
Overview

ut − (Lu)x + pup−1ux = 0 (1.1)

(1.3)

{
cΦ + LΦ = Φp

lim|x|→∞ Φ(x) = 0
or (1.5) [c+ v(k)] Φ̂(k) = Φ̂p(k)

Assumption 1.1
p > 1, v(k) ≥ 0, c > 0. ∃ real analytical solution to in X = L2(R) ∩ Lp+1(R) ∩Hm/2(R)

Petviashvili Iteration
ûn+1(k) = Mγ

n

ûp
n(k)

c+ v(k)
(1.8)

Mn =

∫∞
−∞[c+ v(k)][ûn(k)]2dk∫∞

−∞ ûn(k)ûp
n(k)dk

(1.9)

H = c+ L−pΦp−1(x) (2.1)

Assumption 2.1 on Spectrum of H:
• σdiscr

L2 (H) for eigenvalues < c

• σcont

L2 (H) for eigenvalues ≥ c

• Nullspace is one-dimensional

• dim. neg. space n(H) ≥ 1

Assumption 2.7 :
Either Φp−1(x) ≥ 0 (−→ λmax((c+ L)−1H) < 1) or λmax((c+ L)−1H) < 2

Theorem 2.8
Let Φ̂(k) solution to (1.5), assumptions 1.1 and 2.1. Petviashvili Iteration (1.8), (1.9) converges

to Φ̂(k) in (small) neighbourhood of Φ̂(k) if:

1. 1 < γ < p+1
p−1

2. n(H) = 1

3. assumption 2.7 is met.

"If any of the conditions are not met, the Petviashvili iteration diverges from Φ̂(k)".

Fixed Point Theorem
Let B a Banach space, D ⊂ B open, assume that A : D −→ B has �xed point f̄ ∈ D, and let A
Fréchet di�. in f̄ (A′(f̄)).
∀0 < ε < 1− ‖A′(f̄)‖ ∃S(f̄ , δ) open such that if f0 ∈ S(f̄ , δ):

• The iterates fn := Afn−1 ∈ S(f̄ , δ)

• lim fn = f

• ‖fn − f̄‖ ≤ (‖A′(f)‖+ ε)n ‖f0 − f‖
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Proposition 3.1
A′(Φ̂) (i.e. Operator (1.8), (1.9) linearized at Φ̂(k)) has spectral radius smaller than one

(‖A′(Φ̂)‖ < 1), if

• 1 < γ < p+1
p−1

• n(H) = 1

• assumptions 2.1 and 2.7 are met.

Xp := {U ∈ L2 : 〈Φp, U〉 = 0}

qn+1(x) = qn(x)− (c+ L)−1H qn(x) (3.5)

Lemma 2.4
σ ((c+ L)−1H) in Xp(R) has n(H)− 1 negative eigenvalues.

Lemma 2.5
Positive spectrum of (c+ L)−1H in Xp(R):

1. In�nitely many discrete EV. 0 < λ < 1 (accumulating to 1−).

2. If ∀x ∈ R: Φp−1(x) ≥ 0: no EV. > 1.

3. If ∃x0 ∈ R : Φp−1(x0) < 0, we also have in�nitely many discrete EV. in 1 < λ < λmax

(accumulating to 1+), and λmax < 1 + p
c
| minx∈R Φp−1(x) |<∞.

HU = λ(c+ L)U (2.4)

Lemma 2.3
The negative space of H in Xp(R) has dimension n(H)− 1.

〈Φp, ψ〉 = 0 Hψ = µψ − νΦp(x) (2.7)

ψ(x) = ν

[∑
µk<0

〈uk,Φ
p〉

µ− µk

uk(x) +
∑
µk>0

〈uk,Φ
p〉

µ− µk

uk(x)

]
(2.8)

F (µ) =
1

ν
〈Φp, ψ〉 =

∑
µk<0

|〈Φp, uk〉|2

µ− µk

+
∑
µk>0

|〈Φp, uk〉|2

µ− µk

!
= 0 (2.9)
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