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Multiple Scales Expansion
Multiple Scales Expansion - motivation

multiple scales expansion = asymptotic expansion for problems with more
Sca|eS N the dynam|CS (|n t|me or Space) [M.H.Holmes, Intro. do Perturb. Methods, Springer, 1995, Sec. 3]

Example: linear weakly damped oscillator
Ut +2eur+u=0, u(0)=a,u(0)=0,0<e<<l1

The exact solution: u = \a/e% cos (\/1 — &%t —arctan(e /vV1 — 52)).
—€

Suppose we do not know it and apply a regular perturbation expansion
U~ Ug(t) +eug(t) +2uy(t) +...
We obtain at

@ O(1)(ase —0) Ug, +Uo =0, Uup(0)=a,uq(0)=0
which has the solution up = a cos(t)

@ Ofe) Uy, + U1 = —2up(t) = 2asin(t), u1(0)=0,uy(0)=0
which has the solution u; = —at cos(t) + asin(t)

Cleary, u; grows linearly in time . Thus the above asymptotic expansion fails
att = 1/« because that is when the condition |u;;1(t)/u;(t)| = O(1) ceases to
hold.
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Multiple Scales Expansion
Multiple Scales Expansion

Ut +2eui+u=0, u(0)=aw(0)=00<e<<1
Introduce multiple time scales ty =t,t; = et,t, = £2t,... and propose the
expansion:

un~ Uo(to,tl, . ) +EU1(t0,t1,. . ) + ...

Our aim:determine ug and u; and only their dependence on ty and t;.
Note (if u; = uj(to, t1)):

d 8+ 0 d? 82+2 62+282

— = t&, — = — € e —

dt oty ot dtz o3 ot10tg ot?

e O(1) ‘9;%0 +Up=0, Up(0,0)=a,2L(0,0)=0

which has the solution up = Ag(t;) cos(to) with Ag(0) = a.

Note that it is also possible to take ug = Ao(t1) cos(to + ¢(t1)), Ao(0) = a, ¢(0) = 0 but
by expanding the cosine via cos(x +y) = cos(x) cos(y) — sin(x) sin(y), we see that
the term proportional to sin(ty) needs to be made zero so that the IC is satisfied
(resulting in ¢ = 0).
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Multiple Scales Expansion
Multiple Scales Expansion

2
SO)  ptu- 2 -zg% w00 -0.(% %) ien -0
The right hand side is found to be f= 2(A0(t1) + Aj(t1)) sin(to).
Two approaches are possible now. Either this inhomogeneous ODE (in to) is solved
with the right hand side f and then A, is chosen so that secular terms (those growing

in t) become zero or we invoke Fredholm alternative to get a condition on f as the first
step. We choose the latter approach.

Application of Fredholm alternative gives that for L elliptic operator Lu = f has a
27 —periodic solution u if and only if f is L2(0, 2x)-orthogonal to Ker(L*), i.e.

27
fvdt =0 Vv € Ker(L")
0

In our case L = L* and Ker(L) = ¢y sin(to) + ¢2 cos(tp), ¢; € R and we get the
condition

/27r f Sin(to)dto = /27r Z(Ao(tl) + Aé(tl)) Sinz(to)dto =0
0 0

= A6+Ao =0
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Multiple Scales Expansion
Multiple Scales Expansion

Therefore Ag = ce ™, which together with the above condition Ag(0) = a
The O(¢) problem reduces to

Z¢ +u1=0, ui(0,0)=0,55(0,0) = ~52(0,0) = a.

Therefore u; = Ay (t1) sin(tp) with A1(0) = 0.

To summarize we have

u~ae~'cos(t) + A (et)sin(t).

To obtain A;, we need to solve the O(£2) problem but even the first term in this
asymptotic expansion gives a better approximation of the solution for time
O(1) than two terms of the regular perturbation expansion.
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Simplified Derivation of the NLS for Pulse Propagation in Optical Fibers

Simplified NLS Derivation for Pulses in Optical Fibers

- for the full general derivation see [A. Newell and J.V. Moloney, “Nonlinear Optics,” Adison-Wesley, 1992.]

Maxwell equations ((1a) = Faraday’s law, (1b) = Ampere’s law):

HB+VXE=0 (1a) 0) .
VxH=8D+J (1b)
6:€OE+57 §2ﬂ0ﬁ+ma |5:€o (X(l)(X,yaz)E+X(3)(X>yaz)|é|zé)

assumptions:

J=0 dielectricc, M=0, V-E=0 div. freefieldE

pody(1b) —V x(1a): (use ppeg = €72)
- 1 -
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2
AE - Mg _ Lo (\@ERE) =0
C2 t C2 t \ X

Further restrictions:

(@) ng = no(x,y), x =const. (d) quasimonochromatic
(b) amplitude |E| s.t. nonlinearity and wavepackets around
freq. wo

dispersion are same order effects

(c) polarization preserving fiber (¢) monomode fiber

(b) = E = cEq + e?E1 +3Ep+..., O<e<<1

(c) = Ex =ES, § constantvectorinR3 e.g. §=(1,0,0)7

o}
&

of tle)

(b,d)

FT(E) (y,2.0)
[E(zy.2.1)|

=

- 0 [of] 0 1

ie. Eo = U(X,Y,wo) [A(zl,zz,T)e“koZ*wot) tcc|, Zi=ez,2,=¢%,T =t
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Simplified Derivation of the NLS for Pulse Propagation in Optical Fibers

n2 1
AE — FgafE - ?atz (X(3)|E|2E> =0, E ~eEg+e?Er+£E
Eo = U(X, Y, wo) {A(ZLZLT)ei(kOZ_"JOt) + c.c.] . Zi=e2,Z,=£%2,T =t
E172 = E1,2(X,y,Z,t,Zl,ZQ,T)
Note: we replace & ~ 0 + edr, 9, ~ 0, + €z, + 20z,
@ O(e)

2 2
Nawo
C2

Agl (koz—wot) (Ax,y — k3 + ) Uu=20 and equivalent c.c. equation

Obtain eigenvalue problem for (k2,U)

n2 2
<Ax,y — K2+ g‘:o) U=0

(e) = only one eigenpair with U — 0 as x? + y? — oo exists
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Simplified Derivation of the NLS for Pulse Propagation in Optical Fibers

@ O(?)
ng .2 1 Jai(koz—wot) ngwo
A — ?at El + 2|Ue 0 0 ko(?zl — 75& A + C.C. = O

2
Ngwo

 i(Kez—w n2
LE; = 2iUe!(kez—wol) < oz or — koaz1> A+cc, L=A- ?gaf

Fredholm alternative: impose orthogonality of rhs to Ker(L*) (note: L* = L)

orthog. satisfied except for Ue!(koz—wol) ¢ Ker(L) = C—aTA—koazlA =0

nowo

6TA 0 = Atravels at the veIocV[y

getLE; =0 = takeE; =0
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Simplified Derivation of the NLS for Pulse Propagation in Optical Fibers

Claim: 'f;k’;’ is the group velocity at wy, i.e. 2327:;’ = k'(wo)
r]2(‘(}2 n2w2
Pf (Ax,y+ 020 _k§>U_O = —<VU,VU>+( 0020 _k02> (U,Uy=0
k2 — ngwg _ W= <VU7VU>
° ez ECAY)
n2w? 1/2 n2wo
= ko== ( (();20 - M) ) Ko(wo) = C‘;k O
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° O(c%) First calculate the nonlinearity: |Eq|?Eq =

—us [<2|A\2 1 AZg2i(koz—wot) +A*2e72i(k027wot)) (Aei(kozwot) +A*e7i(kosz0t)>:|

— U3 [3‘A|2Aei(k027wot) + A3e3i(k0Z7th) 4 CC:|
n2 :
Thus LE; = (—8§1A — 2ikodz,A + Cga%A> Ul (koz—wot)

2
_ ig (3|A|2Aei(koz—wot) 4 A3e3i(koZ—w9t)) U3 +c.c.

Orthogonalize rhs to Ker(L): (term with e*3i(oz—«ol) glready orthog.)

(U U)w

2
U ) =0

1 2
|822A+2 (azlA— 20fA+3

ZUJ w 3
Let 7= 522, +T (0, = 520,01 =0.), po= {5

: 1 n? 3
i0,,A— = 0 (1—”0“‘3)03 +77 pIAIZA = 0

2 C2k0 c2k? 2k
H 0 2 3 2
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