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Motivations
Gap solitonsare localized stationary solutions of nonlinear PDEs
with space-periodic coefficients which reside in the spectral gaps of
associated linear operators.

Examples:Complex-valued Maxwell equation

∇2E − Ett +
(

V (x) + σ|E|2
)

Ett = 0

and the Gross–Pitaevskii equation

iEt = −∇2E + V (x)E + σ|E|2E,

whereE(x, t) : R
N × R 7→ C, V (x) = V (x+ 2πej) : R

N 7→ R,
andσ = ±1.
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Existence of stationary solutions

Stationary solutionsE(x, t) = U(x)e−iωt with ω ∈ R satisfy a
nonlinear elliptic problem with a periodic potential

∇2U + ωU = V (x)U + σ|U |2U

Theorem: [Pankov, 2005] LetV (x) be a real-valued bounded
periodic potential. Letω be in a finite gap of the spectrum of
L = −∇2 + V (x). There exists a non-trivial weak solution
U(x) ∈ H1(RN ), which is (i) real-valued, (ii) continuous on
x ∈ R

N and (iii) decays exponentially as|x| → ∞.

Remark: Additionally, there exists a localized solution
U(x) ∈ H1(RN ) in the semi-infinite gap forσ = −1 (NLS soliton).
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Asymptotic reductions in 1D

The nonlinear elliptic problem with a periodic potential can be
reduced asymptotically forN = 1 to the following problems:

• Coupled-mode (Dirac) equations forsmallpotentials
{

ia′(x) + Ωa+ αb = σ(|a|2 + 2|b|2)a
−ib′(x) + Ωb+ αa = σ(2|a|2 + |b|2)b

• Envelope (NLS) equations forfinite potentials near band edges

a′′(x) + Ωa+ σ|a|2a = 0

• Lattice (dNLS) equations forlargepotentials

α (an+1 + an−1) + Ωan + σ|an|2an = 0.

Localized solutions of reduced equations exist in the analytic form.
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Bifurcation of gap solitons in 2D

LetN = 2 andV (x) = η [W (x1) +W (x2)] be a separable
potential. The band surface is given byω = ρ(k1) + ρ(k2), while
the eigenfunction isψ(x1, x2) = u(x1)u(x2), where

{

−u′′(x) + ηW (x)u(x) = ρu(x), 0 ≤ x ≤ 2π,

u(2π) = ei2πku(0),

Left: spectrum ofL = −∂2
x + ηW (x) versusη.

Right: spectrum ofL = −∂2
x1

− ∂2
x1

+ ηW (x1) + ηW (x2) versusη.
Coupled-mode equations and gap solitons in two dimensions – p. 5/22



Resonant Bloch modes at the bifurcation
The first band gap opens up atη = η0 ≈ 0.1747, where three Bloch
modes are in resonance

φ1 = ψ1(x1)ϕ2(x2), φ2 = ϕ2(x1)ψ1(x2), φ3 = ϕ1(x1)ϕ1(x2)

for corresponding eigenvalues

ω = λ1 + µ2 = µ2 + λ1 = 2µ1.

Hereψn(x) is a2π-periodic function for eigenvalueλn andϕn(x) is
a2π-antiperiodic function for eigenvalueµn.
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Derivation of coupled-mode equations

Let ǫ = η − η0, ω = ω0 + ǫΩ, and

U =
√
ǫ [A1φ1 + A2φ2 + A3φ3 + ǫΦ(x1, x2)] ,

whereA1,2,3 are functions ofX =
√
ǫx andφ1,2,3 are functions of

x. The projection algorithm leads to three coupled NLS equations:

(Ω − β1)A1 +
(

α1∂
2
X1

+ α2∂
2
X2

)

A1

= σ
[

γ1|A1|2A1 + γ2(2|A3|2A1 + A2
3Ā1) + γ3(2|A2|2A1 + A2

2Ā1)
]

,

...

(Ω − β2)A3 + α3

(

∂2
y1

+ ∂2
y2

)

A3

= σ
[

γ4|A3|2A3 + 2γ3(|A1|2 + |A2|2)A3 + γ3(A
2
1 + A2

2)Ā3

]

,

Remark: No first-order derivative terms occur in the coupled-mode
system. Similar coupled NLS equations are derived near bandedges
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Main theorem I

Theorem: LetW (x) be a bounded, piecewise-continuous, even and
2π-periodic function onx ∈ R. Let 1

4
< r < 1

2
. The nonlinear

elliptic problem has a continuous and decaying solutionU(x) for
sufficiently small|ǫ| < ǫ0 if there exists a non-trivial solution of










(Ω − β1 − α1p
2
1 − α2p

2
2) B̂1(p) − σQ̂1(p) = ǫr̃R̂1(p),

...

(Ω − β2 − α3p
2
1 − α3p

2
2) B̂3(p) − σQ̂3(p) = ǫr̃R̂3(p),

wherer̃ = min(4r − 1, 1 − 2r), B̂1,2,3(p) are compactly supported

on the diskDǫ = {p ∈ R
2 : |p| < ǫr−

1

2} ⊂ R
2, Q̂1,2,3(p) denote the

cubic nonlinear terms of the coupled-mode system, and

‖R̂1,2,3‖L1(Dǫ) ≤ C1,2,3

(

‖B̂1‖L1(Dǫ) + ‖B̂2‖L1(Dǫ) + ‖B̂3‖L1(Dǫ)

)

.
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Bloch-Fourier transform in 1D
Lemma: There exists a unitary transformation
T : φ ∈ L2(R) 7→ φ̂ ∈ l2(N, L2(T)) given by

∀φ ∈ L2(R) : φ̂n(k) =

∫

R

ūn(y; k)φ(y)dy

with the inverse transformationT −1:

∀φ̂ ∈ l2(N, L2(T)) : φ(x) =
∑

n∈N

∫

T

φ̂n(k)un(x; k)dk.

Lemma: If φ̂ ∈ l1s(N, L
1(T)) for s > 1

2
with the norm

‖φ̂‖l1s(N,L1(T)) =
∑

n∈N
(1 + n)s

∫

T
|φ̂n(k)|dk <∞, thenφ(x) is a

continuous and decaying function onx ∈ R.
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Nonlinear problem in the Bloch space

With the Bloch-Fourier transform in 2D, the elliptic problem is
reduced to the form

[ρn1
(k1) + ρn2

(k2) − ω0 − ǫΩ] Φ̂n(k) =

−ǫσ
∑

(m,i,j)∈N6

∫

T6

Mn,m,i,j(k, l, κ, λ)Φ̂m(l)
¯̂
Φi(κ)Φ̂j(λ)dldκdλ,

where

Mn,m,i,j(k, l, κ, λ) = 〈un(·; k)ui(·;κ), um(·; l)uj(·;λ)〉R2 .

Lemma: The nonlinear vector field (in 1D) is closed in space
l1s(N, L

1(T)) for s < 1, such that

‖φ̂ ⋆ ϕ̂‖l1s(N,L1(T)) ≤ C‖φ̂‖l1s(N,L1(T))‖ϕ̂‖l1s(N,L1(T)),

for someC > 0. The same is true in 2D for separable potentials.Coupled-mode equations and gap solitons in two dimensions – p. 10/22



Decomposition in the Bloch space

Resonant Bloch modes correspond tok andn in the sets

k ∈
{(

0,
1

2

)

;

(

1

2
, 0

)

;

(

1

2
,
1

2

)}

⊂ T
2

and

n ∈ {(1, 3); (3, 1); (2, 2)} ∈ N
2

The decomposition is

Φ̂(k) = Û1(k)χD1
(k)e1,3+Û2(k)χD2

(k)e3,1+Û3(k)χD3
(k)e2,2+Ψ̂(k),

where{e1,3, e3,1, e2,2} are unit vectors onN2,D1,2,3 are disks of
radiusǫr centered at the pointsk of the resonant set,χD(k) is a

characteristic function onk ∈ T
2, andΨ̂(k) is zero identically on

k ∈ D1,2,3 for the corresponding values ofn.
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Projection to the coupled-mode system

The diagonal multiplication operator can be inverted since

min
k∈supp(Ψ̂)

|ρn1
(k1)|η=η0

+ ρn2
(k2)|η=η0

− ω0| ≥ Cǫ2r.

If 2r < 1, the lower bound is still larger than the perturbation terms
of orderǫ. By the Implicit Function Theorem in the space
l1s(N

2, L1(T2)) for any 1
2
< s < 1, there exists a unique map

Ψ̂ǫ(Û1, Û2, Û3) : L1(D1) × L1(D2) × L1(D3) 7→ l1s(N
2, L1(T2)) for

sufficiently smallǫ, such that

‖Ψ̂ǫ‖l1s(N2,L1(T2)) ≤ ǫ1−2rC
(

‖Û1‖L1(D1) + ‖Û2‖L1(D2) + ‖Û3‖L1(D3)

)

,

for some constantC > 0 uniformly in |ǫ| < ǫ0.
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Extended coupled-mode system

Using the scaling transformation

B̂j(p) = ǫÛj

(

k − k0

ǫ1/2

)

, ∀k ∈ Dj ⊂ T
2, j = 1, 2, 3,

we map all disksD1,2,3 to the diskDǫ = {p ∈ R
2 : |p| < ǫr−

1

2},
which covers the entire planep ∈ R

2 asǫ→ 0 if 2r < 1. Note that
‖Ûj‖L1(Dj) = ‖B̂j‖L1(Dǫ) for anyj = 1, 2, 3. The remainder terms
are due to three sources:

• The component̂Ψ = Ψ̂ǫ(Û1, Û2, Û3) is eliminated and it has the
order ofǫ1−2r.

• The perturbation terms in powers ofǫ occur at the order ofǫ1.
• The expansion of all coefficients in powers ofk − k0 has the

order ofǫ4r−1.
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End of the proof

The last property is due to the bound

ǫ‖|p|4B̂j‖L1(Dǫ) = ǫ

∫

Dǫ

|p|4
∣

∣

∣
B̂j(p)

∣

∣

∣
dp ≤ ǫ4r−1‖B̂j‖L1(Dǫ).

The theorem is proved if1
4
< r < 1

2
with r̃ = min(4r − 1, 1 − 2r).

Remark: If r = 1
3
, thenr̃ = r = 1

3
and both remainder terms have

the same order ofǫ1/3 which gives the smallest convergence rate for
the approximation error.

Remark: The proof does not work if the potential is not separable
(the range1

2
< s < 1 may become empty), if the functionW (x) is

not piecewise-continuous (analyticity of expansions in powers ofk
may be lost), or if the new band gap is not smallest (eigenvalues can
be multiple and analyticity of expansions inǫ may be lost).
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Reversible solutions

Definition: A solution(A1, A2, A3) of the coupled-mode system is
called a reversible solution if it satisfies one of the constraints

A(y1, y2) = s1A(−y1, y2) = s2A(y1,−y2), or

A(y1, y2) = s1Ā(−y1, y2) = s2Ā(y1,−y2), or

A(y1, y2) = s1A(y2, y1) = s2A(−y2,−y1), or

A(y1, y2) = s1Ā(y2, y1) = s2Ā(−y2,−y1),

for each function(A1, A2, A3), wheres1, s2 = ±1.

Remark: The reversible constraints are inherited from the nonlinear
elliptic problem with the symmetric potential function
V (x1, x2) = V (−x1, x2) = V (x1,−x2) = V (x2, x1) onx ∈ R

2.
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Main Theorem II

Theorem: Let (A1, A2, A3) be a reversible solution of the
differential coupled-mode systemF(A) = 0 such that their Fourier

transforms satisfŷA ∈ L1
q(R

2,C3) for someq ≥ 0. Let Ω belong to
the interior of the band gap of the coupled-mode systemF(A) = 0.
Assume that the Jacobian operatorDAF(A) has a
three-dimensional kernel with the eigenvectors{∂y1

A, ∂y2
A, iA}.

Then, there exists a reversible solution of the extended
coupled-mode system such that(B̂1, B̂2, B̂3) ∈ L1(Dǫ,C

3) and

∀|ǫ| < ǫ0 : ‖B̂j − Âj‖L1(Dǫ) ≤ Cjǫ
r̃, ∀j = 1, 2, 3.

Corollary: The reversible solutionU(x) satisfies the bound

‖U − ǫ1/2 (A1φ1 − A2φ2 −A3φ3) ‖C0
b
(R2) ≤ Cǫr̃+1/2,

whereφ1,2,3(x) are resonant Bloch modes.
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Proof of Theorem 2

First, consider the extended systemF̂(B̂) = ǫr̃R̂(B̂) onp ∈ R
2 and

useB̂ = Â + b̂ to represent the system in the form̂Jb̂ = N̂(b̂),
where

Ĵ = D
Â
F̂(Â), N̂(b̂) = ǫr̃R̂(Â + b̂) −

[

F̂(Â + b̂) − Ĵb̂

]

.

The desired bound follows by the Implicit Function Theorem in
spacêb ∈ L1

q(R
2,C3). Then, estimate the truncated terms on

p ∈ R
2\Dǫ. The largest truncated terms are bounded by

‖b̂‖L1
q+2

(D⊥ǫ ,C3) ≤ ‖b̂‖L1
q+2

(R2,C3) ≤ C‖N̂(b̂)‖L1
q(R2,C3) ≤ C̃ǫr̃,

for anyb̂ = Ĵ−1
N̂(b̂) ∈ L1

q(R
2,C3). Therefore, the truncated

terms are comparable with the residual terms of the extended
coupled-mode system.
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Numerical example 1

One-component gap solitons:

σ = 1 : A1 = A2 = 0, A3 = R(r)eimθ

with m = 0 (radially symmetric positive soliton):

andm = 1 (vortex of charge one):
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Numerical example 2

A symmetric coupled two-component gap soliton

σ = −1 : A1(y1, y2) = ±A2(y2, y1) ∈ R, A3 = 0

is shown here:
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Numerical example 3

A π/2-phase delay coupled two-component gap solitons:

σ = −1 : A1(y1, y2) = ±iA2(y2, y1) ∈ iR, A3 = 0

is shown here:
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Numerical example 4

Two-component coupled vortex of charge one

σ = −1 : A1(y1, y2) = ±iĀ2(y2, y1) ∈ C, A3 = 0

is shown here:
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Similar bifurcation problems

Our technique can be extended with some modifications to the
following bifurcation problems:

• Bifurcations from band edges
• Bifurcations in the higher-order band gaps
• Bifurcations in anisotropic separable potentials
• Bifurcations in finite-gap potentials
• Bifurcations in super-lattices with4π-periodic perturbations
• Bifurcations in three-dimensional separable potentials.

Additionally, we can apply this technique to prove persistence of
time-dependent solutions on a finite-time interval and to study
convergence of the nonlinear elliptic problem withlargepotential
functions to the nonlinear lattice equation.
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