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1 Continuum Approximation of the Fermi-Pasta-Ulam
Problem

1.1 The Fermi-Pasta-Ulam Problem

n-1 n n+l
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Consider a line of particles of mass m at positions (y,,)nez connected by springs
with nonlinear coupling forces

Fn,n-l-l = k(yn+1 - yn) + ak(yn-i-l - yn)Q'
The corresponding equations of motion are

m@?yn =k ((Zln+1 = 2Un + Yn—1) + (Yns1 — yn)2 + a(yn — yn+1)2) :



1.2 Continuum Approximation of FPU

Define equilibrium positions x,, = nh, lattice spacing h, displacement y(z) with
y(zn) = yn- A Taylor series gives

h? h3 ht

h? h3 ht 5

Therefore,
2 h’4
Ynsl = 2Un +Yn—1="h yacx(xn) + 12yxxxx(zn) +0 (h5)

and
Wnt1 = ¥n)” = (U = Yn-1)* =Wn+1 — Yn—1) Wn+1 = 29 + Yn-1)
=(2hys (x0) + O (h*))(W*yua(zs) + O (')
=253y (0 ) (€0) + O (h°) .
The equations of motion become the pde

kh? Lo 5

Assume « ~ h small. The dominant part of the equation is
kh?
Ytt = —Yzax-
m

d’Alembert = y = f(x — vt) + g(x + vt), v* = ’%2
Let’s study the right-going wave f. Define X = z — vt and slow time T' = ahut.
Then

0X oT o0X oT
Oy = %ax + %(% = aX, Oy = Wax + aaT = —v0x + ahvir
Therefore

8,52 = 1)26?( — 20hv?0x O + 042/121128%.

The equation of motion becomes

1
yxx — 20hyxt + 2h2yrr = yxx + 20hyxyxx + EhQ?JXXXX-

Since the ypp-term is of higher order than the others, we have

h
YXT T Yxyxx + —yYxxxx = 0.
24«

Introducing u = yx and §% = 22—2 leads to the Kortweg-de Vries (KdV) equation

ur + uux +52UXXX =0.



2 Shallow Water Waves
2.1 Problem Setup

h depth of water in equilibrium

C(Z,1) surface of water, i.e. depth of waver is { + h

q~5( T, Z,t) velocity potential, i.e. velocity of water is (qNSi,, ng)

2.2 Governing Equations
biz + ¢pzz = 0 for —h < Z < ((Z,1) (incompressible potential flow)

<j~)g =0 at Z = —h (no flow into bottom)

57; +¢ils = ¢z atz = ¢(Z,t) (kinematic equation)
bi + gC + %((;3% + ¢2) =0 at Z = ((&,1) (dynamic condition)
Linearizing around the equilibrium solutions ¢ (,) = 0 and ¢(Z, 2, 7) = 0 leads
to the linear dispersion relation
w? = gktanh(kh).

Take C(7,1) = Coe'“i=*%) and ¢(%,2,1) = ¢o(Z) ¢!“@=*%) 1In the linearized equa-
tions, the nonlinear terms are simply dropped. The first two equations imply ¢g(2) =
acosh(k(Z 4+ h)). By the third equation, {(; = —ia® sinh(kh) and the dispersion
relation follows from the last equation.
Consider long waves with small amplitude, ie.
(kh)? =~ e ~ h™! max|(|

where k is the wave number in Z-direction. The linear dispersion relation w? =
gk tanh(kh) becomes
w? = gk?h.
Switch to dimensionless variables
(= eh¢ ~max]|([¢

¢ = hy\/egho ~ h*we

x = \/E% ~ kZ
t = %~N wt
Loz
T h
The equations become
Gry + €Qry =0, for —1<z<e((z,t)
¢z =0, at z=—1
€ + 62¢m<¢v = ¢, at = GC(l‘,t)
1
b+ e+ S0l =0, a &= e((x,1)



2.3 Multiple Scales Expansion
Expand ¢ to

o

o(z,2,t) = Z(z + 1)"¢"(x, t).

n=0

By the first equation,

€ Z(z + )"l (x,t) + Z(z +1)"2n(n — 1)¢"(z,t) = 0,
n=0

n=2
SO

_€¢;:Lac_2($v t)

nin — 1) vn.

¢ (x,t) =
Since ¢, (z,—1,t) = ¢'(x,t), the second equation implies
0=0¢'=¢’=¢"=...
Therefore,

(z+ 1)
2

z4+1)4
¢2w(x,t)+62( 4') O (T, 1) 4 .

¢($,Z,t) = ¢O(x’t) —€
and

(1 + 6C(l‘,t)>3 0

0=, €C(2,1),1) = —e(1 + e, ), (o, ) + 220160t
Expand ¢, ¢° and ¢
¢ = O+’
#) = u+eul
o7 or
o=t m—e =  O= 570870 + 871371 = Oy + €0r,
It follows that
1
¢Z<x7 EC(.’E,t),t) = —€’U/2 + 62 <_C0U’g - u; + 6uga::r> + (@ (63)

b (x,eC(x,t),t) = ul+e (ul - ;uggf) +0(€%)

1
d)mt(wv EC(xat)vt) = 7.1,9_0 +e <u21 + u71-0 - 2”2170) +0 (62)
Gla,t) = @ +e(G+)+0()
Kinematic equation €, + €2¢,Cp = ¢, 2z = e((x,t)

Ofe) ¢ +ul=0

To

1
O (é%) T10 +ul =— < 2 00+ ¢ul - 6ugm>



Bernoulli’s equation ¢+ + (. + %ax ((¢2)° +€(¢2)?) =0, 2z =e((2,1)

o) u +¢=0

1
O by 462 == (4, = g, + 12

The lower order equations are the linear wave equation
0 0 _
{ U0
uw + ¢ =0

By d’ Alembert, the solution is

0

{ CO = f(z —70,71) + g(x + 70, 71)
u = f(x —710,71) — g(x + 70, 71)

Introduce characteristic variables | = x + 19 and r = x — 79.
0, =0,+0, and O,, =0, — 0,
C=fr)+90), uw=fr)—g)

The higher order equations become

G =Gty tu =
- (le +g7’1 + (f 79)(]07‘ +gl) + (f+g)(f7“ 7gl) - %(frrr 7glll))
ull - u}“ +Cl1 + Q} = - (fn —9r t+ %(frrr +glll) + (.f - g)(fr - gl))

Adding and subtracting these, and integrating once, leads to

{ 2(C1 +u1) - (2f7‘1 + 3ffr + %frrr) I+ f7fgdl + %92 + fg - %gll +ca
2(Ul - Cl) = - (29n —39q1 — %gul) =g ffdr - %fQ —g9f+ %frr + c2

Since all terms except the first are bounded for [, r — 400,

{ 2f‘n +3ffr + %frrr =0
297, — 3991 — 39 =0

(KdV)

Similarities in Derivations of KdV

We have derived the KdV equation in the forms

ur +uux + Puxxx =

2f7'1 +3ffr+ %frrr
297, — 3991 — 39m =

Similarities include

e slow time (1, 71)

e moving frame of reference (X, r, [)

e unknown is a velocity (v = yx, ¢ = f — g+ O (¢))

The KdV equation defines the slowly varying shape of a wave.



3 Exact Solutions of KdV

3.1 Phase Plane Analysis
Consider stationary solutions u(z,t) = U(x — vt) of the KdV equation
duy = 6uUy + Uppy
U satisfies —4vU’ = 6UU’ + U, integration leads to

ov(U)
ou

the equation for a particle in a potential V (U) = U? + 20U? + aU.
First look for constant solutions (U’ = 0 = U"), i.e. zeros of %.

U'=—-BU* + 40U +a) = —

discriminant A = 160* — 12a = 4(4v* — 30)

3 .
For v? > Za, there are two constant solutions U, and U,.

bV

i, 1)
R ety ¢y
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The bounded solutions are
e periodic solutions around Uy, with energy in [V (Uy), V(U,,))
e solitons on the separatrix at energy V' (U,)

Note: U(+o0) =0 < U, =0,Up, >0 < a =0,v < 0 for soliton solutions.

3.2 Cnoidal Waves
We know that U” = —9¥ for V/(U) = U® + 20U? + aU. Multiplying by U’ and
integrating implies

E(U’)QZE—V(U) or U'==%2(E-V(U))

2
U(g) dU
— o+ ___©
£=f /Uw V2B -V {0))

Let E —V(U) = (U, —U)(Uy — U)(Us — U) with U; < Us < Us and assume
U(&o) = Us. Then

Therefore

U() dU
vs 20U —U)(Uz —U)(Us —U)

§=¢& *



Let0 <m < 1and

/¢ do
v = v
0 V1—msin®6
Then
sn(vim) =sing and cn(v|m) = cos @

In particular, cn(v|0) = cosv and

1 2
1) =sechv = =
cn(v|l) = sechwv cosho — o ro

Apply the substitution U = Us — (Us — Us) sin® §. Then
dU = —2(Us — Us) sin f cos 0
and
(Ur = U)(Us = U)(Us — U) =(Uy — Us + (Us — Us) sin® 0)(Uz — Us + (Us — Us) sin”® 0)(Us — Us) sin® 0

=(Us — Uy)(Us — Us)?sin® f cos? 6 (1 - w sin? ¢9>
3— U

The implicit solution formula becomes

2 ¢ do
E§=8 F1/ /
0 Us = Ui Jo 1 —msin0

U(€) = Us — (Us — Us) sin® ¢ = Us + (Us — Us) cos® ¢

By the definition of cn, cn <(§ — &) \/@
m)

U(¢) = Uy + (Us — Uz) en? ((f — o)
4 Numerical Computation of KdV 1-Soliton

m> = cos ¢, SO

Us - Uy
2

4.1 Petviashvili Iteration

Stationary solution u(x,t) = U(x — vt) with U(+o00) = 0 (& v < 0, = 0) of KdV
equation
duy — 6UUL — Uggy = 0

satisfies 40U + U = —3U?. In frequency space,
(4v — 472K\ U (k) = —3U2 (k)

This suggests the iteration

. 302 (k)
_ M2 n
Un+1(k) n(741})+47{‘2]€2



with stabilizing factor

L ((~4v) + 4n?k>) U2 (k) dk

M, = — —
U (k)U2(k)dk

The error can be estimated by |M,, — 1.
KdV 1-soliton

U(€) = 2sech(¢)

for v = —1 computed via Petviashvili iteration from a Gaussian initial guess.

—— —Exact Solution
Initial Guess

2
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