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Introduction

The nonlinear cubic-quintic Schrédinger equation (CQNLS) is the
following differential equation:

2 4
Wy + Uy + aru |u|” — apu|ul” =0,
where a; and a, are real constants.

It takes its name from the fact that the small amplitude approximation is
the equation that Schrddinger proposed in the year 1926 for the
propagation of a quantum wave packet in free space.



Physical applications of the CNLS

The CNLS is a generic equation, arising whenever one studies
unidirectional propagation of wave packets in a dispersive energy
conserving medium at the lowest order of nonlinearity.

Applications of the CNLS are
Description of non-linear pulses on an optical fiber

Two-dimensional self-focusing of a plane wave

>
>
» One-dimensional self-modulation of a monochromatic wave
» Propagation of a heat pulse in a solid

>

Langmuir waves in plasmas.



From the Sine-Gordon to the 1D CNLS

Start from the Sine-Gordon equation
2 2
Ugt — ColUgg + whsinu = 0.

We consider only the first two terms of the Taylor-development of the
sinus function
ud
sinu=u——+...

6

A first idea could be to look for a solution of the form of a plane wave
with a small perturbating term

u(x,t) = eAe' 979 4 2 B(x, 1),

but in this case we would obtain B(x,t) ~ &2, i.e. B(x,t) diverges.



Introduce multiple scales expansion
i i
T; =¢€'t, X, =¢'x,

so the solution will be of the form

’U/(ZL‘ﬂf) = €Z€i¢i ()(0,)(1,)(27 ...,T’(),T’hT‘z7 ) .
i=0

We use the notation




At the order £ we need to solve
(D§ — §D%, + wp) do = 0.
The solution is a plane wave:
(ZSO = A(Xla T17 X27 T27 m)ez(qu—wTo) +c.c.,

where c.c. is the complex conjugate.
It holds the dispersion relation w? = w? + 3¢



At the order £2 we find
Di¢1 + 2DoD1¢o — cd D%, ¢1 — 2¢3 Dx Dx, o + wip1 = 0.

We need the following condition to eliminate the secular terms

0A 3 0A
+1% =0,
8T1 w 8X1
where vy = % is the group velocity.

The solution is therefore
¢1 =0.



Order 3:
2
[0y
=D} — 2DoDago + gD, 6o + 265 Do Dy b0 + ~-65

—2DgD1¢1 + 2c¢2Dx, Dx, $1 = 0.
As above we need the condition

LA, A GPA L, 0A 32
ar2 "o, T Vax2 T 5%,

2|AP A =0.

Introducing the new variables
& = X —vgT5, 7 ="1T;
and using the condition of the order g2, we have

0?A 0A 0A 0A 1
(c(z) ) 862 + 2w (62 v98§>+2qc°8§ 5WS|A|2A:0



Using the expression for the group velocity

Vg = qc%/w7
we obtain
oA (§—v2) 924
g4 0 g7
01 2w 85%
which is just the CNLS with

2
wO 2

+ —=|A|"A=0
4w| | ’

2 2
_ Wy 2w _ wp

T 4w (C%—vg) _2(05—115).

ai



Single soliton solution for 1D CNLS

This is found by looking for solutions of the CNLS, with a; = v,
depending on a moving coordinate X = x — Ut:

u = e hy(X), X =z —Ut,

where r and s are constants.
On substitution, the ordinary differential equation for v is

V" +1(2r — U + (s — v+ v|of v =0.

We now choose )

U
r=—ands=——aq,
2 4

the first being the important one to eliminate the term in v’.



Then v may be taken to be real and
V" — av 4 vv® = 0.

This gives rise to a cnoidal wave equation for v. It may be integrated
once to
V2 = A+ av® — Zv“,
2
which can be solved in elliptic functions.
The limiting case of the solitary wave is possible when v > 0; we take
A =0, o >0, and the solution is

v= 2a " sech <a1/2 (z— Ut))
> .



Analytical solutions of the CQNLS

As seen it is possible to find analytic solutions of the CQNLS. One way of
doing this is the following: we consider the differential equation in the
form

W + Ugy = A1 |u|2 + aru |u|4

and we use the “Ansatz”

u(@,t) = f(z)e™",

where a is a real constant and f a complex function. The CQNLS
reduces to

foa +af =arf|f? +aaf |f]*.



We now set
fx) = M(z)eN ™),

where M and N are real functions. Separating the real and the
imaginary part of f(x), we get

M,y — M (N,)* + aM = a; M + ap M®

and
2M, N, + MN,, = 0.



Multiplying the second equation by M

2MMyN, + M?N,, =0,

(M?) Ny + M?N,, =0,

and integrating twice we obtain N in terms of M
N = S/M‘2dx + Ny,

where S and Ny are real integration constants. Ny represents a constant
change of phase.
Substituting this last equation into the first, leads to

My, — S°M 73+ aM = a; M3 + a, MP.



We have now to multiply by M, and integrate to get
M4 6
(M)? + S2M 72 4 aM? = ay—- + a2+ Ko,
where Kj is an integration constant. This equation leads to a standard
elliptic integral by the substitution
_ 1/2
M(z) =[pW(y)l'", pW >0,

where p is a nonvanishing constant and

1/2
y = (pzﬂ) x, fora, =0,

1/2
4
Y= (;Q) px, for ax #0.



Then we have for the cubic case

8a 852
(Wy)? =4W? — — W2 + 4KW — —
aip arp3

= 4—(W - Wl)(W - Wg)(W - W3)
and for the quintic case

2
W,)? = W* + 30 s i‘gwhmwfﬁ
2asp azp azp*

= (W — Wh)(W — Wa)(W — W3)(W — W),

where K := pKoy?/z? is a constant and the W;'s are the roots of the
right-hand sides.



An example of analytical solution of the CQNLS

The equation
g + Ugg + w |ul” — Sulu|* =0
has the solution

sechz ot

u(z,t) = V2
[Cc+1-% sech? x 1/2

b

for
_ 46W3 _46

__ M3 1) 3
3 3 \40 2\ 462(3-166)
o N N
B 3 \/ 402(3 — 166)°

C




Where W3 is one of the roots of the polynomial

3 3

W4+%W3+5W2,
i.e.
Wy =0, Wo=0
W3——i+1\/57 Wy=—— —
46 2
with
5 33165




Note that the constant C' is complex for § > 3/16.
In fact D < 0 for § > % = 0.1875, because

33160
p=>2—"2""
4
3160

52
=3-165 <0

<0

<0

3
0> —.
=0> 6



Numerical computation of a solution of the CQNLS

We look for a solution of the CQNLS
Wy + Uy + U \u|2 —bulul* =0,
for 6 =1, using a known solution,
z(z,t) = V2 sech(z)e™,

of the CNLS (¢ = 0).

We perform numerical homotopy continuation of z(z,t) by slowly
increasing the value of ¢ up to 1.

Suppose at first the wanted solution has the form

u(z,t) = v(z)e",

for a real function v(x) that we need to determine numerically.



This leads to the following differential equation for v
—v+ 0"+ 03— 6® =0,

that we discretize with the finite difference method and solve, at each
value of §, using the Newton iteration.
We are starting from the function

vo(x) == z(x,0) = V2 sech(z)
that sastisfies the differential equation
—vo + vy + v3 — 6v§ = 0.
As yet seen, analitically the obtained solution would be

sech(z) ot

u(z,t =2 e’
(1) [C+1— C/2sech®(z)]

for a constant C depeding on §.



Moving waves

The above numerically calculated wave is a stationary one. We are now
going to see how it is possible to derive a moving one. We assume

u(z,t) = Ae"'v(x)
solves the CQNLS
Wy + Uge 4+ u |uf’ — dulu* = 0.
It follows that v satisfies
—Awv + AV + A3 — 54%° = 0.

Use Galilean boost to obtain a moving wave, with speed w, starting from
a stationary one. Let
T =z—wt

t:=t.



We would like to know how frequency and amplitude get transformed

@ ?

A

Il
-~

We define
’l](.’l?,t) — A(w) z(w(u;)t+u1) ( ) A( ) z(i;(w)t+uac)v(x —wt),

for a constant p.
Inserting, we get a new differential equation for v

( o(w )A( )e US(w)t+pz),, u}A( Je Z(‘D(w)t+ﬂm)y/> +A(w)ez(&(w)t+uz)vu

+2Z,U,A( ) « )t+M“L)U 2A(U})6 t+l“')v+A3(w) 1 (O(w)t+px)
—0 A5 (w)v e @W)ttnz) — o



It follows

Awy” — A)o(wyo — A(w)we’ + 204wy’ — Aw)pt
+ A3 (w)v® — §A%(w)v® = 0.
Taking now w = 2u, we get
v — o(w)v — pPo + A% (w)vd — 6 A% (w)v® = 0.
So 1 is still a solution of the CQNLS if

U)2

4

N

D=w—pu=w-—-

Then

i(x,t) = Ae' (=) ge v(x — wt).

also solves the CQNLS.
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