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1 Continuum Approximation of the Fermi-Pasta-Ulam
Problem

1.1 The Fermi-Pasta-Ulam Problem

Consider a line of particles of mass m at positions (yn)n∈Z connected by springs
with nonlinear coupling forces

Fn,n+1 = k(yn+1 − yn) + αk(yn+1 − yn)2.

The corresponding equations of motion are

m∂2
t yn = k

(
(yn+1 − 2yn + yn−1) + α(yn+1 − yn)2 + α(yn − yn+1)2

)
.
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1.2 Continuum Approximation of FPU
Define equilibrium positions xn = nh, lattice spacing h, displacement y(x) with
y(xn) = yn. A Taylor series gives

yn+1 = yn + hyx(xn) +
h2

2
yxx(xn) +

h3

6
yxxx(xn) +

h4

24
yxxxx(xn) +O

(
h5
)

yn−1 = yn − hyx(xn) +
h2

2
yxx(xn)− h3

6
yxxx(xn) +

h4

24
yxxxx(xn) +O

(
h5
)
.

Therefore,

yn+1 − 2yn + yn−1 = h2yxx(xn) +
h4

12
yxxxx(xn) +O

(
h5
)

and

(yn+1 − yn)2 − (yn − yn−1)2 =(yn+1 − yn−1)(yn+1 − 2yn + yn−1)

=(2hyx(xn) +O
(
h3
)
)(h2yxx(xn) +O

(
h4
)
)

=2h3yx(xn)yxx(xn) +O
(
h5
)
.

The equations of motion become the pde

ytt =
kh2

m

(
yxx + 2αhyxyxx +

1
12

h2yxxxx

)
+O

(
h5
)
.

Assume α ∼ h small. The dominant part of the equation is

ytt =
kh2

m
yxx.

d’Alembert =⇒ y = f(x− vt) + g(x + vt), v2 = kh2

m .
Let’s study the right-going wave f . Define X = x− vt and slow time T = αhvt.

Then

∂x =
∂X

∂x
∂X +

∂T

∂x
∂T = ∂X , ∂t =

∂X

∂t
∂X +

∂T

∂t
∂T = −v∂X + αhv∂T

Therefore
∂2

t = v2∂2
X − 2αhv2∂X∂T + α2h2v2∂2

T .

The equation of motion becomes

yXX − 2αhyXT + α2h2yTT = yXX + 2αhyXyXX +
1
12

h2yXXXX .

Since the yTT -term is of higher order than the others, we have

yXT + yXyXX +
h

24α
yXXXX = 0.

Introducing u = yX and δ2 = h
24α leads to the Kortweg-de Vries (KdV) equation

uT + uuX + δ2uXXX = 0.
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2 Shallow Water Waves

2.1 Problem Setup
h depth of water in equilibrium

ζ̃(x̃, t̃) surface of water, i.e. depth of waver is ζ̃ + h

φ̃(x̃, z̃, t̃) velocity potential, i.e. velocity of water is (φ̃x̃, φ̃z̃)

2.2 Governing Equations
φ̃x̃x̃ + φ̃z̃z̃ = 0 for −h < z̃ < ζ̃(x̃, t̃) (incompressible potential flow)

φ̃z̃ = 0 at z̃ = −h (no flow into bottom)

ζ̃t̃ + φ̃x̃ζ̃x̃ = φ̃z̃ at z̃ = ζ̃(x̃, t̃) (kinematic equation)

φ̃t̃ + gζ̃ + 1
2 (φ̃2

x̃ + φ̃2
z̃) = 0 at z̃ = ζ̃(x̃, t̃) (dynamic condition)

Linearizing around the equilibrium solutions ζ̃(x̃, t̃) = 0 and φ̃(x̃, z̃, t̃) = 0 leads
to the linear dispersion relation

ω2 = gk tanh(kh).

Take ζ̃(x̃, t̃) = ζ0 ei(ωt̃−kx̃) and φ̃(x̃, z̃, t̃) = φ0(z̃) ei(ωt̃−kx̃). In the linearized equa-
tions, the nonlinear terms are simply dropped. The first two equations imply φ0(z̃) =
a cosh(k(z̃ + h)). By the third equation, ζ0 = −ia k

ω sinh(kh) and the dispersion
relation follows from the last equation.

Consider long waves with small amplitude, ie.

(kh)2 ≈ ε ≈ h−1 max|ζ|

where k is the wave number in x̃-direction. The linear dispersion relation ω2 =
gk tanh(kh) becomes

ω2 = gk2h.

Switch to dimensionless variables

ζ̃ = εhζ ∼ max|ζ̃|ζ
φ̃ = h

√
εghφ ∼ h2ωφ

x =
√

ε
x̃

h
∼ kx̃

t =
√

εg

h
t̃ ∼ ωt̃

z =
z̃

h

The equations become
φzz + εφxx = 0, for −1 < z < εζ(x, t)
φz = 0, at z = −1
εζt + ε2φxζx = φz, at z = εζ(x, t)

φt + ζ +
1
2
φ2

z +
ε

2
φ2

x = 0, at z = εζ(x, t)
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2.3 Multiple Scales Expansion
Expand φ to

φ(x, z, t) =
∞∑

n=0

(z + 1)nφn(x, t).

By the first equation,

ε
∞∑

n=0

(z + 1)nφn
xx(x, t) +

∞∑
n=2

(z + 1)n−2n(n− 1)φn(x, t) = 0,

so

φn(x, t) =
−εφn−2

xx (x, t)
n(n− 1)

∀n.

Since φz(x,−1, t) = φ1(x, t), the second equation implies

0 = φ1 = φ3 = φ5 = . . .

Therefore,

φ(x, z, t) = φ0(x, t)− ε
(z + 1)2

2
φ0

xx(x, t) + ε2
(z + 1)4

4!
φ0

xxxx(x, t) + . . .

and

φz(x, εζ(x, t), t) = −ε(1 + εζ(x, t))φ0
xx(x, t) + ε2

(1 + εζ(x, t))3

6
φ0

xxxx(x, t) + . . . .

Expand ζ, φ0
x and t

ζ = ζ0 + εζ1

φ0
x = u0 + εu1

τ0 = t, τ1 = εt =⇒ ∂t =
∂τ0

∂t
∂τ0 +

∂τ1

∂t
∂τ1 = ∂τ0 + ε∂τ1

It follows that

φz(x, εζ(x, t), t) = −εu0
x + ε2

(
−ζ0u0

x − u1
x +

1
6
u0

xxx

)
+O

(
ε3
)

φx(x, εζ(x, t), t) = u0 + ε

(
u1 − 1

2
u0

xx

)
+O

(
ε2
)

φxt(x, εζ(x, t), t) = u0
τ0

+ ε

(
u0

τ1
+ u1

τ0
− 1

2
u0

xxτ0

)
+O

(
ε2
)

ζt(x, t) = ζ0
τ0

+ ε
(
ζ1
τ0

+ ζ0
τ1

)
+O

(
ε2
)

Kinematic equation εζt + ε2φxζx = φz, z = εζ(x, t)

O (ε) ζ0
τ0

+ u0
x = 0

O
(
ε2
)

ζ1
τ0

+ u1
x = −

(
ζ0
τ1

+ u0ζ0
x + ζ0u0

x −
1
6
u0

xxx

)
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Bernoulli’s equation φxt + ζx +
1
2
∂x

(
(φz)2 + ε(φx)2

)
= 0, z = εζ(x, t)

O (1) u0
τ0

+ ζ0
x = 0

O (ε) u1
τ0

+ ζ1
x = −

(
u0

τ1
− 1

2
u0

xxτ0
+ u0u0

x

)
The lower order equations are the linear wave equation{

ζ0
τ0

+ u0
x = 0

u0
τ0

+ ζ0
x = 0

By d’Alembert, the solution is{
ζ0 = f(x− τ0, τ1) + g(x + τ0, τ1)
u0 = f(x− τ0, τ1)− g(x + τ0, τ1)

Introduce characteristic variables l = x + τ0 and r = x− τ0.

∂x = ∂l + ∂r and ∂τ0 = ∂l − ∂r

ζ0 = f(r) + g(l) , u0 = f(r)− g(l)

The higher order equations become
ζ1
l − ζ1

r + u1
l + u1

r =
−
(
fτ1 + gτ1 + (f − g)(fr + gl) + (f + g)(fr − gl)− 1

6 (frrr − glll)
)

u1
l − u1

r + ζ1
l + ζ1

r = −
(
fτ1 − gτ1 + 1

2 (frrr + glll) + (f − g)(fr − gl)
)

Adding and subtracting these, and integrating once, leads to{
2(ζ1 + u1) = −

(
2fτ1 + 3ffr + 1

3frrr

)
l + fr

∫
gdl + 1

2g2 + fg − 2
3gll + c1

2(u1 − ζ1) = −
(
2gτ1 − 3ggl − 1

3glll

)
r − gl

∫
fdr − 1

2f2 − gf + 2
3frr + c2

Since all terms except the first are bounded for l, r → ±∞,{
2fτ1 + 3ffr + 1

3frrr = 0
2gτ1 − 3ggl − 1

3glll = 0 (KdV)

Similarities in Derivations of KdV
We have derived the KdV equation in the forms

uT + uuX + δ2uXXX = 0
2fτ1 + 3ffr + 1

3frrr = 0
2gτ1 − 3ggl − 1

3glll = 0

Similarities include

• slow time (T , τ1)

• moving frame of reference (X , r, l)

• unknown is a velocity (u = yX , φx = f − g +O (ε))

The KdV equation defines the slowly varying shape of a wave.
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3 Exact Solutions of KdV

3.1 Phase Plane Analysis
Consider stationary solutions u(x, t) = U(x− vt) of the KdV equation

4ut = 6uux + uxxx

U satisfies −4vU ′ = 6UU ′ + U ′′′; integration leads to

U ′′ = −(3U2 + 4vU + α) = −∂V (U)
∂U

the equation for a particle in a potential V (U) = U3 + 2vU2 + αU .
First look for constant solutions (U ′ = 0 = U ′′), i.e. zeros of ∂V

∂U .

discriminant ∆ = 16v2 − 12α = 4(4v2 − 3α)

For v2 >
3
4
α, there are two constant solutions Ua and Ub.

The bounded solutions are

• periodic solutions around Ub with energy in [V (Ub), V (Ua))

• solitons on the separatrix at energy V (Ua)

Note: U(±∞) = 0 ⇔ Ua = 0, Ub > 0 ⇔ α = 0, v < 0 for soliton solutions.

3.2 Cnoidal Waves
We know that U ′′ = −∂V

∂U for V (U) = U3 + 2vU2 + αU . Multiplying by U ′ and
integrating implies

1
2
(U ′)2 = E − V (U) or U ′ = ±

√
2(E − V (U))

Therefore

ξ = ξ0 ±
∫ U(ξ)

U(ξ0)

dU√
2(E − V (U))

Let E − V (U) = (U1 − U)(U2 − U)(U3 − U) with U1 ≤ U2 ≤ U3 and assume
U(ξ0) = U3. Then

ξ = ξ0 ±
∫ U(ξ)

U3

dU√
2(U1 − U)(U2 − U)(U3 − U)
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Let 0 ≤ m ≤ 1 and

v =
∫ φ

0

dθ√
1−m sin2 θ

Then
sn(v|m) = sin φ and cn(v|m) = cos φ

In particular, cn(v|0) = cos v and

cn(v|1) = sech v =
1

cosh v
=

2
ev +e−v

Apply the substitution U = U3 − (U3 − U2) sin2 θ. Then

dU = −2(U3 − U2) sin θ cos θ

and

(U1 − U)(U2 − U)(U3 − U) =(U1 − U3 + (U3 − U2) sin2 θ)(U2 − U3 + (U3 − U2) sin2 θ)(U3 − U2) sin2 θ

=(U3 − U1)(U3 − U2)2 sin2 θ cos2 θ

(
1− U3 − U2

U3 − U1
sin2 θ

)
The implicit solution formula becomes

ξ = ξ0 ∓
√

2
U3 − U1

∫ φ

0

dθ√
1−m sin2 θ

with m =
U3 − U2

U3 − U1
and

U(ξ) = U3 − (U3 − U2) sin2 φ = U2 + (U3 − U2) cos2 φ

By the definition of cn, cn
(

(ξ − ξ0)
√

U3−U1
2

∣∣∣m) = cos φ, so

U(ξ) = U2 + (U3 − U2) cn2

(
(ξ − ξ0)

√
U3 − U1

2

∣∣∣∣m
)

4 Numerical Computation of KdV 1-Soliton

4.1 Petviashvili Iteration
Stationary solution u(x, t) = U(x− vt) with U(±∞) = 0 (⇔ v < 0, α = 0) of KdV
equation

4ut − 6uux − uxxx = 0

satisfies 4vU + U ′′ = −3U2. In frequency space,

(4v − 4π2k2)Û(k) = −3Û2(k)

This suggests the iteration

Ûn+1(k) = M2
n

3Û2
n(k)

(−4v) + 4π2k2

7



with stabilizing factor

Mn =
1
3

∫
((−4v) + 4π2k2)Û2

n(k)dk∫
Ûn(k)Û2

n(k)dk

The error can be estimated by |Mn − 1|.
KdV 1-soliton

U(ξ) = 2 sech(ξ)

for v = −1 computed via Petviashvili iteration from a Gaussian initial guess.
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