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Abstract

In this paper a priori error analysis for the finite element discretization of an optimal
control problem governed by an elliptic state equation is considered. The control variable
enters the state equation as a coefficient and is subject to pointwise inequality constraints.
We derive a priori error estimates for the discretization error in the control variable and
confirm our theoretical results by numerical examples.
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1. Introduction

In this paper we present a priori error analysis for the finite element discretization
of an optimal control problem with an elliptic equation. The control variable enters the
state equation as a coefficient. We consider the following optimal control problem for
the state u and the control ¢ involving pointwise control constraints:

1
Minimize J(gq,u) = 7/ (u —ug)?dr + g/ (q — qa)?dz, s.t.
7 2

2 2
—Au+qu= fin 2, (P)
u =0 on 0f2,

with 0 < a < g <ba.e. in 2.

A precise formulation including a function analytical setting is given in the next
section. Since ¢ enters the state equation as a coefficient, we can also interpret the
problem as a parameter estimation problem.
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On the one hand there are only few publications dealing with error estimates for dis-
tributed parameter identification problems governed by elliptic partial differential equa-
tions, see [2, 11, 16, 17, 25, 26, 27, 28]. However, the problems considered there are quite
different to the optimal control problem under consideration.

On the other hand there are a lot of publications dealing with a priori estimates
for optimal control problems, see for elliptic problems, e.g., [1, 3, 7, 8, 9, 14, 24] and
for parabolic problems, e.g., [21, 22, 23]. In these publications the error || — nllz2(0)
between the solution ¢ of a continuous problem and the solution g, of the discretized one is
analyzed. However, in all these publications the control variable enters the state equation
on the right-hand side or is part of the boundary condition. In [1, 9] the convergence
order || — Gnllz2() = O(h) was shown using a cellwise constant discretization of the
control variable. For the finite element discretization of the control by (bi-/tri-)linear
H'-conforming elements, the convergence order O(h?) was verified, see, e.g., [3]. There
are two approaches to prove O(h?)-convergence for the error in the control variable in the
presence of control constraints, see [14, 24]. In [14] a variational approach is proposed
without explicitly discretizing the control variable and in [24] a post-processing step
is used to obtain the desired order of convergence. In [22, 23] similar estimates were
established for parabolic equations.

The main purpose of this paper is to analyze the error ||g—gn || 2(2) with respect to the
discretization parameter h. The variable g stands for a fixed locally optimal control of (P)
and @y, is an associate one of (Pj) being an approximate optimal control problem which
we obtain by a standard finite element discretization. The solution of the state equation
depends nonlinearly on the control variable. Therefore, we cannot guarantee uniqueness
of the solution of the optimization problem and hence, we concentrate on locally optimal
controls. They are the natural results of numerical optimization algorithms. For a given
locally optimal control g of (P) we prove that there exists a sequence (gp)r>0 of locally
optimal controls of (Pj) converging to §. For a semilinear elliptic control problem in
which the control enters the state equation on the right hand side and not as a coefficient
this issue has been studied in [8].

In the absence of inequality constraints the regularity of ¢ is restricted only by the
regularity of the domain {2 and by the regularity of the data f, uq, gq. However, the
presence of control constraints leads to a stronger restriction on the regularity of g, which
often yields a reduction of the order of convergence of the finite element discretization.

We will prove the following convergence behaviour, when discretizing the state vari-
able by continuous cellwise (bi-/tri-)linear finite elements:

e O(h)-convergence when discretizing the control variable by cellwise constants. This
is a generalization of [9] and [23].

e O(h3)-convergence when discretizing the control variable by (bi-/tri-)linear finite
elements. This is a generalization of [8] and [23].

e O(h?)-convergence when discretizing the control variable by cellwise constants and
applying a post-processing step. This is a generalization of [24] and [23].

To the knowledge of the authors, this is the first publication providing such estimates
for the optimal control problem under consideration.



The paper is organized as follows: In Section 2 we formulate the optimal control
problem in its functional analytic setting and recall some theoretical results concern-
ing existence, uniqueness and regularity. In Section 3 we describe the finite element
discretization of the optimal control problem. In Section 4 we prove some auxiliary esti-
mates. In Section 5 we give explicit orders of convergence of the error ||g — Gn || z2() and
in Section 6 we confirm the theoretical results by some numerical examples.

2. Optimal Control Problem

In this section we briefly discuss the precise formulation of the optimization prob-
lem under consideration. Furthermore, we recall some theoretical results on existence,
uniqueness, and regularity of optimal solutions as well as optimality conditions.

Let 2 C R?, d € {2,3}, be a convex polygonal domain. Here and in what follows,
we employ the usual notion of Lebesgue, Sobolev, and Holder spaces and we introduce
the following notation: For inner products and norms on L?({2) we use

(v,w) = (’U,w)Lz(Q) and H’U” = ”UHLZ(Q)

In addition, let || - ||;,p denote the norm on W™P((2) and || - ||, the norm on L?({2) for
1<m<oo,meN,and 1 <p < oo. Finally, let C > 0 be a generic constant.

To formulate the optimal control problem we introduce the set Q.4 collecting the
inequality constraints as

Qaa ={q€L*(2):a<qg<bae. in 2},
where the bounds a,b € R fulfill 0 < a < b. With the cost functional J: Qaq x H}(2) —

R{ the weak formulation of the optimal control problem is given by:

1 @
min J(g,u) = S llu—uall* + 3 llg — qall®, 2.1a
4€Qada, uEHY(£2) (g,) 2” all 2Hq qall (2.1a)

subject to

(Vu, Vo) + (qu, 0) = (f.) Vo € Hy(£2) (2.1b)

for some a > 0.
Throughout this paper we make the following assumption:

Assumption 2.1. Let ug, f € LP(2) for some p > d and qq € H?(2) N W1 (£2).
From standard arguments for elliptic equations we obtain the following proposition:

Proposition 2.2. For every q € L%(12), q > 0, the state equation (2.1b) admits a unique
solution u € H}(£2) and the following a priori estimate holds:

[Vul| < C ]l
Moreover, for q,p € L?(2), ¢ >0, g € H}(2) let u € H}($2) be the unique solution of
(Vu, Vo) + (qu, @) = (pg, ) Vo € Hy(12).
Then the following estimate holds:

IVull < Cl[Vgllpl-
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Proposition 2.2 ensures the existence of a unique control-to-state mapping
S: W — Hy(2), ¢ — S(q),
where S(q) is the solution of (2.1b) and W D Qaq is defined by
W={qeL*(2):3c>0:¢>c>0ae. in 2}
By means of this mapping we introduce the reduced cost functional

j: W—>Rg,
q+— J(g,5(q))-

Hence, the optimal control problem (2.1) can be equivalently reformulated as

min j(q).
quad] (Q)
From the form of the state equation (2.1b) we deduce the nonlinearity of the operator S
and hence, the reduced functional j need not to be convex, although the functional J is
convex.

In the next proposition we show, that the optimal control problem (2.1) admits a
solution.

Proposition 2.3. There exists a solution (q,u) € L*(2) x HE(£2) of problem (2.1).

The proof follows standard techniques, we refer, e.g., to [20, 31].
Since we cannot guarantee uniqueness of a solution of (2.1), we consider locally op-
timal solutions. Therefore, we use the following standard definition:

Definition 2.4 (Local solution). A control § € Qq is called a local solution of (2.1),
if there exists € > 0, such that for all ¢ € Qqq with |jg —q|| < e

i(q) = 5(q)
holds.
From Proposition 2.3 we immediately obtain the existence of a local solution of the
optimal control problem (2.1).
In what follows we need certain differentiation properties of the mappings S and j.

Therefore, we introduce the following type of differentiability which we call Q-differ-
entiability. Let XY, Z be Banach spaces.

Definition 2.5 (Q-differentiability). Let Q C X be a conver set and T: Q — Y.
Then T is called to be Q-differentiable in q € Q with respect to Q, if there exists a
mapping T4(q) € L(X,Y), such that for all p € Q holds

IT(q+p—q)—T(q) —TH(a)p— d)lly
lp — qllx

=0 (lp—dqlx —0).

In the following we omit the index Q) and write T' = T(,.
4



Remark 2.6. Let Q C X be a convex set. Assume, T: Q — Y is Q-differentiable in
q € Q with respect to Q and G:Y — Z Fréchet-differentiable in T(q) € Y. Then
G oT is Q-differentiable in g € Q with respect to QQ and the chain rule holds. Moreover,
Q-differentiable functions satisfy the product rule.

By a straightforward calculation we verify the next proposition.

Lemma 2.7. The control-to-state operator S: Quq — HE(82) is infinitely Q-differentiable
in all ¢ € Qaq with respect to Quq. Moreover, j: Quqa — R{ is also at least three times
Q-differentiable in all ¢ € Qoq with respect to Q 4q.

Remark 2.8. The operators S and j are not Fréchet-differentiable with respect to the
L?(02)~topology. However, since we do not want to use the so-called two-norm discrep-
ancy, see also Remark 2.25, we need more than directional differentiability in all ¢ € Qqq
in the directions p — q for p € Qqq. Therefore, we have introduced the Q-differentiability
which also implies directional differentiability in all g € Qqq in the directions p — q for

pe Qad-

Nevertheless, later we will use Fréchet-differentiability of S and j with respect to the
L (2)-topology to derive error estimates. Hence, we need the next lemma.

Lemma 2.9. The operator S belongs to C°(W, H}(§2)) with respect to the L°°({2)-
topology and its derivatives have the following properties for all directions p1,p2,ps €
L>(8):

(i) S'(q)(p1) € HY(R2) is the solution v of
(Vu, Vo) + (qu, 9) = —(11S(q), ) Ve € Hy(2). (2.2)
(i6) S"(q)(p1,ps) € HE(R) is the solution w of
(Vw, Vo) + (qu, ) = —(p25"(0)(p1), ) — (P15"(@)(p2). ) Voo € Hy(£2). (2.3)
(iii) S"(q)(p1,p2,p3) € HL(£2) is the solution y of

(Vy, Vo) + (qu,9) = —(035"(¢)(p1,p2), ) — (p25"(q) (P1,P3), %)
— (p15”(q)(p2,p3), ) Vo € H)(R2).

Moreover, j: W — RS’ is at least three times Fréchet-differentiable.

The proof follows by a direct calculation.
Using directional-differentiability of j in ¢ € Q.q in the directions p — q for p € Qaq
we can formulate the necessary optimality condition for a local solution:

Proposition 2.10. Let § € Q44 be a local solution of (2.1). Then the following inequal-
ity holds:

F(@p—7) >0 Yp € Qa (2.4)



For a standard proof we refer, e.g., to [20].
For given ¢ € Qaq let 2 € H}(£2) be the solution of the adjoint state equation

(Vo,V2) + (g0,2) = (u—ua,9) Vo € Hy(02) (2.5)

with w = S(g). Then the first directional derivative in ¢ € Q.q in the direction p — ¢ for
all p € Q.q of the reduced cost functional can be expressed as

i'@)p—q) =alg—qa,p—q) — ((p — Qu, 2). (2.6)

For the solution of the adjoint equation (2.5) for given ¢ € W D Q.q we can also
introduce a control-to-adjoint-state operator:

Lemma 2.11. There exists a unique operator
Z:W — H}(0), q~— Z(q),
where Z(q) is the solution of (2.5) and Z is infinitely Fréchet—differentiable.

The proof follows by the same arguments as we used to prove Proposition 2.2.
Using the projection operator P, ; defined on L?(02) by

Py (v)(z) = min{b, max{a,v(z)}} a.e. in 2 for v € L*(12)

every local solution ¢ € Q.q satisfying (2.4) fulfills

0= P (£5@2(0) + ). 2.)

This can be verified by standard arguments, see, e.g., [31].

It is well known, that the projection P,y : Whoo(2) — W (§2) is continuous.

In what follows, we provide some stability estimates and give regularity results for
the state, adjoint state, and control variable.

Proposition 2.12. Let g € L*(£2), ¢ € L™=(£2), ¢ > 0 and let u € HZ(£2) be the solution
of
(Vu, Vo) + (qu, 9) = (9,0) Vo € Hy(£2).

Then u € H%(£2) and the following estimate holds
[ull2.2 < C(L+ llglDllgll- (2.8)
PROOF. For a proof we refer to [13] and standard estimation techniques.

Throughout this paper we make the following assumption.

Assumption 2.13. Let the solution of (2.1b) be in W2P(£2) for some p > d and all
qgeWw.



Remark 2.14. Due to the fact that 2 is a convexr polygonal domain, for d = 2 there
exists a constant po > 2, such that for all 2 < p < po Assumption 2.13 is fulfilled, see

[15].

For d = 3 the domain (2 additionally has to satisfy a certain angle condition, then
there exists a constant po > 3, such that for all 3 < p < pqo Assumption 2.18 is fulfilled,
see [18].

Corollary 2.15. Let p € L*(2), ¢ € L=(R2), ¢ >0, g € H*(2) and let y € H}(N) be
the solution of

(Vy, V) + (ay,0) = (pg,¢) Vo € Hy(2).
Then the stability estimate
[yll22 < CA+llalDlgllzz2lpl (2.9)

holds.

PROOF. From the stability estimation (2.8) we derive

[yll22 < CA+ llalDllpgll < CA+ llglDllgllocllpll < C+llal)ligll2,2

Remark 2.16. Let g € Quq and p € L*°(£2). Then we deduce from Proposition 2.2 and
Lemma 2.9 for i € {1,2,3} using Poincaré’s inequality

1S (@) (@) < CIVSD (@) @) < VST (@)l
and since (2.9) we have
159 () (")

where S (q)(p') denotes the ith-derivative of S at q i-times in the direction p and
SO @) (") = S(a).

Accordingly, we have similar properties of Z, i.e., we have in particular

|l

22 < C(L+ [laD ISP (@) ()]

2.2pll;

12l < ClIVZ@Il < CUI+ llual),
1Z' (@)@l < CIVZ' (@) < CUVZ(@)pll + 15 (2) )],
1Z(D)ll2.2 < COLA[laD) A+ llwal))-

Utilizing formulation (2.7) we obtain the following regularity result:

Lemma 2.17 (Regularity). Let ¢ € Q.q satisfy (2.7). Then the state u« = S(q) and
adjoint state z = Z(q) fulfill:

a, 2 € WP(02) for some p > d
and hence,
qgewh>=(0).

PROOF. From Assumption 2.13 we have @,z € W2P(£2) for some p > d and hence, we
can prove uz € W2P(§2) < W>°(£2) for some p > d. The projection P, yj: W (£2) —
Whoe(§2) is continuous. Consequently, (2.7) implies the assertion.
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Hence, we can formulate some explicit representation of some a priori bounds for a
local solution and its derivatives which we will need for the error estimates.

Remark 2.18. Applying Holder’s inequality and using (2.7) and Remark 2.16 we can
estimate a local solution and its derivatives by the data:

lgll < g(llfll(\lfll + lluall) + llgall),
Vel < g(l + DAL+ Tuall) + 1Vaal),
IVl < é(”s((j)”oo”vz((j)”oo FIVS@ ol Z2(@lso + [ Vaalloo)-

On subsets of {2 a control § € Q.q satisfying (2.4) might even have better regularity:
Remark 2.19. Let § € Qquq satisfy

1= ~S@7@) +a

on a subset 2’ C §2, then we have ¢ € H?(§2") and by Remark 2.16 the following estimate
is valid

c
Iv2a|  IF < =+ gD A A+ leal) + 172 gal)).

In the following we state a sufficient optimality condition. Since each local solution ¢
is an element of the space W and because of the Fréchet-differentiability of j on W with
respect to the L™ (£2)-topology the following assumption is well-formulated:

Assumption 2.20 (Second-order sufficient optimality condition). Let g fullfill the
necessary optimality condition (2.4). Then we assume, that there exists a constant v > 0,
such that

7"@(p,p) 2 plI* Vp € Lo(%). (2.10)
Remark 2.21. Assumption 2.20 is fulfilled for ||S(q) — uq|| sufficiently small or « suf-
ficiently large, since

3"(@)(p,p) = (S"(D(p), (@) (p)) + (5(@) — ua, S"(@)(p ) + (p, p)
> (a—C|IS(a) — ual)llp[1*.

Usually, one can not check the second-order sufficient optimality condition a priori. For
a technique of numerical verification of second order sufficient optimality conditions we
refer to [30].

To prove, that in a neighbourhood of a local solution the second derivative of the
reduced cost functional is also coercive, we need the next proposition.

Proposition 2.22. The second derivative 7" of the reduced cost functional fulfills a
Lipschitz-condition, i.e., there exists a constant C = C(||f||* + || fllllwal) > 0, such
that for all p,q € Quq and all r € L*(12)

5" (@) (r,r) = " (p)(r,7)| < Cllg — pll|Ir|?
holds.



PROOF. We have

7" (@)(r,r) = 3" (p)(r;r) = (§'(g)(r), S"(@)(r) — &' (p)(r))
(

and hence,
13" (@) (r,r) = 3" () (r, )| < [1S" (@) ()15 (@) (r) = S"(p) ()]
+[15"(g)(r) = S" () () 18" (p) (1)
+115(q) = uall1S" (@) (r,r) = S"(p)(r, 1)
+11S(a) = SIIIS" () (r, )l

Applying the mean value theorem, Remark 2.16, and Proposition 2.2 we deduce the
assertion.

Lemma 2.23. Let ¢ be a local solution and the sufficient optimality condition (2.10) be
true. There exists € > 0, such that

. i
7@r) > T (211)
for allr € L>®(2) and q € Qquq with ||jg — q|| <e.
PRrROOF. Due to Assumption 2.20 and Proposition 2.22 we have
3(@)(r,r) = 3" (@) (r,r) + (" (@) = 7" (@) (r,7)
> 9|r||* - Cellr?
g
> 22
for ¢ sufficiently small.

If a given control satisfies the necessary and sufficient optimality conditions (2.4) and
(2.10), then it is a local solution:

Theorem 2.24. Let § € Qqq fulfill the necessary and sufficient optimality conditions
(2.4) and (2.10). Then there are constants €,0 > 0, such that

i(a) = j(@) +ollg - al?
Jor q € Qqa and |lg — g <e.
Proor. Using Q-differentiability, the proof follows by standard arguments, see, e.g.,
[31].

Remark 2.25. If we use the Fréchet-differentiability of S and j with respect to the
L (2)-topology and apply the theory of the so-called two-norm discrepancy, we get a
slightly worse result:

ji(q) > 3(@) +ollg—all®
forq € Quq and ||q — Glloo < e.



3. Discretization

Let {7 }r>0 be a family of meshes, whereas each mesh 7}, is a triangulation of 2 in
open quadrilaterals or hexahedrons, respectively with h = max{hx : K € 73}, where
hx = diam(K). We assume, that {73 },~0 is quasi-uniform, see, e.g., [10].

We define the conforming ansatz space for the state variable

Vi = {’Uh € C(Q) : ’Uh|K € Ql(K) VK € Ty, 'Uhlt’)() :0},

where Q1 (K) consists of all shape functions obtained via (bi-/tri-)linear transformations
of (bi-/tri-)linear functions defined on a reference cell K = [0, 1]¢. For the discretization
of the control space let Q) C L?(£2) be a finite dimensional subspace and we define

Qad,h = Qaa N Q.
The space @, will either be the space of cellwise constant functions
Qno={qn € L*(2) : wvp|x = const VK € T}

or Qp will be the space of continuous cellwise (bi-/tri-)linear finite elements similar to
Vht
Qni ={an € C(2) : w|r € Q(K) VK €Ty}

The discrete optimization problem is formulated as follows:

1 «
min J(qn,un) = = |lun —uql|®* + = — qal?, 3.1a
o () = 5l — vl + 5l — gl (3.1a)

subject to

(Vun, Vo) + (qnun, on) = (fyon) Yo € Vi, (3.1b)

For this section and all following ones let the constant C' > 0 be independent of the mesh
parameter h.
As in Proposition 2.2 we have the following existence result and energy estimate:

Proposition 3.1. For every g € L*(£2), q > 0, the equation
(Vun, Vo) + (qua, on) = (fion) Yon € Vi (3.2)
admits a unique solution up € Vi, and the following a priori estimate holds:
[Vun|| < CIIf]-
Let p € L?(92), gn € Vi, and uy, € Vj, be the solution of
(Vun, Veon) + (qun, on) = (gn, o) Veon € Vi

Then the estimate
[Vunll < ClIVanllllpll

holds.
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Moreover, as in the continuous case, we can introduce a discrete control-to-state operator:

Definition 3.2. There exists a unique discrete control-to-state operator Sy with

Sht W — Vh,
¢~ Sn(q),
where Sy (q) is the solution of (3.2).

The operator is well-defined by Proposition 3.1.
Using this operator we introduce the discrete reduced cost functional

Jn: Qaa — Ry, g J(q,Sn(q))

and reformulate the discrete optimal control problem (3.1) as

in j ) 3.3
2 in ,h]h(Qh) (3.3)

Further, we define a discrete local solution:

Definition 3.3 (Discrete local solution). A control §n, € Qaa,n s called discrete local
solution of (3.1), if there exists an € > 0, such that for all qn € Qua,n with ||qgn —dnll < €

Jnlan) = jn(qn)
holds.

As in the continuous case we obtain the existence of a local solution.
In the next lemma we summarize differentiability properties of the operators S;, and
Jn, which we obtain in a similar way as in the continuous case.

Lemma 3.4. The operator Sy belongs to € C*°(W, V) with respect to the L™ (§2)-
topology and its derivatives have the following properties for all directions pi1,p2,ps €
L>(0):

(i) S},(q)(p1) € Vi, is the solution vy, of
(Von, Veor) + (qun, on) = —(p1Sk(9), ¢n)  Veon € Vi (3.4)

(ii) S;/(q)(p1,p2) € Vi is the solution wy, of

(Vwn, Veon) + (qun, on) = —(p25,(q)(p1), 0n) — (P1SK(0)(p2), 0n)  Yon € V(h- |
3.5

(iii) S7"(q)(p1,p2,p3) € Vi, is the solution yy of

(Vyn, Voou) + (quns on) = —(p3S3 (@) (p1,2), 0n) — (P25 (@) (p1,3); @)
— (P51 (@) (p2,p3), on)  Veon € V.

Moreover, jp: W — RS‘ 1s at least three times Fréchet-differentiable with respect to the
L (2)-topology.
11



Remark 3.5. Applying Proposition 3.1, we have for ¢ € Quq, p € L®(2) and i €
{1,2,3}
159 (@) (") < CIIVSY (@) )] < CIIVSE (@) @Y p])-

Thus, we can formulate the discrete necessary optimality condition for gp € Qaq,n as
In(@n)(Pr — @n) =0 Yph € Qaan,
where j}, (Gn)(pr — Gn) is given by
3n(@n)(pn — @n) = (qn — qa;pn — Gn) — ((Pn — Gn)Tn, 2n) (3.6)
with @y, = Si(@) and the discrete adjoint solution z, € V}, of
(Von, VZzy) + (Gnen, zn) = (ap — ua, on) Yo € Vi,. (3.7)

For the solution of the discrete adjoint equation (3.7) we can also introduce a discrete
control-to-adjoint-state operator:

Lemma 3.6. There exists a unique infinitely Fréchet-differentiable operator Zy: Qqq —
Vh,q — Zn(q), where Z(q) is the solution of (3.7).

Remark 3.7. Applying Proposition 3.1 we have for ¢ € Quq, p € L(£2) the estimate

1Zu (@)@l < CIVZL (@)l < CUVZr(@lpl + IV Sh(@) ()D-

4. Auxiliary estimates

In this section we provide some auxiliary estimates for the error due to the discretiza-
tion of the state and adjoint state variable. Furthermore, we deduce a discrete analogon
to the coercivity condition (2.11).

4.1. Estimates for the discrete state and adjoint state variables

By standard finite element estimation techniques we obtain the following proposition.

Proposition 4.1. Let g € L>°(£2), ¢ >0, g € L*(£2) and assume, that u € H}(£2) and
up, € Vi are the solutions of

(Vu, Vo) + (qu, ) = (9.90) Ve € Hy(R2) and
(Vun, Von) + (qun, on) = (9, 0n) Veon € Vi,

respectively. Then we have

IV (u = un)| < C1+ [l Vul,
lu—unll < C(1+ [lal)*R2[IV2ull.

12



Lemma 4.2. Let ¢ € L™®(£2), ¢ > 0, p € L*(2), g1 € H}(2) N H*(2), g2 € HL(N)

and assume, that u € H(£2) and uy, € Vj, are the solutions of
(Vu, Vo) + (qu, ) = (pg1,9) Vo € Hy(£2) and
(Vun, Von) + (qun, on) = (pg2,on)  Von € Vi,
respectively. Then the following estimates hold:

IV (u—up)|| < CA+ [|lgl)?Rl|g1ll2.2llpll + ClIV (g1 — g2)lllIpll,
u—up| < O+ [lg])®h*|lg1]|2,2]lpll + CIIV (g1 — g2)|l[Ip]|-

PROOF. Let @y, € V} be the solution of
(Vin, Veon) + (qin, on) = (pg1, on) Veon € V.
We subtract (4.1) and with ¢, = @, — up, we obtain using Holder’s inequality
IV (@n —un)|* + (a(in — un), in —un) < [plllgr — g2l allin — unlla-
Applying the embedding theorem and Poincaré’s inequality we get
lin — unll < CV(@n —un)|| < Cllpl[[[V(g1 — g2)I-
Consequently, using Proposition 4.1 and Corollary 2.15 we get

v —un| < llu—anll + [|an — uall
< C(1+ [lgl)*r?IV2ull + ClIV (g1 — g2)lllIp]
< C(+ la)®r?llgallz2llpll + ClIV (g1 — g2)llIpll

and accordingly,

IV (u = un)ll < C(L+ llgl)*hllg1 |

22[pll + ClIV (g1 = g2)llIl-

(4.1)

In what follows we summarize some estimates for the operators S, S;, and their deriva-

tives.

Lemma 4.3. Let ¢,p € Quq and r € L>®(£2). Then the following estimates hold for

m € {0,1}:

15(q) = Sn(@)llm.2 < C(L+ [lgl)*> ™ B>~ (| ],
15"(q)(r) = Si(@) (M)l < A+ llgl)* Rl £1I,
15" (q)(r,r) = S (@) ()| < C(+ [lal)*RlIr (11,
1Sh(q) = Su()ll < Cllp —allll £1I,
1Sh (@)oo < CL+1lal)®II£]-

Remark 4.4. With the standard estimation techniques we cannot prove quadratic con-
vergence in (4.3) and (4.4) with r in the L*(£2)-norm on the right-hand side of these
error estimates. However, this fact does not influence the rate of convergence which we
will later derive for the error between a continuous optimal control and the associate

discrete one.
13



PROOF. Assertion (4.2) follows directly from Proposition 4.1 and (2.8). Using Lemma
4.2, (2.2), and (3.4), we have

18" (@) (r) = Sp(@) ()l < €A+ [lglD*h* 1S (@) |22l
+ CIV(S(q) = Su(@) 7

and with (2.8) and (4.2)

15" (@)(r) = Si(@) ()| < A+ [lgl)* ||l
+ O+ al)*RIV2S (@)l
< C+llglD*AllfIlIr-
This implies (4.3). Accordingly, we deduce assertion (4.4) from (2.3) and (3.5). (4.5)

is a direct consequence of the mean value theorem and Remark 3.5. Since the mesh is
quasi—uniform, (4.6) follows with a standard estimate, see, e.g., [5] and [10].

For the operators Z and Z; we can state similar estimates:
Lemma 4.5. Let q,p € Quq- Then the following estimates are valid for m € {0,1}:

1Z1(q) = Z(@)llm2 < C(L+ al)* > f]],
12n(q) = Zn(P)Il < Cllp = gll([IF 11 + llwal)),
1Zn(@)llse < CA+ N> U1+ Nuall)-

4.2. Discrete coercivity

In this section we provide some auxiliary estimates and verify, that the second deriva-
tive of the discrete reduced cost functional is coercive in a neighbourhood of a local
solution, if the second-order optimality condition (2.10) is fulfilled for the continuous
problem.

We start with some estimates for the first derivative of the reduced cost functional
and its discrete analogon.

Lemma 4.6. Let ¢ € Qqq and r € L*°(§2). Then the estimate
5" (@)(r) = i (@) (r)] < CR?|Ir|

holds with C' = C(1+ la|)*(I /]| + [lual)*. N
Moreover, j), fulfills a Lipschitz condition, i.e., there exists a constant C = C(||f||* +
I llwall + @) > 0, such that for all p,q € Quq and all r € L (§2)

1(a)(r) = dr(P) ()] < Cllg = pl|Ir].
PROOF. By means of (2.6) and (3.6) we have
1i"(@)(r) = (@) ()] < [(r(S(q) — Sk(a), Z(@)| + |(rSu(a), Z(q) — Zn(a))|-
Using the Lemmas 4.3 and 4.5 and Remark 2.16 we get with C' = C(||f]], ||uall)
3" (@)(r) = a(@) ()] < C+ gD LI+ TualD(I1S(q) — Sk(a)l
+12(a) = Zu(@) DIl

< C A+ llal)* ULFN+ laal)?R2 7
14



This proves the first assertion.
The second assertion follows as in the proof of Proposition 2.22.

In addition, we can show the coercivity of the second derivative of the discrete reduced
cost functional in a neighbourhood of a local solution.

Lemma 4.7. Let q be a local solution of (2.1) and Assumption 2.20 be valid. Then there
exists an € > 0, such that for all ¢ € Qqq with ||¢ — q|| < e and all r € L*>®(12)

. v
@) > T (47)
holds for h sufficiently small.

ProOF. Using the explicit representations of j” and j; we have with C'= C({| f|], |luall)
and (4.3), (4.4), and Remark 2.18

7" (@)(rm) = 7@ ()| < OO+ gl
< C(L+e+ gl Al
< 2l

for A sufficiently small. Therefore, the assertion follows immediately from Lemma 2.23.

5. Error estimates

In this section we prove the main results of this article, namely estimates for the
error between a local solution ¢ of the continuous optimal control problem (2.1) and an
associate solution gy, of the discrete problem (3.1). Thereby, we will distinguish between
different types of discretizations of the control variable.

We start with the formulation of an auxiliary problem for € > 0, A > 0, to construct
for a given local solution ¢ an associate discrete one:

min j , 5.1
q;LEUEh(q)jh(qh) (5.1)

where U (g) is defined by
UL(@) = {an € Qaan = llan —qll <} € L=(12).

In order to prove, that this auxiliary problem has a solution for A sufficiently small,
we need the following proposition.

Proposition 5.1. Let 7, : L2(£2) — Qno denote the L>—projection operator defined by

ma(a) = g [a(©)d, v e K
K

for all K € Tp, and q € L*(£2). Then m,Qaa C Qaa N Qno and the estimate

Imnv — ]| < chl[Vul| (5.2)
15



holds for all v € H}($2). In addition, for all g, € Qno, p € L*(£2) we have

(qn, mhp —p) = 0.

Let I, : C(£2) — Qpn,1 denote the usual nodal interpolation operator into the space
Qn1 by pointwise setting
Ing(@i) = g(;)

for each node x; of the triangulation T, and g € C(2). Then I,Quq C Qaa N Qr,1 and
the following estimate holds

[1hv = vl < chl| Vvl (5-3)
for all v e Whoo(92).

A proof can be found, e.g., in [10] and [6].
Using this proposition we can state an existence assertion:

Lemma 5.2. For alle > 0 and h > 0 sufficiently small, the auziliary problem (5.1) has
a solution.

PROOF. Let

i = g, if Qn = Qnpo,
Ing, if Qn=Qn:.

Then §, € Qaa,» and for h small enough we have ||§— ¢n|| < € and therefore, ¢, € Ug(q).
Hence, U; (q) is not empty. For the further argumentation we refer to standard techniques
as in Proposition 2.3.

Provided that e and h are sufficiently small, the solution of (5.1) is unique:

Lemma 5.3. Let ¢ > 0 be small enough, such that j) satisfies (4.7) for ¢ € UMq), p €
L>(2) and h sufficiently small. Then the auziliary problem (5.1) has a unique solution.

PROOF. Let g, 7, € U(g) be two global minima of j, on U(q) with 7, # @, and

Jgn(Tr) = jn(gn). Utilizing the necessary optimality condition and the coercivity we
obtain for some ¢ € [0, 1]

In(Tr) = n@n) + a(@n) (Fr — an) + %j}/:(ﬁh + (1= 8)an)(Th — qn,Th — Qn)
> jnlan) + %Hfh — qnl?
for h sufficiently small. As a result we get
0= () = n(@) = g7 — > > 0
for h sufficiently small. This is a contradiction.

Under certain conditions the solution of (5.1) is also a discrete local solution of (3.1):
16



Lemma 5.4. Let € > 0 be small enough, such that j} is coercive on UM(q) for h suffi-
ciently small. Moreover, let g5, be a solution of (5.1) with g; — G for h — 0 with respect
to the L?(£2)~topology. Then G, is a local solution of (3.1) for h sufficiently small.

PROOF. The idea of the proof is taken from [8]. To prove, that g5, is a local solution of
(3.1), we have to verify, that

Jnlan) = jn(ay) (5.4)

holds for all g, € Qaa,n With ||gn — @5, || < 5. By the definition of g; we know (5.4) only
for those q; € Qaa,n with [|gn — || < e. Let qi € Qaa,n satisfy |lgn — ;|| < 5. Then we
have for h sufficiently small

_ . . € €
lan —all < llan = @il + 1@y —dll = 5+ 5 = e
This completes the proof.

5.1. Cellwise constant discretization

In this section we discretize the control variable by cellwise constants, i.e.,

Qn=Qnpo

and show linear convergence with respect to h of the error ||, —q|| for a sequence (g1 )n>0
of solutions of the discretized problem (3.1). In [9] and [23] this is proven for an elliptic
and a parabolic problem, respectively with a linear control-to-state operator.

Theorem 5.5. Let G be a local solution of (2.1) and Assumption 2.20 be valid. Then we
can choose € > 0 and h > 0 small enough, such that (5.1) has a unique solution denoted
by q;, and the following estimate holds

« C
qd—qrl| < C—=h||Vq4|l| + —h
1 — all 7 IVl i

for b sufficiently small and C = C(|[f], [uall. llgall, | Vgall, @).

PROOF. Let € > 0 be small enough, such that

i"(@.p) = Zlpl (5.5)

for all ¢ € Qaq with ||g — g|| < e and such that for h sufficiently small

3 (an) (0,p) > ~Ip|I? (5.6)

for all g, € UMq) = {qn € Qaan : llgn — @l < €} and p € L°°(£2). This is possible,
see Lemma 2.23 and Lemma 4.7. With this ¢ we consider (5.1) and formulate another
auxiliary problem

min j , 5.7
qh,eUEh(q)J(qh) (5.7)
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where we only discretize the control variable. For h sufficiently small (5.1) and (5.7)
have unique solutions. This is a consequence of the Lemmas 5.2 and 5.3, which are also

valid, if we replace j, by j. We denote the solutions of (5.1) and (5.7) by ¢;, and §j,,
respectively.

To derive an error estimate, we split the error
7= all < llg = apll + 135 — all- (5.8)
y (5.5) we have for a t € [0,1] with { = td+ (1 — t)¢F and h sufficiently small
2la—al? < 5"©@ - d.a- )
=J'@(a— ) —7'(G)(a— )
= j"(0)(q — d) — 5'(43)(@ — @) — 3"(33) (7T — G5,)-
The necessary optimality conditions imply for h sufficiently small
F(@@-3d;) <0 and  —j'(G7)(mng — ;) <0,
and hence, we get with the properties of 7, and Young’s inequality

IIq — @ lI> < —5'()(@ — 7ra)

a(qy, — qa) = S(3,)Z(qr): 4 — ™)

—(a(
—((mhqda — qa),q — Th)

L (S(E) 20 — ma(S(E)Z(E)), 4 — )
< Zllaa = mnaall +f||5< DZ(d5) — m(S(35) 2(@5)|1°
+ 11 — mal®

Therefore, we have

— ~E o c ~E ~E ~E ~E
17— aill < C——=llga — mngqall + —=I15(d5) Z(dr) — 7 (S(dr)Z(gi))Il

Vi A
+ 9 g - mall
Nal
Applying (5.2) we obtain
16— G5l < C-2= B Vaall + =RV (S(@) 2G| + ~=h]Va| (5.9)
Vi Vi Vi

and further, we have with Remark 2.16

IV(S(@) Z @GN < IIVS(@)II112 (@)oo + 150G oo IV Z (30

, (5.10)
< C+e+ gD+ uall)-
Summarizing, we deduce from (5.9) and (5.10)
o a C( +¢+ llal) C niva
— G| < C—=h||Vq|| + —————h + |luall) + —=h[|V4]|. 5.11
17— aill N IVaall Ve IFICILAN - Teall) N Vel (5.11)
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To estimate the second term in (5.8), we exploit the necessary optimality conditions
leading to the following relation for all r, € U"(q)

(@)@ — ) <0< 5(35)(rn — 45)-

Hence, we obtain with (5.6) the following estimate for £ = tg; + (1 —1t)q;, with a t € [0,1]
and h sufficiently small:

AT N . —& o ~E

ZHQh — @il < (@ — . @ — @)
= @)@ — 65 — G — ) 5.12)
<3 (@)(@ — 4,) — n(an)(a, — i)
< C(L+e+ gD UFI -+ llual)*R?(|a5 — gl

The last step follows from Lemma 4.6 and since (1 + ||¢5]]) < (14 ¢+ ||q])-
Using Remark 2.18 and inserting (5.11) and (5.12) in (5.8) yields the assertion.

This theorem implies the following result:

Corollary 5.6. Let ¢ be a local solution of (2.1) and Assumption 2.20 be valid. Then
for a hg > 0 there exists a sequence (Grn)o<h<h, Of discrete solutions of (3.1), such that
the following estimate holds

a C
@n — ql| < C—=h||Vqa|| + —h
lgn — qll i I Vqall 7

with €' = C(| £ luall, llgall, [V qall, ).

PROOF. From the Lemmas 5.3 and 5.4 we derive, that we can choose £ > 0 small enough,
such that for h > 0 sufficiently small the solution ¢; of (5.1) is a local solution of (3.1).
Hence, the assertion follows from Theorem 5.5.

5.2. Cellwise linear discretization

This section is devoted to the error analysis for the discretization of the control
variable by cellwise (bi-/tri-)linear functions, i.e., we choose

Qn=Qn1.

The analysis of this section and the following one is based on an assumption on the
structure of the active sets. Let § € Qa4 be a local solution. Then we group the cells K
of the mesh 7;, depending on the value of gk on K into the three sets 7, = T, UT2 UT?
with 7, N 7;) = 0 for i # j. The sets are

T ={KcT, :qx)=aorqz)="0foral zc K},
T2={KecT,:a<g<bforalzec K},
T, =Tu \ (T, UT).
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Assumption 5.7. We assume that there ezists a positive constant C' independent of h,
such that

> |K| < Ch.

Kz

Remark 5.8. A similar assumption is used in [24, 7, 28]. This assumption is valid if
the boundary of the level sets

{reR:q(x)=a} and {zeN:q(x)=">}
consists of a finite number of rectifiable curves.
Let I, be defined as in Proposition 5.1. Then we can state the following theorem.

Theorem 5.9. Let ¢ be a local solution of (2.1) and Assumption 2.20 be valid. Then
we can choose a hg > 0, such that there exists a sequence (qn)o<h<h, Of discrete local
solutions of (3.1) and the following estimate holds

C C c
7—qnll < (1+ ) nd —qll + —=3"(@Ing — @) + —h* 5.13
17— anl < ( 7)” hq — ql| 7 (@) (Ing — ) 5 (5.13)

with the constants
C = C(Ifll luall,a) and C = CIfl; luall, llgall, @)-

PROOF. Let ¢ > 0 be small enough, such that for A > 0 sufficiently small j; satisfies
(4.7) for all ¢ € Qaq with ||¢ — || < e and p € L™(S2). Then for h sufficiently small the
auxiliary problem (5.1) has a unique solution. We denote this solution by gp,.

To derive the estimate (5.13) we split the error

17— anll < 11q — Ingll + [[1nG — G| (5.14)
and estimate the term ||I,§ — @x||. Due to the necessary optimality condition and since
I1q € Qad,n, we have

—31(@n)(InG = Gn) <0 < —5"(9)(q — n)-
Applying the coercivity of j;/, we obtain for & = tg, + (1 — t)I;,q for a t € [0,1] and h
sufficiently small
Y o . _ _
170G = @l < () (Ind = G, InG — @n)
(In@)(InG — Gn) — 3 (@n)(Ind — an)
(In@)(Ing — an) — §"(0)(a — Gn) (5.15)
= i (In@)(Ing — @n) — p(0)(InG — an)
+ (@) Ing — an) — 5(0)Ind — an)
+5(0)(Ing — @)
From Lemma 4.6 we deduce for h sufficiently small

|GhInd) = 30 (@) Und = @) < CUFP + I 1 luall + o)l 7a7 = Il 1n7 — anl
20
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and
|(G4(@) = 5"(@)Ind — an)l < O+ gD (I + lual)*h? [ 1ng — anll-
Applying these inequalities to the right hand side of (5.15) leads to

o C o
110q — qnll < ;(IIJ‘H2 + I fllwall + )1 1ng — 4l
c B
+ ;(1 + lgD* (£ 1]+ lal))*h?
cC
+ —=V3'(@UnG—q)

VY

for h sufficiently small. Inserting this estimate into (5.14) together with Remark 2.18
we have proved the estimate (5.13) and hence, convergence of a solution g, of (5.1) to
g. Therefore, we obtain by Lemma 5.4, that g is also a local solution of (3.1), which
completes the proof.

Corollary 5.10. Let G be a local solution of (2.1) and the Assumptions 2.20 and 5.7 be
valid. Then there exists a hg > 0, such that there exists a sequence (Gn)o<n<h, of discrete
local solutions of (3.1) and the following estimate holds

o

7 —anll < —h

=1Q

with the constant

C = C(If Il lluall, llgall, 1V 4all, IV S (@)oo, IVZ (@) oo, | Vaallos, ).
PROOF. As in [7] and [23] we prove, that

7@ Ind = an) < CH|IVll3,
3o
11hq —qll < ChQHVQ@HLZ(Th?) + Ch2 ||Vl
Together with Theorem 5.9 and Remark 2.19 we obtain the assertion.

Remark 5.11. If we assume, qq € W2P(£2) for some p > d, then in case of inactive
control constraints, i.e., a < ¢ < b, we can prove convergence of order O(h?) in the
control.

5.3. Post-processing strategy

In this section, we extend the post-processing techniques initially proposed in [24]
for a linear-quadratic optimal control problem to the optimal control problem under
consideration.

As described in Section 5.1, we discretize the control variable by piecewise constants.
But here, we will prove quadratic order of convergence by employing a post-processing
step.

In what follows we use the operator Rj, defined for functions g € C(£2) cellwise by

Rhg|K:g(SK)a KG,Th;

where Sk denotes the barycenter of the cell K.
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Lemma 5.12. Let K € T;, be a given cell. Then we have for g € H*(K)
[ (0(0) = (Rugh()as| < ORI 1Tl 120, (5.10
)

and for g € WH>°(K
lg — RugllLe=(r) < CRhIIV g Lo (x0)- (5.17)

PRrOOF. The proof is done by standard arguments using the Bramble-Hilbert Lemma,
see [24] for details.

The proofs of the next two lemmas are similar to lemmas in [23].

Lemma 5.13. Let ¢ be a local solution of (2.1) and g, be an arbitrary local solution of
(3.1). Then the following estimate holds

0 < (aRnq + Ru(2(@)u(q)) + Rnqa, Gn — Rrq).

Lemma 5.14. For every function v € H?(§2) and every cellwise constant function py, €
Qn the estimate
(P, v = Ruv) < CR?|lpa|[ V0]

holds.

In the next step, we estimate the error ||R,G— p||. To this end, we need the following
two lemmas.

Lemma 5.15. Let § € Quq be a local solution of (2.1) and Assumption 5.7 be valid.
Furthermore, let vy, wp, € Vy,. Then the following estimate holds for an arbitrary r > 3:

(vnwn, @ = Rn@) < CR(|lwnl1,r + l[whlloo) [ Vor ]| + Ch? wh | sc|vn]| s

with the constant

C=C(/N lluall llgall. 1Vall, 1V qall, VS (@) lloo: IV Z(@) lloc: [V all oo, ).

The proof is given in the Appendix.
Before we formulate the next lemma we recall an estimate from [6, Theorem (8.1.11)].
For 2 < s < 0o and a constant C > 0 there holds

[1Sh(Rhd)[l1.s < C|IS(RLD) |15 (5.18)

Lemma 5.16. Let § € Qqq be a local solution of (2.1) and Assumption 5.7 be valid.
Then the estimates

15K (Rrq) — Sh(@)|| < Ch?,
1 Zn(Riq) — Zn(9)|| < CR?

hold with the constant

and h sufficiently small.
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PROOF. At first let e = S, (RrG) — Sn(g). Let y be the solution of

(Vy, Vo) + (qy, ) = (e,0) Vo € Hy(£2).
Then we have

lell* = (Ve, Vy) + (ay e)

= (Ve,V(y — Iny)) + (Ge,y — Iny) + (Ve, VIny) + (e, Iny)- (5.19)
Since
(VSL(RrG), Veon) + (BuG - Su(Ruq), on) = (f, on),
(VSh(@), Von) + (aSk(@), en) = (f,¢n),
we have

0= (Ve,Von) + (4(Sh(Rrq) — Su(@)), on) + (Br(7) — @) Sh(Rra), en)- (5.20)
From (5.18) we obtain for 2 < s < 6 using the embedding theorem and Remark 2.16
15k (Rrd)[l1.s < ClIS(Rq)||1.s
< CC(L+ (IR
< CC(L+[|glDlIf]
< @ Mluall, Ngall, @)

for h sufficiently small. Hence, setting vy, = Iy and wy, = Sp(Rr(7)) in Lemma 5.15 we
obtain from Lemma 5.15 applying Lemma 4.3, Remark 2.18, and (5.20) for 3 <r <6

(Ve, VIny) + (ge, Iny) = —((Ra(q) — @)Sh(Rrq), Iny)
< CR(|1Sh(Rr) 11,0 + 11Sh (Rr) o) [V Iny |
+ CR?||Sh(Rnd)llso Yl oo
< CR?||VIny| + CP? || Iny| s

(5.21)

with

and h sufficiently small. In addition, we have
[ylloo < I1Thy = ylloo + 1ylloe < CRIVZyY] + llylloe < (1 + Il lell- (5.22)

Inserting (5.21) and (5.22) in (5.19) and using Lipschitz continuity of Sj, and Remark
2.16 we get
lell* < IV (Sh(Bra) — Su(@)IIIIV(y — Iny)|
+ CllalIV (Su(Rr@) = Sh@)IIV(y = Iny)ll + Ch|e]

< ClIRwg = alllV(y = Iny)ll + Cllalll| Bug = allIIV (y — Iny)ll + Ch?le]|

<c@+ llahr*Ivalllel +c@ + lahllalr*valllel + Ch*|e]

< Ch?|le]|.
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For e = Zy(Rpq) — Zr(G) we have instead of (5.20)

0= (Ve,Vn) + (Q(Zn(Brq) — Zn(2)), ¢n) + (Rr(q) — @) Zn(Brq), ¢n)
+ (Sr(q) — Sh(Rwq), ¢n)

and we can argue in the same way as above using

(Sr(q) = Sh(Rrq), Iny) < C||Sk(q) — Sh(Rud)|l|lel|
< CR2|le].

Lemma 5.17. Let § be a local solution of (2.1) and the Assumptions 2.20 and 5.7 be
valid. Then there exists a hg > 0, such that there exists a sequence (Gn)o<h<h, 0f discrete
local solutions of (3.1) with ||§ — gnl| = O(h) and the estimate

|Rhg — @nll < Ch? (5.23)
holds with the constant
C = C(C Il luall, laall, 1 Vaall, V2 qall, [V S(@lloos IV Z (@)l oos | Vaalloo, ).

The proof is given in the Appendix.

Let ¢ € Qaq be a local solution of (2.1) and g the corresponding discrete local
solution of (3.1) with ||g — gn|| = O(h), see Corollary 5.6. Then a better approximation
is constructed by a post-processing step making use of the projection operator:

; 1. B
h = Pla,py (aSh(Qh)Zh(Qh) + Ith) . (5.24)

Here, I, denotes the operator defined in Section 5.1. Thus, we can formulate the main
result of this section:

Theorem 5.18. Let G be a local solution of (2.1) and the Assumptions 2.20 and 5.7 be
valid. Then we can choose a hg > 0, such that there exists a sequence (Gn)o<h<h, Of
discrete local solutions of (3.1) and the following estimate holds

17— anll < CH®
with the constant

C = C(C, |11 lwall: llgall, 1Vgall, 1V2qall, [V S@lloos IV Z(@) oo [V galloo» @)
and where Gy, is defined by (5.24).

PROOF. By the optimality condition (2.7) and the definition of g, we have
. 1 o 1 _ _
17— Grll = || Pay aZ(Q)S(Q) +4q | — Py aZh(Qh>Sh(Qh) + Inqa ||| -

Further, using the Lipschitz continuity of Py, ) on L?(£2) and Remark 2.16, we have

17 = Gnll < C(|[Sk(qn) — S| +4\|Zh(f?h) = Z(@| + llga — Ingall)
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with C' = C(|| fIl, [luall, lgall, ). Hence, with the Lemmas 4.3, 4.5, 5.16 and 5.17 as well
as (5.3) we get
17— anll < CUISk(n) = Sh(R@)|| + [1Sh(Raq) — Su(@)|| + [1Sn(2) — S(@)]]
1Z0(@) — Zu(Bad) | + 120 (Rad) — Za(@)]| + 1 Z0(@) — Z(@)]

+ llga — Inqall)
< C(gn — Rugll + h?)
< Ch?

with
C = C(CIF1, Nlwall, lgall, 1V gall, 1V2gall, IV S(@) oo, IV Z(@)lloos 1| Valloos @)-

Remark 5.19. Alternatively to the post-processing technique discussed above, the vari-
ational approach originally introduced by Hinze, see [1]], is transferable to the optimal
control problem under consideration to obtain quadratic order of convergence in the con-
trol with respect to the L?>-norm. The basic idea is not to discretize the control variable.
The solution gy, is then not a mesh-function and there holds

X 1. . )
Gn = Play) (ash(CJh)Zh(qh) + Ihqd> : (5.25)

It is a short proof to wverify, that || — Gn|| = O(h?). However, this ansatz requires a
non-standard implementation which goes beyond the implementation for linear—quadratic
problems. This is due to the fact that the term LS4(q4n)Zn(Gn) in (5.25) is cellwise bi-
quadratic and that as a consequence of the projection the boundaries of the active sets
are in general curved lines.

6. Numerical examples

In this section we are going to confirm the a priori error estimates for the error in the
control numerically. Thereby the optimal control problem is solved by the optimization
library RoDoBo [29] and the finite element toolkit Gascoigne [12] using a primal-dual
active set strategy (cf. [4, 15, 19]) in combination with a conjugate gradient method
applied to the reduced problem (3.3). In the first example we consider an optimal control
problem with an unknown exact solution, in the second one the analytical solution is
known. In both cases let 2 = (0,1)? and z = (z1,22) € {2.

Example 6.1. We consider the following concretization of the optimal control problem
(P):

1

ug(z) =5-1071 ™™ qq(x) =0, f(x) =2, %, a=10"% a=1, b=2.

To calculate the error in the control for Example 6.1 we compare the solutions with the

solution which we calculated on an eight times uniformly refined mesh. The Figures 1

and 2 depict the development of the L?-error in the control under uniform refinement of

the mesh. In Figure 1, the expected order O(h) for cellwise constant control is observed
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and in Figure 2, the order O(h?) for bilinear control discretization is shown. From the
numerical solution we can derive, that in both cases the control constraints are active.
Additionally, the Figures 1 and 2 show the L2-error in the state and adjoint state.
Thereby, we observe convergence of order O(h?) regardless of the type of discretization
used for the control. Since the post-processing strategy presented in Section 5.3 relies
essentially on the convergence properties of the state and adjoint state variable, Figure 1
confirms the order of convergence for the post-processing strategy proved in Section 5.3.

107! ‘
control —e—
state ——<—
10-2 L adjoint state —=— |
S O(h?) ——n
O(h)
1073 ]
1074 E
107° L i
1076 | E
10—7 | | | I

10! 10? 10° 10*
number of nodes

Figure 1: Example 6.1: Discretization error of the control, state and adjoint state when discretizing the
control by cellwise constants

In the next example we consider a concretization of (P) whose analytical solution is
known.

Example 6.2. Let

ug(z) = (1 —x1)(1 — x3) — 0.1 - 7% - sin(7rax) sin(wzy)
—0.05 - sin(7xq) sin(7xa) - Pigp) (5 - sin(may) sin(mrz) (1 — 21)(1 — 2)),
f(x) =2(x2(1 — x2) + 21(1 — 1))
+ (1 =21)(1 —22) - Pg ) (5-sin(mry) sin(mzz)(1 — z1)(1 — 22)),
qa(z) =0, «=0.01, a =0.1, b=10.3.

Then we have for (P) the following optimal state, adjoint state and control:

u(z) = (1 —21)(1 = x2),
zZ(x) = 0.05 - sin(mz1 ) sin(7xs),
1

1= P (=z0).
q [a,b](azu)
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10° :

control —e—
state ———
107 | adjoint state —=— A
O(hf) ——————————
1072 O(h2) ]
1073 | |
1074 E
1075 | E
1076 | E
10—7 1 1 1 1

10! 102 103 10%

number of nodes

Figure 2: Example 6.1: Discretization error of the control, state and adjoint state when discretizing the
control by continuous cellwise bilinear finite elements

In Figure 3 the L2-error in the control, state and adjoint state under uniform re-
finement of the mesh for the data given in Example 6.2 is shown, when discretizing the
control with continuous cellwise bilinear finite elements. Here, we calculate the error by
comparison with the analytical solution. Again, we derive from the numerical solution,
that the control constraints are active and we see the order (’)(h%) for the control and
O(h?) for the state and adjoint state.

7. Appendix
PROOF OF LEMMA 5.15. By means of the L2-projection 7j,: Q — @y, we split

(vhwn, @ — Rnq) = (vhwn, § — m0q) + (Vhwh, mhq — RiQ). (7.1)

For the first term we obtain

(vhwn, q — m1q) = (vhwy — TR (vpwn), § — ThQ)
< CR?(|V (vpwp) ||| V]|
< CR*(|Vonwa | + [lon Vwr|) V]|

and hence, for all » > 3

_ L _C s
(onwn, @ = mrd) < —B*[[Vor|[[wnll [V(S(2)2(2)) + Vaal

C Ny~
+ EhZvahH”wh”l,r IV(S(9)Z(q)) + Vaal|-
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Figure 3: Example 6.2: Discretization error of the control, state and adjoint state when discretizing the
control by continuous cellwise bilinear finite elements

Utilizing the fact that 7, g as well as Ry G are constant on each cell K, we obtain for the
second term in (7.1)

(vnwn, G — Rpq) = Z/ vpwp(7q — Rpq)de
= JK
1 _ _
— Z ﬁ/ vhwhdaz/ (g — Rpq)dx
% K K

< lwnlloellonlloo 3 ‘ [ @~ R
K K

As in Section 5.2, we split the last sum using the separation 7;, = 7, UZ,2 U 7,3. For
the sum 7, U7,2 we obtain by means of (5.16) and the fact that g equals either a,b or

2S(@2(@) + qu:

2

KeT!uT?

1 _
<cn® > K12 |VPl e
KeTiuT?

| @~ Rups

< Ch? > K] IV2ql| 27072y
KeT}uT?

< CR?|V*(S(@)Z(a) + qa)ll2(e)-
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For the part of the sum over 7,2, estimate (5.17) and Assumption 5.7 leads to

> | [ @ mayis

< g — Ruallp~(z2) Z |K]

KeT? KeT?
< ChVall=(zzy Y K]
KeT?
C 5 o
< Eh IV(S(2)Z(q) + qa)ll L~ ()
We obtain
(vhwh, Thq — Rrq) < CR?||lwpoo||vn o
with

C = C(If1 lluall, llgall, 1 Vaall, 1V2qall, IVS(@)llso, IV Z(@)lloc, 1 Vaalloo, )-
This completes the proof.

PROOF OF LEMMA 5.17. The existence of a hy > 0 and a sequence (qn)o<h<n, Of dis-
crete local solutions with ||§ — G| = O(h) follows immediately from Section 5.1.
Now, we prove the error estimate (5.23). For every ¢ > 0 there exists a hg > 0, such
that
|Rrg—qll<e and |gn—ql <e
for h < hg. Hence, we can apply (4.7) and get with £ = tR;g+ (1 — )@ for a t € [0, 1]
%HRhQ —anll* < i ()R — @n, Rnq — Tn)
= jh(Rn@)(Rnd — Gn) — ,,(Gn) (RhG — Gn)
for h sufficiently small. From the optimality condition and Lemma 5.13 we have
—31, (@) (Rhq — @n) <0 < —(aRnq + Ru(Z(9)S(q)) + Ruga, Rnq — Gn)
and hence,
BT = @ull? < h(Bad)(Bad = @) — (@Bad + B (Z(@)S(@)). Bad — )
— (Rnqa, Bnq — qn)
< (Zn(Rnq)Sn(Rna) — Z(9)S(q), Rnq — an)
+ (Z(9)5(7) — Rn(Z(0)5(2)), Rnq — Gn)

+ (qa — Rnqa, Rng — qn)
=: A + Ay + As.

Now, we further estimate the terms Aq, A> and As:

A = / (Z0(Rnd) — 2(2)Sn(Rnd) (Rng — @u)de
0
+ / 2(0)(Sh(Rnd) — 5(2))(Rng — @u)dz
(9]
=:B1+ B>
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We start with the consideration of Bs:

By < || Z(@) oo || Sk (Rrq) — S| Rrq — anl
< NZ(@D) oo ([1Sn(R1q) — Su(@) + [|Sh(@) — S(@) DI Rrd — anl-

Applying the Lemmas 5.16 and 4.3 we deduce

By < Ch?|Rnq — G|

with

C = C(C 1 lluall, laall, 1V aall, 1V2qall, IV S(@) o, 1V Z(@)lloos | Vdallos, @)

In the same way, we get for Bi:

By < |[Sh(Bq) oo (1 Z0(Brq) — Zn(D|l + |1 Z1(7) — Z (@) DI RrG — anl
< Ch?|Rpq — an|-

To estimate Ay we apply Lemma 5.14 with p, = Rpg — gn and v = Z(3)S(gq) we have:

(Z(9)S(q) — Rn(Z(9)S(2)), Rng — a@n) < CR?||Rng — an || V?(S(2)Z(q))].

Finally, we have by Lemma 5.14

Az < CR?||V2qal|| Rg — Gall-

By combining these estimates, we obtain the asserted estimate.
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