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Finite Dimensional Differential Equations Poisson bracket, Hamiltonian

Fin. dim. systems (ODESs): Poisson bracket,

Hamiltonian

Hamiltonian function : H(z):R" — R
Poisson bracket : {-,-} '\ R xR — R s.t.

() {azi +bzj,zc} = a{zi,z} + b{zj,z} linearity
(i) {zi,z} = —{z,z} antisymmetry
(i) {zizj,z«} = zi{zj, 2 } + zj{zi, z« } Leibniz property (chain rule)
(iv) {zi.{zj,z«}} + {zj.{zi, z«}} + {z«. {zi,z}} =0 Jacobi identity

Vz;, Zj,Zx € R
The Hamiltonian and the Poisson bracket define dynamics in time:
= {f@).H@)

Ex.: f(z(t)) = zi(t); then % = {z;,H(z)}

Remarks:
@ H(z) is constant in time b/c dH/dt = {H(z),H(z)} =0 by (ii)
° {z",9(2)} = mz" {z,9(2)} by (iii)
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Finite Dimensional Differential Equations Poisson bracket, Hamiltonian

ODEs: Poisson bracket, Hamiltonian

For f(z) : R" — R analytic with Taylor expansion

Def(0
f(z):z a!( )za, a=(0a1,...,0n), Z%=12z"2%...23"

this implies

D(0) ,_ oy aw o
{f7g}:Z !(){Zl 22 "'Znnvg}

«

o —1
=z {z,9}
T - of

(ﬂ) Do‘f(O) & @10 Qj_1_, Qjy1 an Qj _ .
= ~ > zrzgr 2Nz {2, g) = o z,9}
(e : J:l =1

Performing the same also on g we get

n
of 0
(fo} =30 Ftznalg, =(VTeVe,  w={(z.2)
ihj=1

Therefore 7 = (wVH) and f(z) = (Vf)TwVH

w ... determines the Poisson structure
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Finite Dimensional Differential Equations Poisson bracket, Hamiltonian

ODEs: Poisson bracket, Hamiltonian

Theorem (Darboux)

Given a Hamiltonian structure defined by w and a Hamiltonian H(z) it is

always possible to find a transformation z 2 (9,p,Cy,...,C;) withqg,p € RN
s.t. in the new variables

0 Iy O
o=|-Iy 0 0]. canonical Poisson structure
0O 0 O

Then for H = H(¢~%(q,p,C1,...,Cr))

A oH A
g = (OVH); = pi = (GVH)izn = —

- i=1,...,N.
I apl7 I ) )

aqi’
In the new variables Cq, ..., C; (Casimirs) may be ignored. Then we get a

2N —dim. system with w = (f)IN W ) And

{f.9} = (Vi) wVg =31, (%% - %%).
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Finite Dimensional Differential Equations Poisson bracket, Hamiltonian

ODEs: Poisson bracket, Hamiltonian, Integrability

Example: H = > 13 +V(q1,...,qN), w:( 0 'N)

—Iy O
o _p o v
op . my’ ' oq oq;
m;gi = —8—q_ Newton’s equations of motion
1

Canonical transformation : such a transformation Z (z) of variables z of a

Hamiltonian system with Poisson structure w under which the Poisson
structure is invariant

{Zi,Zj}:{Zi,ZJ‘}, I,]Zl,
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Finite Dimensional Differential Equations Integrability of Hamiltonian ODEs

Hamiltonian ODEs: Integrability

Assume we have canonical variables qi,...,qn,P1,---,PN-
Idea: find a canonical transformation to Q,...,Qn,P1,...,PyN S.t. in these

. OH

Pk=——=—=0 for some k € {1,...,N

<~ oo N

Clearly for every Py s.t. P, = 0 the conjugate variable Qi satisfies
: OH
Qk = 8—Pk(Pk) = Q¢ =const. = Qg =t + Qx(0)

i.e. both equations can be easily integrated (and H = ZIT:l QPy)
Terminology: Py action variables (usually Jx); Qx angle variables (usually 6y)

Conclusion: to completely solve a Hamiltonian system it suffices to find N
(not 2N) variables Py s.t.
. OH .
Py :7(97Qk =0 and {Pi,Pk}:O, I,k :1,...,N.
The involution condition is due to the canon. condition on q,p — Q, P and the
fact {pi,px} = 0.
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Finite Dimensional Differential Equations Integrability of Hamiltonian ODEs

Hamiltonian ODEs: Integrability

Theorem (Liouville-Arnol'd)

If for a 2N —dim. Hamiltonian system defined by w and a Hamiltonian H there
are N functionally independent (gradients linearly inependent everywhere)
conserved quantities Fq, . .., Fy mutually in involution

{FivFj}:()v |7l:17aN

then the Hamiltonian system is completely integrable.

Note: F; need not be action variables.

Example: Harmonic oscillator with H = % + '%2 and canonical Poisson
structure
N =1 = 1 conserved quanitity needed for integrability (take H)

5(3)- () ()~ aovamo wovim

Easily solvable:
q = Asin(ut + ¢o), p = AvVkmcos(ut + ¢o) = H=A%/2

T. Dohnal (SAM, ETH Zurich) Solitary Waves - Hamiltonian formalism winter 2006/07, lecture 4



Finite Dimensional Differential Equations Integrability of Hamiltonian ODEs

Hamiltonian ODEs: Integrability

Obvious action-angle variables:

2

: A
6= pt+ g0, I =H/0=H/p="Vkm

The transformation reads:

q= \/msin(e), p = \/23vVkm cos()

and its inverse is

J = (g%km + p?)/(2vkm), 0 = atan(qvkm/p)
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Finite Dimensional Differential Equations Variational Calculus

Towards Hamiltonian PDESs - Variational Calculus

Because for PDEs we will need to replace derivatives with functional
derivatives, let’s review variational calculus.

Given P, Q < RN and a functional (“action functional”)

b
" S[W]Z/a L(x,%,X,...,xM)dt  L...Lagrangian

= =— find v given by x(t) = (x1(t),...,xx(t)),t € [a,b] that
extremizes S.

Theorem (Fundam. Theorem of Variational Calculus (FTVC))

~v:t € [a,b] — x(t) is an extremum of S iff the Euler-Lagrange equations hold:

ﬁ._%_i%_’_d_zﬁ_i_ +(_1)m oL
0X; o OX%; dt Ox; dtz ox; 8Xi(m)

=0 Vie{l,...,n}
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Finite Dimensional Differential Equations Variational Calculus

Variational Calculus

Proof:

x(t)isacp.iff §[x(t)+en(t)]l.o=0  VneCM(ab),n(a)=rnb)=
ie. ¥ x(t )+5n.(t)]\520 =0 ie{1,...,nk.

ds d (P . . .
as [i(t) +em(t)] deg/ L(Xi +eni, X + e, X +€77i,--~7Xi(m) +577i(m))dt
a
ds oL oL, AL L m
dz [Xi(t) +em(t)] |e=0 = : 87i77| + 37)(inl + 87)'(';1% +...+ 8Xi(m) - dt

b 2
by parts ﬁig% di% _a\m oL
- /a <axi qax, Tazax oD S )t

where we write %) e~ (k s (Xiy Xiy o ey X (m)) As the last equ. holds for all

n € CM(a,b), we get the theorem statement (use of a continuity argument).
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Infinite Dimensional Differential Equations Variational Calculus

Variational Calculus

Example: Wave equation: uy — c2uy = 0,t € [a,b],x € R.
As a first order system (v = u;)

Ui —v =0, Vi — C2Uy = 0 (1)

Now + is a surface on [a,b] x R

5 (t.x) € [a,b] x R — u(x, t), S[y]:/ab/Rdedt

Using FTVC (proved via Green’s theorem instead of integr. by barts) get L
from the Euler-Lagrange equations (1):

1 c?
L= Ev2+7u TRY;

Check:

0S oL oL oL 2

S0 ou xaiux—atat —CUxx + V=0
0S oL oL oL
5—\/76—\/—&(6\& atat vV—u=0
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Infinite Dimensional Differential Equations Hamiltonian PDEs

Hamiltonian PDEs

ODEs PDEs

1) Hamiltonian

H=H(zi,...,2) H = [,H(u,Deu)dy, yeQCRd

— function — functional (... Hamiltonian density)

a ... multindex
2) Poisson bracket

{f(z),9(2)} = (V)TwVg | {F,G} = [, $5B%Sdy
w ... antisym. matrix B ... antisym. operator
3) Dynamics
f={f.H} P = {K(u), H(u)}
Dynamics of the coordinate functions u (or uy,...,Un):
su(x,t) L oH(u(x,t))
M= B RE= Sy 0® .y Y
Note: Su(x.1)
u(x,t) B
U(x,t)—/é(X—y)U(yJ)dy ~ Suyn Ok =)
SHQuX, 1) 4 _ gfHUX. b)) _ 5oH
— U= /5 1 dy = su(x,t)  du
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Infinite Dimensional Differential Equations Hamiltonian PDEs

Hamiltonian PDEs

examples of B:
° (E, 5) (form = 2)
@ Oyf
@ udkf + dku

Complete integrability of a Hamiltonian PDE:
- a necessary condition is the existence of infinitely many conserved
quantities mutually in involution
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Infinite Dimensional Differential Equations Hamiltonian PDEs

Back to the Wave Equation

U —v =0, Vi — C2Uyy =0, t € [a,b],x €R.
1 2
L=2>v2 —u — WV
2Vt !

Q: What is the corresponding Hamiltonian?

As shown above 2 (u) =B (?)

ot \y 67'\'/'
For the canonical B = (_0, 6) we can find H from the action defined via L
(more precisely use of “Legendre transform” is heeded)

H:l/v + c?uZdx.
2 Jr

e. “H is L without the part that gives t—derivatives”
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Infinite Dimensional Differential Equations Hamiltonian PDEs

NLS as a Hamiltonian system

Euler-Lagrange equations:
: 1 5
Gt = _qux +0lq|°q
As a real system forq = u + iv
1 1
Up = = 5V + o(u? +v?)v, Vi = Sl — o(u? +v3)u

Lagrangian: L = 2(viu — uv) + 3(u2 4+ v2) + (u? +v2)2,
Hamiltonian structure:

1
B = (BI (')), H = /R—(uf—i—vxz)+%(u2+v2)2dx

2
Check:
M _oH 5 01 _ (u2+v2)u—}u = v
su_ ou  ou, ¢ 2 T
oH  OH oH 9 9 1 B
W—aT axaivx—g(u +V )V EVXX = Ut
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Infinite Dimensional Differential Equations Hamiltonian PDEs

NLS as a Hamiltonian system

Equivalently NLS can be written as a system for q and p := q*:
. 1 2 . 1 2
'qt:*EQXx +0oq°p, *|pt:*§pxx +opq

Lagrangian: L = (piq — qip) + 3axPx + $92p2.
Hamiltonian structure

1 1
B=(%). H :/qupﬁ%quzdx (z/zqulz+glql4d><)

Check:

oH OH OH 2 1 .
E:%— xﬁqX:qu_prx = 1Qt
oH OH oH 9 1 .
B ap ap (0Pt TR

thus

SH
i <q1> =B (gg) , usually written as  iq; = ;L—H*
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Infinite Dimensional Differential Equations Hamiltonian PDEs

KdV as a Hamiltonian system

Euler-Lagrange equations:
Ut + UUy + Uyxx = 0

Hamiltonian structure:

1 1
B=0, H= /—uf— ~uddx

2 6

Check:

OH_OH _,0n 1.

Su_ du  “dux, 2 X
thus, indeed,

oH
=B—.
h ou

T. Dohnal (SAM, ETH Zurich) Solitary Waves - Hamiltonian formalism

winter 2006/07, lecture 4



Infinite Dimensional Differential Equations Computational Considerations

Computational Considerations

(I) Conservation of H

- although spatial discretization of a Hamilt. PDE may not result in a Hamilt.
system of ODEs, it is often “close to Hamiltonian” - i.e. almost preserves the
corresp. quadrature of the Hamiltonian functional

- special discretization methods for preseving Hamiltonian structure exist [4]

- use symplectic time integration methods - e.g. implicit midpoint or symplectic
split-step methods

(1) Computing stationary solutions

Recall: u solves the Euler-Lagrange equations (=the given PDE) iff %ﬁ =0
Idea: extremize the action functional S in a suitable finite dim. space

- expand u in a suitable complete orthogonal basis (¢ (X; 81, 62, - - -, 5p))res
with parameters §;:

M=

u~

ax(t)dk(x) with ¢ satisfying the BC’s
k=1

b
S = / / L(u,u;, D*u)dxdt, D>u denotes all the spatial derivatives of u
a JQ
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Infinite Dimensional Differential Equations Computational Considerations

Computational Considerations

S—/ab/QL(u,ut,Dau)dxdt,
b
N/a /QL(Zakcﬁk,Za'kcbk,ZakDa(bk) dxdt

If ax(t) = bye ™! , by, constant, then need to extremize the reduced action

§ = /Q L brdi, —iw D b, 3 biD ¢y )olx
=[#. D¢ known ] =: F (by. ... bw. v, .. )

- often F is a polynomial (not for Sine-Gordon eq.).
- need to solve VF =0 (Visw.rt. (by,...,bm,B1,...,0p))
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Infinite Dimensional Differential Equations Computational Considerations

Example: Cubic-quintic NLS

. 1
iU :—Euxx+a|u|2u—7|u|4u, x €R

Lagrangian density: L = 5(ufu — uu*) + 3|ux|? + Z|uf* — Z|ul®
For the solitary wave solutions u = e~ '“tv(x),v € R get

1 gl
L= —wv?4 2v2 4+ Zy4 - 1y6
w —|—2X—|-2 3

Orthogonal basis of test functions: ¢x = sech(ux)Px(tanh(ux)), where Py is
the k — th Legendre polynomial.

Using the expansion v(x) ~ Zkle by ¢« (X; p) the reduced action functional is
§ = ~wb"D(u)b +bTM()b + G(b, u) =: F (b, 1),
where
2

o ’ _ g 4a_7 6
i = eyt M= /Rd)qﬁdx G_/RZ(Zbk(bk) 3(2_ D) dx
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Infinite Dimensional Differential Equations Computational Considerations

Example: Cubic-quintic NLS

Thus . .
2D(u)b 2M ()b (VBG)
VF = —w| |+ - .
¢ (bTD’(u)b> ’ <bTM’(u)b -
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Infinite Dimensional Differential Equations Computational Considerations
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