where both characteristic functions are product measgyrabling to the continuity of the function
(p,a’) — p —to(t',2', c1). Proceeding, the continuous version of Minkowski’s indiygields

I(t) =

t/
( /Q ( /O Ber(p, 33y, er)) — Aca(p, E(pi /s 1)) dp)? da') P
t/
é/ (/ |Acy(p, 2(p; 9, c1)) — Aca(p, T(p; 9, 1)) P da’) /P dp, €.
0 Q

Next we use the decompositidn = Q4 (¢, p) U Qa(t, p) with Qq(t',p) = {2/ € Q : p <
to(t', 2", c1)} andQa(t', p) = Q\ Q1 (¢, p) to conclude that fot’ € J,

t/
/o |Aci(p,-) — Aca(p, )L, @) dp

I) <I(t) + 1) -
t/
+ / ( / Aer(p, 3oy 1)) — Aealp, Fpi s )P da') P dp. (6)
0 Q2(t,p)
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We then transform the variable of the inner integral of theose term according to’ — 7’ =
Z(p;t', 2, c1). To determine the Jacobidn, Z(p;t’, 2, ¢1), we differentiate (12) with respect to
2’ to the result (cp. (31)) that far' € Qs (¢, p),

0 . - -
a_p [D:c’w(/77 t/7 .Z'/, Cl)] = v2cl (P7 x(P7 t/7 .Z'/, Cl))D:c’w(/% t/7 .Z'/, Cl)
and
Dx’-%(t/; t/7 .Z'/, Cl) = Ina
wherel,, denotes the identity matrix iR™*"™. Using Liouville’s formula for the Wronskian, we
then see that

t/
det (D &(p;t', 2’ c1)) ™) = exp(/ trace Ve, (1, #(r;t', 2, ¢1))) dr).
p

Sincec; € B, there isC; > 0 independent of, ¢/, 2/, ¢; such that
tl
|det((D 7 ()™ < exp( [ [Vier(r, (o3t 2 ¢1))| dr) < T < .

p

So, lettingQ (¢, p) == {Z(p;t',2',c1) = 2’ € Qa(t,p)} C Q, the change of variable formula
allows us to estimate

It
1/ v
<G 7( |Aci(p, 2(p; 9/, 1)) —Aca(p, Z(p; ¢/, 1)) P |de{ D ()| da’) P dp
0 JQa(t,p)
t/
=y / ( / l?C;“%f’)—Acxp,f’)wdf’)l/pdp <o’y teld (62
0 Jayt e

Finally, (60), (61), (62), and Young's inequality imply (641

3.3 The parabolic equation forc

We study now the fully nonlinear problem (5) for the unknowror the linear problem

atv—Afu:g, teJ, xe
v(t,z) =h(t,z), ted zel (63)
,U(0733) = Uo(l’), T €,

the subsequent maximal regularity results are well-kn®see, e.g. [24, Chap. IV, Thm. 5.2 and
Thm. 9.1].

Theorem 3.2. LetT € (0, Tp).

(i) (maximal Holder regularity) Leta: € (0,1), and assume thdt € C3+®. Then (63) has
a unique solutiony € CG+®)/23+a( 1 Q) if and only if § € CUF/21ta(] 5% Q), h €
CB+a)/23+e (] % T), vy € C3(Q), and the compatibility conditionsy = h|,—o as well as
Ayhli—o — Avg = §l—o are satisfied oi’; in this case,

[vleerarzsrarxa) < Mallgloare2ivarxa) + |’~l|c<f3+a)/2,fs+a(Jxr) + |volesrea(@))s
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where the constant/,, > 0 does not depend dn.
(i) (maximal L, regularity) Letl < p < oo, and assume thdt € C?. Suppose further that
h = 0 andv, = 0. Then (63) possesses a unique solution H,}(J; L,(2)) N L,(J; H(Q)) if
and only ifg € L,(J x §); in this case,

Wl mL (L )Ly (1 12(2) < MpldlL, (1x9),
where the constant/,, > 0 is independent df".

We are now in position to prove Thm. 3.1.
Proof. Suppose: € BL andT € (0,73(R)]. Settingu = ®(c) we know from Lemma 3.2
that|u[cita(sxq) < Ca. Evidently,
lu(t, ) — up(x)| + |c(t,z) — co(x)] < (Cqy+ Cr)T < u(T), teJ zeQ,

and so(u(t, z),c(t,z)) € V, t € J, x € Q, providedT is sufficiently small, sayf” < Ty(R); we
will assume this in what follows.
PutG = g(u,c). Clearly,|G|. < Cyand

lg(u(t, @), c(t, x)) — g(u(t,),c(t,x))| < Callu(t,z) —u(t,2)| + [c(t, ) — c(t, z)])
< Ca(Ca+ CR)lt—1| < Ot —f+72,
Thus|G|oate)/20(7xq) < Ca- SINCEVG = gy(u, c)Vu + ge(u, ¢) Ve, we conclude from
‘gu‘oo + ’gc‘oo + ’VU‘Ca/Za(JXQ) + ’VC’CQ/Q,Q(JXQ) < Cy

and

< Callu(t, z) —u(@, )" + |e(t, z) — c(t, 2)[*)
< Ca((Ca+ Cr)|t — 1% + Cylz — 7|)
< Ot — 12 + Cylz — 7|

that|VG|Ca/2,a(JXQ) < Cy. Hence|G|C(1+Q)/2,1+Q(JXQ) < Cy4, and so by Thm. 3.2(i),

el zr < Ma(lg(u, &)l gararziragxay T hlcera /2800 gk Flcolosra(@y) < Cata,
for T < Ty(R); the constanCy,, > 0 depends on the data but notdrand R. Therefore, if we
chooseR = Cy,q thené € BE, i.e. (i) is satisfied.
Let now ey, ¢ € B}Q andu; = ®(c;). Thanks top > 2 + n the embeddingr? —
C(J;CY(Q)) holds true. Beside&:; — ¢2)|i—o = 0, SO we have the estimate
1 — e2leqren @) < Moler — ealyr, (64)
where the constant/, > 0 does not depend dh € (0,74(R)]. By Lemma 3.3, Thm. 3.2 (i),
and (64), we may estimate
[E1—Calyr < Mylg(ui,c1) — gluz, e2)|r,(sxq)
< MpCy(lur — uz|r,(rx0) +lc1 — c2lr,(sx)
< MpCa(p(T)(|er = ealoron @y T1Ae1—Acalr, () + TPler —caloirxa))
< MpCap(T)ler — ealyr,

i.e. (i) is fulfilled, provided we choos& so small that the numbé¥/,Cy.(T) in the last line is
strictly less thar. O
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3.4 Positivity of the solution

Suppose that the additional assumptions (vii) and (vié)fatfilled. Let us assume for the moment
that f(0,n7) > ¢ > 0 for all (0,n7) € V with » > 0 and thatg(¢,0) > ¢ for all (£,0) € V with
¢ > 0. Define the nonempty open séfs" := {({,n) € V : n > 0} andvgr ={(&,n) €
V : & > 0}. ChooseC't® extensionsf*, g* of fl,+andgl, -, respectively, to all ofR? such
n

that f*(0,7) > 0 foralln € R andg*(£,0) > 0 for all ¢ € R. In order to show that the unique
local solution(u, ) of (3) is non-negative, i.ex > 0 andc > 0 on [0, 7] x €, we consider the
modified problem (3) which differs from (3) only in that the reaction ternf$u, ¢) andg(u, c)
are replaced by *(u,c) and g*(u, c). By the first part of Thm. 2.1, problem (3possesses a
unique local solution denoted kjy*, c*).

From Lemma 3.1, we see that = ®(c*) > 0if 2(so(y,c*); v/, c¢*) > 0forally € J x Q.
Observe that(-; 3/, ¢*) solves an ODE of the form

i(s) = F(s,2(s)), s € (0,50(y',c")), 2(0) = 20,

wherezy > 0, thanks toug, hg > 0, andF(s,0) > 0, s € [0, so(v/, ¢*)] since, by construction,
f*(0,m) > 0forall n € R. Thus the positivity criterion for nonautonomous ODEsgsel(s) >
0, henceu* > 0.

Consider next

(65)

O — A= g*(u*,¢), tedJ xze
¢c=0, teJ, xzel.

By construction ofy*, we haveg*(u*,0) > 0 on.J x Q. Thuse; = 0 is a subsolution of (65), i.e.
o1 — Ay < g*(u*, 1), ted zef (66)
c1 <0, teJ,xel.

On the other hand, due to > 0, ¢* is a supersolution of (65), i.e. the reverse inequalitids ho
in (66) for ¢*. Furthermored = c¢1|;—¢9 < c*|t=0 = ¢o. It follows then from the comparison
principle for semilinear parabolic PDEs with homogeneousscblet boundary conditions, see
e.g. [14, Thm. 24.6], that; < ¢,, thatisc, > 0.

Since{(ug(x),co(z)) : € Q} C V, we know that(u* (¢, =), c*(t,x)) € V forall (t,z) €
J x Q, providedT is sufficiently small. We deduce then fromi, c* > 0 that (u* (¢, z), c*(t, z))
€ V;'n V;rand hencef* (u*, ¢*) = f(u*,c*) as well agy* (u*, ¢*) = g(u*, c*). This shows that
(u*, ¢*) also solves problem (3). Henee= v* > 0 andc = ¢* > 0, by uniqueness.

In the general case, we approximatéu, c) and g(u,c) by f-(u,c) = f(u,c) + ¢ and
ge(u, ) == g(u, c) + ¢, respectively, where > 0. With f.(u, ¢) andg.(u, c) we are in the situa-
tion above and thus the problem (3) witftandg replaced byf. andg. has a unique non-negative
solution (u., c.). Ase — 0, these solutions converge to the unique solutierr) of (3), due to
the continuous dependence of the solution on the data. Téwepthaiw, c¢) is non-negative and
completes the proof of Thm. 2.1.

4 Discussion and concluding remarks

Theorem 2.1 yields local existence of a solutign ¢) of problem (3) in the regularity class
C'*([0,T] x Q) x CB+a)/23+a ([0, T] x Q). TakingT as initial time andu(T,-), ¢(T,-) as
initial data, one can continue the solution to a larger wakr This procedure may be repeated
indefinitely, thereby constructing a maximally defined §olu (u,c) : [0, Tjhae) X Q — R2?
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belonging toC' ([0, T] x Q) x CG+a)/23+e ([0, T] x Q) for eachT < T,4,. Provided that
there is no restriction offi,,,., by the domairl/ of f andg, T,,.. - if it is finite - is characterized
by

(Th) g%SUP(’U(Tv WNerva@) + 1e(T )| gata(n)) = 00

or (73) thereexists € {1,2} andz, €T s.t. Tlim (=1)'Ve(T, z,) - v(zy) = 0.

There are biologically relevant situations, whéig, is solely characterized b7, ). To give
an example, assume that (vii) holds aj(@, ¢) is of the formg(u,c) = ¢g(u,c), whereg < 0
on ]Rii; so g from the motivating model described in the introductiong $2b), is admissible.
Assume further thah < ¢y < 1 and thath = 0 onR, x I'y aswellash = 1 onR, x I's.
Thus (viii) is satisfied, and so the local solutiom ¢) of (3) is non-negative. Let no@; > 0 and
suppose thafu, c) solves (3) orf0, 71) x Q. If (77) with T}, replaced byl does not hold, then
(u, c) solves (3) even oft), T1] x Q, in particular we have

e — Ac—g(u,c)e >0 on|0,Ty] x Q.

Since(—g) > 0, we may apply the strong parabolic maximum principle, cfals/[15, Thm.
7.12], to conclude that > 0 in (0,71] x 2, because: cannot be a constant function, by the
chosen boundary conditions. By the parabolic Hopf lemmaR aftteret al. [28, Chapter 3, Sec.
3, Thm. 7], it follows then thad,c < 0 on [0, 73] x I';. Moreover,

e — Ac— G(u,e)e <0 on[0,Ty] x Q

together with the initial and boundary conditions torentails that < 1, by the weak parabolic
maximum principle. Applying once more the strong maximuimgiple and Hopf’s lemma, we
see that < 1in (0,71] x Q andd,c > 00on|0, 7] x I'y. Hence(73) with T,,,, replaced byl
cannot occur.

In problem (3) we prescribe Dirichlet boundary conditions 4. In the above proof of the
local well-posedness of (3), these play a role in Sec. 318, aere the parabolic problem (5) is
considered. So there are corresponding results concenefigposedness in the case whers
subject to an inhomogeneous Neumann or Robin boundaryteamdhis also includes problems
with different types of boundary conditions i andI's. For example, it = h; onJ x T'; and
d,c = hy onJ x T'y, one needs that, € CG+)/23+a(Jy 5 T')), hy € O/ 22+ Jy x T'y),
and

(v)1 o = hili=0 @anddshyli—o — Aco = g(ug,cp) onT'y;
(v)g &,co = hg‘tzo andathg‘t:() — al,AC() = E?V[g(uo, C())] onls.

Furthermoreh|;—o must be strictly positive oi's, so as not to contradict condition (vi) in Thm.
2.1. For this particular example one has also positivityhef $olution, whenever (vii) and (viii)
with h = hq, ho (in Thm. 2.1) are additionally fulfilled.

We further remark that our method to prove the strong wedlggmess of (3) extends to prob-
lems of the general form

{ owu+a(t,r,c,Ve) - Vu = f(t,z,u,c,Ve,Vie, 0ic), te€ Jy, z€Q 67)

Oyc = g(t,z,u,c,Ve,V3e), t e Jy, x €,

with sufficiently smooth nonlinearities, f, g, whereg satisfies an ellipticity condition, and with
(vi) in Thm. 2.1 being replaced by-1)%a(0, z, co(x), Vg (x))-v(z) > 0forallz € Ty, i = 1,2.
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As to further generalizations, if e.g.depends om;c or V¢, several of our arguments used
in Sec. 3 break down, for instance step 1 (prope®)) (n the proof of Lemma 3.2 as well as the
Lipschitz estimate for the considered fixed point mappirffigl{emma 3.3).

It would be interesting to know whether one can allowo depend on; in this case the situ-
ation is much more involved, for the characteristic ODEsfallg coupled and one is confronted
with the possible formation of shocks.

Concerningy, it is not possible to include derivatives ofas arguments, since in this case one
does not have enough regularity on the right-hand side gbéinebolic PDE to prove the desired
invariance property oB%.

The results obtained in this paper can be further genedatizenodels for chemotactic sys-
tems. In these models there are several populations ititegagith each other and with several
chemical agents. For a generalization of the Keller-Segelehin this direction, see e.g. Wolan-
ski [29].

A recent series of papers [20, 19, 18] is concerned with mtgiaf the hyperbolic model for
chemotaxis in one space dimension of the form

uz_ + (7(67 Ct, Cr)u—’_)r = _//JJ’_ (Cv Ct, C;B)’LL—’_ + :U‘_ (67 Ct, Cm)’LL_,
ut_ - (7(67 Ct, C:E)u_)r = :U‘+(C7 Ct, Cr)u+ - //J_(Cv Ct, Clb)u_v (68)
¢ — Dege = gle,u™ +u7).

Here the total particle (cell) density = u* + u~ has been split into densities for right and left
moving particlesu™ andu~, respectively. The turning rates" and .~ as well as the speed
~ depend on the density of the external signand its first order derivatives. The model is
studied either on the real line or on a bounded intefwab) with suitable boundary conditions.
For the special case @bnstantspeed and for turning rates dependingcaamdc,., only, Hillen
and Stevens [20] prove local and global existence and una&pseof weak solutions to (68) with
bothr = 0 andr > 0 using the method of characteristics and the contractiorpmgpprinciple
together with certain regularity properties of the heatigeoup. Hillenet al. [19] investigate
(68) withT = 0, g(c,u™ +u~) = k(u' +u~) — Be, turning rates depending anandc,, and
they allow the speed to depend ebut not on derivatives of. They are able to establish global
existence, but not uniqueness, of weak solutions by meatiseofanishing viscosity method.
The authors of the present paper strongly believe that Wwéhdchniques employed in the proof
of Thm. 2.1, in particular with maximal regularity of the fi§ion equation in various function
spaces, local existence and uniqueness of strong or ev&sicehbsolutions to (68) with, D > 0
can be established without restrictions on the dependgoéide speed and the turning rates; this
is subject of ongoing investigations.

Acknowledgement: The authors are very grateful to Jan Priss for many frudtisgussions and
valuable suggestions.
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