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Abstract
In this paper we analyze the structure of transitive permutation groups that have trivial four point stabilizers,
but some nontrivial three point stabilizer. In particular we give a complete, detailed classification when the
group is simple or quasisimple. This paper is motivated by questions concerning the relationship between fixed
points of automorphisms of Riemann surfaces and Weierstrafl points and is a continuation of the authors’ earlier
work.
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1. INTRODUCTION

In this article we classify transitive permutation groups where some nontrivial element fixes three points,
but all four point stabilizers are trivial. The motivation for the study of this question is rooted in the
theory of Riemann surfaces and their automorphisms. Schoeneberg proved that if an automorphism of
a compact Riemann surface X of genus at least two fixes five or more points, then all of its fixed points
are Weierstrafl points. By definition Weierstra$l points are analytically distinguished. Their significance
for understanding the structure of Aut(X) became apparent when Schwarz used the action of Aut(X)
on the set W(X) of Weierstrafl points of X in order to establish the finiteness of Aut(X).

In the following we denote by Fix(X) the set of all z € X which appear as a fixed point of some nontrivial
automorphism of X. This article continues the work begun in [19] whose ultimate aim is to identify the
pairs (X,Aut(X)) for which Fix(X) € W(X). Our approach is to first identify the potential candidates
for Aut(X), which is done by considering the action of Aut(X) from the point of view of abstract
permutation groups. From this perspective, Schoeneberg’s result naturally leads to the investigation of
transitive permutation groups where nontrivial automorphisms have at most four fixed points.

In [19] we considered the case where at most two fixed points are allowed, which of course includes
Frobenius groups. In the present paper we consider the next case, which means that all four point
stabilizers are trivial, but some three point stabilizer is not. Our first two theorems classify the simple
and almost simple permutation groups satisfying our hypotheses whereas the third result is a general
structure theorem. The final case, where five point stabilizers are trivial and some four point stabilizer
is not, is work in progress.

Theorem 1.1. Suppose that G acts faithfully and transitively on a set Q. Suppose that the four point
stabilizers are trivial, but that some three point stabilizer is nontrivial. If G is simple and w € €, then
one of the following holds:

(i) G, is not cyclic and one of the following is true:
) G2 A;, | =15 and G, € Syk(G).
) G = Ag, | € {6,15} and G, is isomorphic to A5 or Ss, respectively.
¢) G 2=PSLy(7), |Q| = 7 and G, = Si.
) G= A7, |Q] =15 and G, 2PSLy(7).
)
)

1



(ii) G is cyclic of order prime to 6 and one of the following is true:
~PSLy(q) and |Gl = ¢* +q+1/(3,q— 1).
=PSUs(q) and |G| = ¢* —q+1/(3,q+1).
= PSLy(3), |9 =27-35.5 and |G| = 13.
=~ PSUL(3), |2 =27-35.5 and |G| = 7.
~PSL(5), | = 27325513 and |G| = 31.
>~ Az, Q] =360 and |G,| =T.
As, || = 2880 and |G, | =T7.
G2 M, Q] =27-32.5-11 and |G| = 7.

(a
(b) G
(c) G
d) G
(e) G
) G
(g) G =
(h

We remark that the point stbilizers in cases (i)(d) and (f) are examples of groups satisfying the main
hypothesis of [19].

)
)
)
)
)
)
)
)

Theorem 1.2. Suppose that G acts faithfully and transitively on a set Q). Suppose that the four point
stabilizers are trivial, but that some three point stabilizer is nontrivial. If G is almost simple, but not
simple and if w € Q, then one of the following holds:

(i) There is a prime p such that G = Aut(PSLy(2P)) =Aut(SL2(2P)), and Q is the set of 1-spaces of
the natural module of SLy(2P). (This includes the example where G = Sy in its natural action
on five points.)

(i) G =PGL3(q) with (¢ —1,3) =3, |Q| = ¢(¢®> — 1) and G, is cyclic of order (¢* —1)/(q—1).

(iii) G 2PGUs(q) with (q+1,3) =3, |Q| = ¢*(¢> + 1) and G, is cyclic of order (¢> +1)/(q+1).

Almost 40 years ago Pretzel and Schleiermacher [20] studied an important special case of our present
situation, namely they investigated transitive permutation groups in which, for a fixed prime p, every
nontrivial element fixes either p or zero points. (They call these groups (0, p)-groups.) They stated that
one would like to prove that either G contains a regular normal subgroup of index p or that G contains
a normal subgroup F' of index p such that F' acts as a Frobenius group on its p orbits. Although our
hypothesis is more general, the influence of the work of Pretzel and Schleiermacher is visible in several
places in this article.

Before we state our main theorem, we recall that H < G is said to be strongly embedded in G if H
has even order and if, for all g € G\ H, the intersection H N HY has odd order.

Theorem 1.3. Suppose that G acts faithfully and transitively on a set Q. Suppose that the four point
stabilizers are trivial, but that some three point stabilizer is nontrivial. Then G has order divisible by 3
and if w € Q, then one of the following holds:

(i) |Gy is even and one of the following is true:
(a) G has a normal 2-complement.
(b) G has dihedral or semidihedral Sylow 2-subgroups and 4 does not divide |G,|. In particular
G, has a normal 2-complement.
(¢) Gy contains a Sylow 2-subgroup S of G and G has a strongly embedded subgroup.
(d) |G : G| is even, but not divisible by 4 and G has a subgroup of index 2 that has a strongly
embedded subgroup.
(ii) |Gw| is odd and one of the following is true:
(a) G has a normal subgroup R of order 27 or 9, and G/R is isomorphic to Ss, A4, Sy, to a
fours group or to a dihedral group of order 8.
(b) G has a regular normal subgroup.
(¢) G has a normal subgroup F of index 3 which acts as a Frobenius group on its three orbits.
(d) G has a normal subgroup N which acts semiregularly on Q such that G/N is almost simple
and G, is cyclic.



This paper is structured as follows: After fixing some standard notation, we introduce examples which
are typical for the situation that we analyze later on. Then we move on to proving results about the local
structure of the groups under consideration and collect enough information to bring the Classification
of Finite Simple Groups into action in an efficient way. In our reduction to almost simple groups it
is necessary to consider normal subgroups satisfying the main hypothesis of [19], as can be seen for
example in the proof of Lemma 2.23. This is one of the many places where the interaction between the
individual pieces of the project outlined in the beginning of this section becomes visible.

Sections 3 to 5 deal with particular classes of simple and quasisimple groups. Then in Section 6 we
collect this information for the proof of Theorems 1.1 and 1.2. Finally we give the proof of Theorem
1.3. and we explain how the possibilities arising in Theorem 1.3.2 (b) resemble the examples given in
Section 2.1.
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2. PRELIMINARIES

In this paper, by “group” we always mean a finite group, and by “permutation group” we always mean
a group that acts faithfully.
In this chapter let ©2 denote a finite set and let G be a permutation group on 2.

Notation

Let w € Q and g € G, and moreover let A C Q and H < G.

Then H,, := {h € H | w" = w} denotes the stabilizer of w in H,

fixa(H) := {w € A | wh = w for all h € H} denotes the fixed point set of H in A and we write fix(g)
instead of fixa ((g)).

We write wf for the H-orbit in  that contains w.

Whenever n,m € N, then we denote by (n,m) the greatest common divisor of n and m. Moreover we
write Z,, (or sometimes just n) for a cyclic group of order n.

Lemma 2.1. Suppose that G has a nontrivial proper subgroup H such that the following holds: Whenever
1# X < H, then No(X) < H.
Then G is a Frobenius group with Frobenius complement H .

Proof. This is Lemma 2.1 in [19] . O

Lemma 2.2. Suppose that G acts transitively on the set Q0 and that « € Q. Let 1 # X < G,. Then the
following hold:

(a) If « is the unique fized point of X, then Ng(X) < G,.

(b) If X has exactly two fized points, then Ng_ (X) has index at most 2 in Ng(X).

(¢) If X has exactly three fized points, then Ng_(X) has index at most 3 in Ng(X).

Proof. Assertion (a) holds in any permutation group. As Ng(X) acts on fixq(X), we see in (b) that
Ng(X)/Ng,, (X) is isomorphic to a subgroup of Sz. In (c) let K denote the kernel of the action of Ng(X)
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on fixq(X). Then Ng(X)/K is isomorphic to a subgroup of Ss. If this factor group is isomorphic to
a proper subgroup of Ss, then (c) holds. Otherwise we note that there is ¢ € Ng(X) that fixes o and
interchanges the other two points in fixo(X). Hence g € G, and |[Ng(X) : Ng,(X)| = 3. So again (c)
holds. (]

Lemma 2.3. Suppose that G is a {2,3} -group and that G acts transitively, nonregularly on a set
such that four point stabilizers are trivial. Then G is a Frobenius group.

Proof. This follows from Lemmas 2.2 and 2.1. O

Hypothesis 2.4. Suppose that (G,Q) is such that G acts transitively, nonregularly on the set ), that
four point stabilizers are trivial and that some three point stabilizer is nontrivial.

Note that Hypothesis 2.4 implies that |2| > 5 because nontrivial permutations on four or fewer points
can have at most two fixed points.

Lemma 2.5. If (G,Q) satisfies Hypothesis 2.4 and w € Q, then one of the following is true:
(1) |Gyl is even.
(2) G, is a Frobenius group of odd order, where the Frobenius complements are three point stabi-

lizers.
(3) |firqg(G.)| =3 and |G| is odd.

Proof. We suppose that |G| is odd and that |fixq(G.,)| # 3. Thus we need to show that the statements
in (2) hold, in particular that G, is a Frobenius group.

Hypothesis 2.4 implies that there exists a set A of size 3 such that w € A and such that the point-wise
stabilizer H of A in G is nontrivial. Let 1 # X < H. Then X acts semiregularly on 2\ A and Ng(X)
leaves A invariant. Since |G| is odd and |A| = 3, this implies that Ng(X) has odd order. Hence
|INa(X) : Nuy(X)| € {1,3} and this holds for all 1 # X < H.

Next we observe that if there is a nontrivial subgroup X of H such that |Ng(X) : Ng(X)| = 3, then
all g € Ng(X) \ Ny(X) act transitively on A; i.e. they fix no point of A.

Thus |Ng,(X) : Ng(X)| =1 for all 1 # X < H. As |fixq(G.)| # 3, we know that H < G, and
therefore Lemma 2.1 implies that G, is a Frobenius group where H is a Frobenius complement. This is
our claim. ]

We recall that a subgroup H of G is t.i. (short for ”trivial intersection) if and only if, for all g € G,
either HNHY=1o0r HY = H.

Corollary 2.6. Suppose that (G,Q) satisfies Hypothesis 2.4 and that || > 7. Let w € Q and suppose
that G, is a Frobenius group of odd order with a Frobenius complement H that is a three point stabilizer.
Let A :== G/H (with the natural action of G by right multiplication). Then (G, A) satisfies Hypothesis
2.4. Moreover if h € G* stabilizes A, then |fizy (h)| = 3.

Proof. As G is not a Frobenius group by Hypothesis 2.4 and the point stabilizers have odd order,
Lemma 2.1 implies that there exists some 1 # X < H such that |[Ng(H) : Ng(X)| = 3. Now X acts
semiregularly on Q \ fixq(H), and since || > 7, this implies that the set-wise stabilizer of fixq(H) is
properly larger than H. Therefore |[Ng(H) : H| = 3. Also if h € HN HY and H # HY, then h fixes
fixg(H) U fixq(HY) # fixq(H) and hence h = 1 by Hypothesis 2.4. So H is t.i. and |[Ng(H) : H| = 3,
which implies our claim. O

2.1. Examples. Here we describe some series of examples for Hypothesis 2.4. In particular we classify
all possibilities where §2 has five or six elements.
Lemma 2.7. If (G,Q) satisfies Hypothesis 2.4 and || < 6, then one of the following is true:

(1) 19 =5 and G = Ss.



(2) |12 =6 and G = As.
(3) |192] =6 and A31S2 < G < (S3182) N Ag (two possibilities in total).

Proof. Hypothesis 2.4 implies that some element g € G has three fixed points on Q and that || > 5.
In the following we view G as a subgroup of Sg.

If || = 5, then g is a 2-cycle. As 5 is prime, the hypothesis that G is transitive implies that G is prim-
itive. Now G is a primitive permutation group on five points that contains a transposition, so G = Sj
as stated in (1).

If || = 6, then g is a 3-cycle. Without loss g = (456), so g lies in the point stabilizer G;. The 2-cycles
in Sg have four fixed points, therefore Hypothesis 2.4 implies that (1,2)% NG = @. If G acts primitively
on €, then it follows that G = Ag which leads to (2). Possibility (2) does in fact occur as an example,
as an inspection of the conjugacy classes shows. If G is not primitive on €2, then, since G contains a
3-cycle, it is a subgroup of S31S5. Now |G| = 6- |G| > 18 which implies that A3?Ss < G. On the other
hand G # 8318, as G does not contain 2-cycles. Therefore G < (S3183) N Ag and (3) follows. O

Having considered small examples we also look at sharply 4-transitive permutation groups. We note
that any element of such a group that fixes four points is the identity element. Moreover a three point
stabilizer in such a group is transitive on the set of points that are not fixed, and in particular it is
nontrivial if the size of the set is at least 5. The next result is due to Jordan and can be found as
Theorem 3.3 in Chapter XII of [14].

Lemma 2.8. If G is sharply 4-transitive, then G is one of S4,S5, Ag, M11.

Thus we see that S5, Ag, M1 in their actions on 5,6 or 11 points, respectively, are examples satisfying
Hypothesis 2.4.

Lemma 2.9. Suppose that P is a 3-group of order at least 27 and that H < P is a subgroup of order 3
such that |Cp(H)| = 9. Let Q) denote the set of right cosets of H in P. Then (P, ) satisfies Hypothesis
2.4.

Proof. Only the conjugates of elements of H have fixed points on Q. If h € H#, then [fixq(h)| =
|Np(H) : H|. The outer automorphism group of H has order coprime to 3, therefore Np(H) = Cp(H)
and our hypothesis on |Cp(H)| implies that |Np(H) : H| = 3. This proves our claim. O

We recall that a nonabelian p-group P is of maximal class if it possesses a p-element x such that
|Cp(x)] = p?. Extraspecial p-groups of order p® are examples of this. The 2-groups of maximal class
are dihedral, quaternion or semidihedral, whereas for p > 2 there are many other possibilities (see [12],
II1.14). Lemma 2.9 implies that 3-groups of maximal class all give rise to examples for Hypothesis 2.4.
The next three classes of examples are variants of those introduced in [19].

Lemma 2.10. Let p be a prime and let A denote the additive group, M the multiplicative group, and
G the Galois group of a finite field of order 3P. Let G be the semidirect product (A : M) : G and
G, :=M :G. Let Q denote the set of right cosets of G, in G. Then (G, Q) satisfies Hypothesis 2.4.

Proof. We note first that A is a regular normal subgroup of G in its action on . Thus if g € G#, then
fixa(g) = |Ca(g)|. Our claim follows as 1 and 3 are the only possible values for |Ca(g)]. O

Lemma 2.11. Let F' be a Frobenius group with kernel K and complement H and let Z be a cyclic group
of order 3. Let G := Z x F and let Q be the set of right cosets of H. Then the pair (G,Q) satisfies
Hypothesis 2.4.

Proof. The subgroup K has three orbits on €2 which are transitively permuted by Z and fixed set-wise
by elements of H. If h € H¥, then h fixes exactly one point on each K-orbit. Our claim follows. (]
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We remark that in this last example the number of fixed points of an element is either 0 or 3.

Lemma 2.12. Let p,r be primes and let K be a field of order p>". Let A and M be the additive
respectively the multiplicative group of K and let H be a subgroup of the Galois group of K of order 3.
Let ) be the set of right cosets of M in G := (A: M) : H. Then (G, ) satisfies Hypothesis 2.4.

Proof. We first observe that A has three regular orbits in its action on €2 which are permuted transitively
by H;ie. A x H acts regularly on H. If m € M# and a € fixq(m), then o C fixq(m) because H
normalizes M and M is cyclic. The claim follows. O

We close this section with a result by Fukushima [8], generalizing a result of Rickman [22], which leads
to yet another fairly general class of examples.

Lemma 2.13. Let H be a finite group and o €Aut(H) of odd prime order. If the order of « is coprime
to |H| and if Cu(a) is a 3-group, then H is solvable and more specifically H = O3 3 (H)Cq (o). If
G := H x (a), if moreover Q) is the set of right cosets of (o) in G and |Cy(a)| = 3, then the pair (G, )
satisfies Hypothesis 2.4.

Proof. The first statement is the combined content of Theorem 1 and Proposition 3 of Fukushima [8],
whereas the second is a corollary of the first. |

2.2. More general properties following from our hypothesis.
Lemma 2.14. Suppose that Hypothesis 2.4 holds. Then |Z(G)| € {1, 3}.

Proof. Let a € Q. As G acts faithfully on Q, we know that Z(G) intersects G, trivially. Let € G,, be
an element with exactly three fixed points. Then Z(G) < Cg(x) and hence Lemma 2.2 (c¢) implies that
1Z2(G)] € {1,3}. O

Lemma 2.15. Suppose that Hypothesis 2.4 holds and let o € Q. Then the following hold:

(a) If some 2-element in G, has exactly three fized points on Q, then G, contains a Sylow 2-
subgroup of G.

(b) If some 3-element in G4, has exactly three fized points, then 3 divides |Q2]. In particular, in this
case, G, does not contain a Sylow 3-subgroup of G.

(¢) For all primes p > 5 that divide |G|, some Sylow p-subgroup of G is contained in G.

Proof. Suppose that x € G, is a 2-element with exactly three fixed points. As x has orbits of 2-power
lengths on the set of points that are not fixed, it follows that || is odd. Therefore |G : G4 | is odd and
G, contains a Sylow 2-subgroup of G.

For (b) suppose that y € G, is a 3-element with exactly three fixed points on €. The remaining orbits
of y on  have 3-power lengths and therefore || is divisible by 3. This means that |G : G| is divisible
by 3 and in particular G, does not contain a Sylow 3-subgroup of G.

Finally suppose that p € 7(G,) is such that p > 5. Let * € G, be an element of order p and let
z € P €8yl,(G@). Then Lemma 2.2 (b) implies first that Z(P) < G, and then that P < G,. This
finishes the proof. O

Lemma 2.16. Suppose that Hypothesis 2.4 holds and that N < G is such that all N-orbits on Q have
size 2. Let Q) denote the set of N-orbits of Q and let K denote the kernel of the action of G on €.
Then | <6 and (G, ) is as in Lemma 2.7.

Proof. By hypothesis N is a 2-group. If N has order 2, then N < Z(G) and this contradicts Lemma 2.14.

Hence N has order at least 4. We set m := \S~2| and we simplify notation by denoting the elements of {2 by

1,...,2m and by expressing elements of G as elements from Sa,,,. We write = {{1,2},...,{2m—1,2m}}.

Now it is sufficient to prove that m < 3. Hence we assume otherwise. Our fixed point hypothesis tells us

that all elements from N# are a product of at least m — 1 disjoint transpositions. Suppose that t € N#
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induces (1,2)---(2m — 1,2m) on Q and let s € N# be such that s # ¢. On each element of Q, only
one nontrivial action of s is possible, namely the action of the corresponding transposition. If ¢t and s
both induce a transposition on {1,2}, then s -t fixes 1 and 2. Otherwise s fixes 1 and 2 and we have
the same two possibilities on {3,4}. As || is even, all elements from N# can only have zero or two
fixed points, so looking at the remaining elements of ) yields that s or s - ¢ fixes at least four points on
Q. This is impossible. A similar argument applies if we choose t to already have two fixed points on €.
Hence m < 3 as stated. [l

Lemma 2.17. Suppose that Hypothesis 2.4 holds. Let S € Sylo(G) and o € Q. Then one of the following
holds:

(1) G4 has odd order.

(2) S is dihedral or semidihedral and |Sq| = 2. In particular G,, has a normal 2-complement.

(3) |S| > 4, there is a unique S-orbit on Q of length 2, and all other S-orbits have length |S|. Then
02(G) =1 or Oz(G) is a fours group and || < 6.

(4) |9| is odd.

Proof. Suppose that (1) does not hold. Then with Sylow’s Theorem we may suppose that S, # 1.

Let A := o and let n,m € Ny be such that |S,| = 2" and |S : S,| = 2™. First suppose that m > 2.
Let d denote the number of fixed points of S, on A and choose a € Ny such that |A| =d+a-2". As
n > 1and |A] = 2™ > 4, we see that d = 2 and hence 2™ = 2 (1 4+ a - 2"1). This implies that n = 1
and that a = 271 — 1, so Lemma 2.2 (b) forces |Cs(S,)| < 4. Thus either S is of order 2 or of maximal
class. For (2) we assume that S is quaternion. Then |S| > 8 and |S,| = 2, in particular G, contains the
unique involution in S. But then Lemma 2.2 forces a subgroup of index 2 of S to be contained in G,
which is impossible. Now 11.9 in [12] yields that S is dihedral or semidihedral. Moreover S, has order
2 which means that G, has cyclic Sylow 2-subgroups and hence a normal 2-complement. This is (2).
Now we suppose that m < 1. Then (4) holds or S, has index exactly 2 in S. We look at the second
case more closely. By Lemma 2.2 we know that there exists 8 € ) such that o # 8, S, = Sz and all
elements in S\ S, interchange o and S. As S, already has two fixed points and || is even in this case,
it follows that S, has exactly two fixed points and hence it has regular orbits on the remaining points
of Q. It follows that A := {«, 8} is the unique S-orbit of length 2 and all other orbits have length |S|.
As |Q| > 2 by hypothesis, there exists a regular S-orbit of 2 and this means that we may choose g € G
such that ANAY = @. Then D := SN .SY stabilizes the set AU A9 of size 4. Moreover D acts faithfully
on this set by Hypothesis 2.4 and it fixes the subsets A and AY9. Thus |D| < 4 and in particular O3 (QG)
has order at most 4. The point stabilizers have index 2 in O2(G) and hence O2(G) has orbits on € of
length 2. Now Lemmas 2.16 and 2.14 imply all the remaining details of (3). O

Lemma 2.18. Suppose that Hypothesis 2.4 holds. Let o €  and suppose further that G is simple. Then
one of the following holds:

(1) G4 has odd order.

(2) Go contains a Sylow 2-subgroup of G. In particular G, contains an involution from every
conjugacy class.

(3) G has dihedral or semidihedral Sylow 2-subgroups, in particular G is isomorphic to A7 or My,
or there exists an odd prime power q such that G =2PSLs(q), PSUs(q) or PSL3(q).

Proof. We go through the cases in Lemma 2.17 with the special hypothesis that G is simple. The cases
(1) and (4) from Lemma 2.17 give exactly the conclusions (1) and (2) here. If (2) from the lemma holds,
then we use the classification of the corresponding groups by Gorenstein-Walter and Alperin-Brauer-
Gorenstein, respectively (see [10] and [1]). This gives the possibilities in (3), so it is only left to prove
that Case (3) of Lemma 2.17 does not occur in a simple group.
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Assume otherwise and let S € Syl (G) be such that S, # 1 and S has order at least 4. Moreover we
assume that S has a unique orbit of length 2 on € and all other orbits have length |.S|. We choose 8 €
such that {a, 8} is the S-orbit of length 2, in particular S, = Sp has index 2 in S.

Let t € S\ S,. Then t interchanges « and § and it fixes all orbits of length |S|. As S is not cyclic
by Burnside’s Theorem (recall that G is simple), it follows that ¢ acts as an even permutation on each
S-orbit and hence on Q\ {a, f}. Thus ¢ acts as an odd permutation on €. This means that G possesses
a normal subgroup of index 2. But |G| > 4 and G is simple, so this is impossible. O

Lemma 2.19. Suppose that Hypothesis 2.4 is satisfied and that |Q| is odd. Then one of the following
holds:

(1) G has odd order and 3 € n(QG).

(2) G has a strongly embedded subgroup.

(3) G has a normal 2-complement. In particular G is solvable.

(4) G has a normal subgroup Gy of index 2 that has a strongly embedded subgroup.

In particular, if G is simple, then G is isomorphic to Az, to My or there exists a prime power q such
that G is isomorphic to PSLs(q), to Sz(q), to PSUs(q) or to PSL3(q) (with q even).

Proof. Let a € Q. Then the transitivity of G on Q yields that |Q| = |a®| = |G : G| and hence
|G| = 19| - |Ga|- In particular G, contains a Sylow 2-subgroup of G.
Suppose that G, has odd order. Then G has odd order, but it is not a Frobenius group and therefore
Lemma 2.3 forces 3 € w(G). This is (1).
Next suppose that G, has even order and let S € Syla(G) be contained in G,. We look at the orbits of
SonTl:=0Q\{a}. As |Q] is odd, there are three possibilities: S fixes two points on I' or every element
in S# is fixed point free on I' or S has a unique orbit of length 2 on I'. Suppose that every element of
S# fixes only v and let H := G,. Let g € G\H and suppose that x € H N HY is a 2-element. Then x
has at least two fixed points on 2, namely « and o, and in the present case this forces x = 1 (because
without loss z € S). It follows that H N HY has odd order and hence H is a strongly embedded subgroup
of G. This is (2).
Next suppose that S fixes three points. Let A denote this fixed point set. Let My denote the point-wise
stabilizer of A and let M := Ng(Mj). We show that Ng(M) is strongly embedded:
First Lemma 2.2 and the fact that S < Mj yield that M has index at most 3 in Ng(M). Moreover |Q]
is odd, so in particular M does not have two orbits of length 3 on €2, but it has a unique orbit of length
3 on Q. (Otherwise S has too many fixed points.) Therefore Ng (M) stabilizes A and is hence contained
in M.
Next we let g € G\ M and we choose a 2-element ¢t € M N M9. Without loss ¢ € S. Then ¢ stabilizes
A and AY. These sets have size 3 and therefore ¢ has a fixed point on both of them, moreover it fixes
A point-wise. But also t € S9 and therefore ¢ fixes AY point-wise. The previous paragraph showed that
A # AY, hence t fixes at least four points and this forces ¢ = 1. Now we have that M = Ng(M) is
strongly embedded in G.
The last case is that S has a unique orbit {3,~} of length 2 on I". Then a subgroup of index 2 of S fixes
three points and therefore the orbit lengths of S on 2 are 1, 2 and |S|.
If S is cyclic, then by Burnside’s Theorem (3) holds. So we suppose that S is not cyclic. Then, in the
action on Q\ {a, 3,7}, the elements of S are even permutations. Thus the elements of S# are odd
permutations in their action on I' (and on ), which means that G has a subgroup Gy of index 2. Let
So = SN Go. If Q # a%, then Gy makes two orbits on Q which are interchanged by an element in
Na(So) \ Go. But SNGy has different numbers of fixed points on these orbits, which is impossible. Thus
Q = a% and so (Go, ) satisfies Hypothesis 2.4. Moreover Sy fixes three points of Q and we already
showed that this implies that Gy has a strongly embedded subgroup.
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If G is simple, then G is nonabelian because of its nonregular action on Q and hence only case (2) is
possible. Then the main result in [3] leads to the groups listed. O

Lemma 2.20. Suppose that Hypothesis 2.4 holds and that P € Syls(G). Let o € Q. Then one of the
following holds:
(1) G4 is a 3'-group.
(2) P is of mazimal class, |P,| = 3 and P, fizes three points.
(3) |P: P,| =3, P has order at least 9 and P has exactly one orbit of size 3 on , all remaining
orbits have size |P|. Moreover, in this case, O3(G) is elementary abelian of order at most 9.
(4) 3 does not divide |9].

Proof. Suppose that (1) does not hold. Then 3 € n(G,) and so we may suppose that P, # 1.

Set A = o and let n € N be such that |A| = 3". Let m € N be such that |P,| = 3™. First we suppose
that n > 2. We set d := [fixq(P,)| and note that 3" = d + a3™ for some integer a. The fact that
a € fixg(P,) together with Hypothesis 2.4 implies that 1 < d < 3. Thus d = 3 as P is a 3-group, and
this means that P, fixes three points of 2. We obtain that 3" = 3 4+ a3™ and thus n = 2, m = 1 and
a=3""1-1.

It follows that |P,| = 3 and now Lemma 2.2 implies that |[Np(P,)| < 9. As stated after Lemma 2.9, we
now have that P has maximal class. So we proved (2) in this case.

Next suppose that n < 1. Then |P : P,| < 3 which means that G, contains a subgroup of index at
most 3 of P. Therefore (3) or (4) holds, and it is left to analyze Case (3) more closely. First we notice
that |P| > 9 and P, fixes three points, so P has one orbit A of size 3 (consisting of these three points)
and all other orbits are of size |P|. As |Q] > 5, there exists a regular P-orbit and hence we may choose
g € G such that ANAY = @. Then D := PN PY stabilizes the set AUAY of size 6 and it acts faithfully
on it by Hypothesis 2.4. It follows that D is isomorphic to a subgroup of Sg and hence it is elementary
abelian of order at most 9. As O3(G) < D, all statements in (3) are proved. O

Lemma 2.21. Suppose that Hypothesis 2.4 holds and let o € Q. If E(G) # 1, then E(G) NGy # 1.

Proof. Assume that E(G) # 1, but E(G) NG, = 1 and let E be a component of G. Let x € G, be of
prime order p. First we show that x normalizes E:

Assume otherwise and let 1, ..., E}, denote the z-conjugates of E, where E = F;. Then L := E;--- E, is
an z-invariant product of components. Let ¢ € E. Then e - - - = Cr(z). By Lemma 2.2 a subgroup
of index 2 or 3 of Cp(x) is contained in G, and so, by assumption, we see that e has order 2 or 3. It
follows that F is a {2, 3}-group. But this is a contradiction because E is not solvable.

Thus z normalizes F and Lemma 2.2 yields that G, contains a subgroup of index 2 or 3 of Cg(z). By
assumption (and as E is not nilpotent) Cg(x) has order 2 or 3. If the order is 2, then [9] implies that F
is solvable, which is a contradiction. Hence |Cg(z)| = 3. If o(x) # 3, then the main result in [22] yields
that E is solvable again, which is impossible.

We deduce that o(z) = 3 and now Theorem 2 in [4] yields that E is solvable, which is again a contra-
diction. (I

Lemma 2.22. Suppose that Hypothesis 2.4 holds and that E(G) # 1. Then G has a unique component.

Proof. We assume otherwise. Let E denote a component of G and let L be a product of components
such that E(G) = E - L. With Lemma 2.21 welet « € Qand 1 # e € E(G)NG,. Let a € Eand be L
be such that e = a - b. Lemma 2.2 implies that a subgroup of index at most 3 of Cg(e) = Cg(a) and of
Cr(e) = CL(b), respectively, lies in G,. Moreover G, does not contain any normal subgroup of G and
hence G, does not contain a component, again with Lemma 2.2. As G has more than one component
by assumption, it follows that all components intersect G, trivially. In particular a,b ¢ G, and the
groups Cg(a) and Cr,(b) have order 2 or 3. The first case is impossible by Burnside’s Theorem, and in
9



the second case the main result in [7] forces E = L 2PSLy(7) and in particular G, N E(G) = (e) and e
fixes three points of . From the structure of PSLs(7), there is an involution ¢t € E'L that inverts e and
hence fixes one of the three fixed points of e. Let v denote this fixed point and let g € G be such that
a9 =~. Then G, N E(G) contains elements of order 3 and 2, which is impossible. 0

Lemma 2.23. Suppose that Hypothesis 2.4 holds and that E is a component of G. Then one of the
following holds:

(a) There exists a power q of 2 such that E 2PSLy(q), |G : E| is prime and every element from
G\ E induces a field automorphism on E. For all a € Q, we have that |G| =q-(¢—1)-|G : E|
and moreover E, does not contain any elements that fix three points. This includes the special
case where E = A5 and G = Ss.

(b) There exists o € Q such that (E,a¥) satisfies Hypothesis 2.4.

Proof. As E(G) # 1 by hypothesis, we know from Lemmas 2.21 and 2.22 that F is the unique component
of G and that E intersects the points stabilizers nontrivially. Hence let o € Q and A := . Then E,, # 1
and therefore E acts transitively and nonregularly on A. Moreover E acts faithfully because £ < G. As
E is a component and thus not solvable, we know that |A| > 5 and therefore (E, A) satisfies Hypothesis
24.

Suppose that E does not have any element that fixes three points on A. Then (F, A) satisfies Hypothesis
1.1 from [19] and in particular Z(E) = 1 by Lemma 2.8 in [19] and Lemma 2.14. Thus E is simple and
Theorem 1.2 in [19] applies. We refer to Theorem 5.6 in the same paper for details on the possible action
of E on A. We also note that Lemmas 2.2 (a) and (b) and 2.14 force F/(G) = 1.

Case 1: £ = As.
We know that £ = F*(G) and hence G acts faithfully on E. As (E,A) does not satisfy Hypothesis 2.4,
but (G, Q) does, it follows that G # E and hence G = S5 as stated in (a).

Case 2: E =PSL3(4).

Here the only possibility for the action is that E, has order 5. In particular E, is a Sylow subgroup of
E. A Frattini argument yields that G = ENg(E,). As G # E and |Ng(E,)| = 10, Lemma 2.2 implies
that some g € G\ F is contained in G,. Therefore 2 or 3 is contained in 7(Gy). If 2 € 7(G,,), then by
Lemma 2.17 an index 2 subgroup of a Sylow 2-subgroup of G is contained in G,. But this is impossible
because E, has odd order. If 3 € m(G,,), then also 2 € 7(G,) by Lemma 2.2. (For information about
Aut(PSL3(4)) see for example [5].) We already excluded this.

Case 3: E >PSLy(7).

We recall that E, = A4. The point stabilizers in PGLy(7) grow by a factor of either 2 or 1. Inspection
of the maximal subgroups of PGL2(7) shows that the former case does not happen. In the latter case
the centralizer order of the inner involution grows by a factor of 2 while the order of the point stabilizer
does not. This implies that the number of fixed points of the involution on €2 is 4, and this violates
Hypothesis 2.4.

Case 4: There exists a prime power ¢ such that E =PSLy(q).

Using Hypothesis 2.4 choose € G, such that x fixes three points on € and induces an outer au-
tomorphism on E. Lemma 2.2 implies that a subgroup of index at most 3 of Cg(z) is contained in
E,.

First suppose that = induces a field automorphism. Then it follows from the possible structure of point
stabilizers that C'g(z) is a solvable subfield subgroup and we see that 2 € 7(E,). Moreover ¢ is a power
of 2 or of 3. If ¢ is odd, then E, contains a fours group from Cg(z) and this is impossible. If ¢ is even,
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then E, has order ¢ - (¢ — 1). Moreover = induces an automorphism of prime order. Hence (b) holds in
this case.

Next suppose that = induces a diagonal automorphism. Then G, contains an involution that fixes three
points, and hence Lemma 2.15 (a) forces G, to contain a Sylow 2-subgroup of G, and in particular of
E. This is impossible because E, does not contain a Sylow 2-subgroup of F.

Case 5: There exists a prime power ¢ such that E =Sz(q).

Let x € G\ E be such that € G, and « fixes three points on 2. Then x induces a field automorphism
on E and hence Cg(z) is a subfield subgroup. Now any subfield group contains Sz(2), a group of order
20, and then Lemma 2.2 implies that E, has an element of order 5. But we know from Theorem 5.6
in [19] that |E4|2r = (¢ — 1). Since (¢ — 1) is not divisible by 5 (because ¢ is a power of 2 with odd
exponent), we see that E cannot be a Suzuki group.

These are all possible cases by [19], hence the proof is complete. (]

Theorem 2.24. Suppose that Hypothesis 2.4 holds and that N is a minimal normal subgroup of G. Let
a € Q). Then one of the following holds:

(a) All Sylow subgroups of G have rank 1.

(b) N is a 2-group. Moreover N is a fours group whose involutions act without fized points on {2
or [N : No| =2 and N, fizes two points.

(¢) N is a 3-group. Moreover G has Sylow 3-subgroups of mazimal class or |N : No| = 3, N, fizes
three points and |[N| < 9.

(d) N = E(G) and (N,a") satisfies Hypothesis 2.4 or N = As or there erists a 2-power q such
that N 2PSLs(q).

Proof. The faithful action of G on  yields that N £ G,. We begin with the case where N is elementary
abelian. Let r be a prime such that N is an r-group and suppose that (a) does not hold. Let p € 7(G,)
and suppose that G, contains an elementary abelian subgroup X of order p?.

If r > 5, then Lemma 2.15 (c¢) yields that r ¢ 7(G,) and hence the coprime action of X on N yields that
N = (Cn(x) | * € X#). It follows with Lemma 2.2 that N < G,. This is a contradiction. Therefore
r€{2,3}.

First suppose that » = 2. Then |N| > 4 by Lemma 2.14. If p = 2, then 2 € 7(G,). If p is odd, then
N = (Cn(x) | ¥ € X#) by coprime action and so, applying Lemma 2.2, it follows again that 2 € 7(G.,).
Let S € Syla(G) and suppose that |N : N,| # 2. Then Lemma 2.17 yields that S is dihedral or semidi-
hedral. As G has no normal subgroup of order 2, we see that N is not cyclic, so it follows that N is a
fours group, that the involutions in N act without fixed points on Q and that G/Cg(N) is isomorphic
to S3. This is one of the cases in (b). Otherwise |[N : N,| = 2 and we let t € N be such that t ¢ G,. As
t normalizes N,, but does not fix a, there must be a second point g € Q that is fixed by N, and such
that ¢ interchanges « and (. This is the other case in (b).

Next suppose that » = 3. If | N| = 3, then the second case in (c) holds. So we suppose that |N| > 9 and
we argue as in the previous paragraph. If p = 3, then 3 € G, and if p # 3, then 3 € G, by coprime
action and Lemma 2.2. Now Lemma 2.20 yields the possibilities in (c). We note that, if [N : N,| = 3
and y € N is such that y ¢ N,, then N, must fix three points and y interchanges these three points in
a 3-cycle.

This concludes the case where N is solvable.

Next suppose that N is a product of components. Then E(G) # 1 and hence Lemmas 2.22 and 2.21
yield that N is the unique component of G. Then (d) holds by Lemma 2.23. (]
11



Our preliminary results enable us to prove one of the statements in Theorem 1.3:

Lemma 2.25. Suppose that Hypothesis 2.4 holds. Then 3 € n(G).

Proof. Assume otherwise, choose G to be a minimal counter-example and let « € €. First we consider
the case where G, has odd order. Let 1 # H < G, be a three point stabilizer, fixing the distinct points
a,f and v of Q. Let 1 # X < H and g € Ng(X). As o(g) is coprime to 3 by assumption, the fixed
points of X cannot be interchanged by ¢ in a 3-cycle. But the fact that point stabilizers have odd order
also implies that g cannot interchange two of the points «, 3,7 and fix the third. Thus it fixes them all
and is hence contained in H. Now Lemma 2.1 forces G to be a Frobenius group, contrary to Hypothesis

2.4.

We conclude that G, has even order.

(1)

If G, contains a Sylow 2-subgroup of G, then G has cyclic or quaternion Sylow 2-subgroups.

Proof. Suppose that G, contains a Sylow 2-subgroup. Then O2(G) = 1, and moreover O3(G) =
1 by assumption. If E is a component of G, then one of the cases from Lemma 2.23 holds. The
first two cases are impossible by the assumption that 3 ¢ 7(G), and in the third case the main
result of [24] yields that E/Z(E) is a Suzuki group. But this contradicts Lemma 4.3. Hence
E(G)=1and F*(G) = F(G) is a {2, 3} -group. Looking at Theorem 2.24, we deduce that (a)
holds and therefore our claim follows. O

G has a subgroup M of index 2.

Proof. First suppose that G, contains a Sylow 2-subgroup of G and let T be a 2-subgroup of
G. Then T is cyclic or quaternion by (1) and therefore Ng(T')/Cq(T) is a 2-group (recall that
3 ¢ m(G)). So Frobenius’ Theorem implies that G' has a normal 2-complement and hence a
subgroup of index 2.

Now two cases from Lemma 2.17 remain, namely (2) and (3). First suppose that S € Syla(G)
is dihedral or semidihedral. Then Frobenius’ Theorem is applicable again and G has a normal
2-complement, in particular a subgroup of index 2.

Finally suppose that Lemma 2.17 (3) holds and let § € € be such that S, = Sg. Let
s € S\ S,. We already treated the case where S is cyclic, so we may suppose that o(s) # |S].
Then s induces a product of an even number of cycles of 2-power length on each regular S-orbit.
Moreover s interchanges a and 8 and therefore it induces an odd permutation on 2. So again
G has a subgroup of index 2. O

Let M be as in (2). Then M acts transitively on (.

Proof. Assume otherwise. Then M has two orbits on 2 which we denote by A; and Ay. Then
the elements in G\ M interchange A; and As, so they have no fixed points. By Hypothesis 2.4
we find y € M, such that y fixes three points on 2. We may choose y of prime order p and we
may suppose that o € Ay. If « is the unique fixed point of y on Ay, then |A;| = 1 modulo p
and it follows that y also has a unique fixed point on As. But then y cannot have three fixed
points in total, so this is impossible. With similar arguments it follows that, if y has two fixed
points on A1, then it has two or zero fixed points on Ay, which again gives a contradiction.
Thus the only remaining possibility is that all fixed points of y are contained in A;. In
particular |A1] = 3 modulo p. Then y acts without fixed points on A, and it follows that
|Az] = 0 modulo p. As |[A1] = |As|, this forces p = 3, which is impossible. This proves our
claim that M acts transitively on (. 0

Let M be as in (2) and (3). Since 3 ¢ m(M) and G is a minimal counter-example, we know that (M, Q)
does not satisfy Hypothesis 2.4. In particular the three point stabilizers in M are trivial, which forces
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G \ M to contain elements with three fixed points. As |G : M| = 2, this implies that some involution
t € G fixes exactly three points and hence || is odd by Lemma 2.15 (a). Now (1) yields that G has
cyclic or quaternion Sylow 2-subgroups, and this forces (t) € Syla(G). In particular M has odd order.
It follows with Lemmas 2.1 and 2.2 that M acts regularly on € or that M is a Frobenius group. In
the first case 3 = |fixq(t)| = |Car(t)], contrary to the fact that 3 ¢ w(M). In the second case we let K
denote the Frobenius kernel of M. Then K acts regularly on 2 and ¢ normalizes it, so we have the same
contradiction as above. O

When we study simple groups satisfying Hypothesis 2.4 (using the Classification of Finite Simple
Groups), we adapt some of Aschbacher’s notation from Section 9 of [2]. We introduce it here and
use it throughout the following sections.

Definition 2.26. Suppose that p,q € 7(G) are prime numbers and let H < G be a point stabilizer in
G.

o We write p - q if and only if one of the following holds:
—q > 5 and there exists a nontrivial p-subgroup X < G such that q € 71(Ng(X)).
- q =2 and and there exists a nontrivial p-subgroup X < G such that 4 divides |Ng(X)|.
—q =3 and and there exists a nontrivial p-subgroup X < G such that 9 divides |Ng(X)|.
o We write — for the transitive extension of I-.

Lemma 2.27. Suppose that Hypothesis 2.4 holds and that H < G is a point stabilizer. Suppose further
that g € 7(G) and p € w(H). If p > 5 and p — q, then q € n(H).

Proof. By definition of — it suffices to consider the case where p b ¢. Lemma 2.15 (¢) gives that H
contains a Sylow p-subgroup of G. Then by Sylow’s Theorem there exists a nontrivial p-subgroup X of
H such that ¢ (or 4 or 9) divides |Ng(X)| and therefore Lemma 2.2 yields that g € w(H). O

3. ALTERNATING GROUPS

In this chapter we discuss what alternating or symmetric groups appear as examples for Hypothesis 2.4
and if so, then with what actions. We begin with some small cases and then bring Lemma 2.18 into
play. We use the notation that has been introduced at the end of the previous section.

Lemma 3.1. Suppose that G is isomorphic to Ay or to Sy. Then there is no set Q such that (G,Q)
satisfies Hypothesis 2.4.

Proof. Assume otherwise and let o € Q and z € G¥ be such that [fixq(x)| = 3. If z is a 2-element,
then Lemma 2.2 (a) yields that || is odd and hence |Q2| = 3. This is too small for Hypothesis 2.4. If
x is a 3-element, then G, contains a Sylow 3-subgroup of G (because this has only order 3) and this
contradicts Lemma 2.15 (b). O

Lemma 3.2. Suppose that G is isomorphic to As or S5 and that Q2 is a set such that (G,Q) satisfies
Hypothesis 2.4. Then |Q] = 15 and the action of G is as on the set of cosets of a Sylow 2-subgroup, or
G=Ss, |9 =5 and G acts naturally.

Proof. The action of G on the set of cosets of a Sylow 2-subgroup satisfies Hypothesis 2.4, as does the

natural action of S5 on a set with five elements, so we need to show that these are the only possibilities.

Suppose that (G, ) satisfies Hypothesis 2.4 and let o € G, and = € G be such that |fixq(z)| = 3.

Assume that x is a 5-element. The nontrivial orbits of x have lengths divisible by 5 and hence |Q] = 3

modulo 5. The only divisor of |G| satisfying this property is 3, but then Q is too small. The Sylow
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3-subgroups of G have order 3 and hence Lemma 2.15 (b) yields that « does not have order 3. Thus x
is a 2-element.

It follows from Lemma 2.15 (a) that || is odd, hence G, has order 4 or 12 in the As-case and order 8
or 24 in the Ss-case. If G = S5 and |G, | = 24, then this is the natural action of Ss.

Assume that G 2 A5 and that |G,| = 12. Then we first note that every double transposition in G has
exactly three fixed points on Q. As |Q2] = 5, there are only 10 possibilities for fixed point sets for .
But there are 15 double transpositions in G and hence we find an involution y € G such that = # y
and fixg(z) = fixq(y). Then x and y interchange the remaining two points and hence zy fixes all of
point-wise, which is a contradiction.

Therefore, if G, is not a 2-group, then the only example is S5 in its natural action. If G, is a 2-group,
then it is a Sylow 2-subgroup and G acts as stated. O

Lemma 3.3. Suppose that G = Ag and that § is a set such that (G,Q) satisfies Hypothesis 2.4. Then
|| € {6,15}. The action of G is natural as Ag on siz points in the first case, and G acts as on the set
of cosets of a subgroup of order 24 in the second case, respectively.

Proof. Let o €  and let © € G, be such that [fixq(x)| = 3. If z is a 5-element, then the subgroup
structure of G allows G, to be of order 5, 10 or 60. However, this means that |Q| € {72,36,6} and these
numbers are not congruent to 3 modulo 5.

Next suppose that z is a 3-element. Then Lemmas 2.2 (¢) and 2.15 (b) imply that G, has even order
and that || is divisible by 3. Applying Lemma 2.2 to a 2-element in G,, yields that |G| is divisible by
4, hence by 12. This leads to the cases G, = A4, Sy or As. Hence || € {30,15,6}. However the first
case is impossible as an element of order 3 will fix six points on 2. The other two possibilities give the
examples in the conclusion.

If = is a 2-element, then G, has order 8 or 24 by Lemma 2.15 (a). The former case leads to the possibility
that || = 45. However in this case an involution fixes five points, which is impossible. The second case
is that G, = S4, which is one of our conclusions. O

Lemma 3.4. Suppose that G is almost simple, but not simple and that F*(G) = Ag. There does not
exist a set Q0 such that (G, Q) satisfies Hypothesis 2.4.

Proof. Let E := F*(G). Then Lemma 2.23 is applicable and we see that (a) and (b) cannot hold. So
(c) holds and we let a € € be such that (E, o) satisfies Hypothesis 2.4. In particular we know that
H:=FE, = A5 or S from Lemma 3.3.

In the former case, 2| = 6 or 12 whereas in the second case || = 15 or 30. If the action is on 6 or 15
points, then G = Sg and one of the outer involutions has too many fixed points.

If the action is on 12 or 30 points, then an inner involution has four respectively six fixed points, ruling
out these possibilities as well. O

Lemma 3.5. Suppose that G = A7 and that § is a set such that (G,$) satisfies Hypothesis 2.4. Then
either |Q = 15 and the action of G is as on the set of cosets of a subgroup isomorphic to PSLy(7),
or |2 = 360 and G acts on the set of cosets of a Sylow 7-subgroup. In the first case the three point
stabilizer contains a Sylow 2-subgroup of G.

Proof. Let a € Q and = € G, be such that |fixg(x)| = 3. First assume that = has order 7. Then |Q| = 3
modulo 7 and, as || > 4, this only leaves the possibilities 10, 24, 45 or 360. There are no subgroups
of G of index 10, 24 or 45, ruling out these cases. The normalizer of a Sylow 7-subgroup has index 360
and this yields the second example.

Next assume that x has order 5. Then Lemma 2.2 yields that some point stabilizer contains a subgroup
of order 20, so we may suppose that 20 divides |G,|. Moreover |Q2] = 3 modulo 5 and 7 ¢ 7(G,) by
the subgroup structure of A7. In particular 7 divides |€2|. This only leaves the possibility |©2| = 63 and
|G| = 40. But G does not have a subgroup of this order.
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We continue with the case where = has order 3. Then Lemmas 2.2 and 2.15 (b) yield that G, has even
order and that || is divisible by 3. From the centralizer of an involution in G, and Lemma 2.2 we
obtain that GG, contains a subgroup isomorphic to A4. Thus G, is isomorphic to Ay, S4, As, S5 or
PSLy(7). Correspondingly, || € {210,105, 42,21,15}.

Assume that G, ~ A4 and |Q] = 210. Let V < G, be a fours group. Then Ng (V') contains a subgroup
of order 9 of which a subgroup A of order 3 centralises V. Each involution in V' has exactly two fixed
points, hence A fixes these two points and therefore A < G,. It follows that 9 divides G, which is
contradiction. With the same argument we exclude the case where G, ~ A5 and |Q| = 42.

Next assume that G, ~ Sy and |Q2] = 105. Then every involution has one or three fixed points. The
second case will be treated below. In the first case Lemma 2.2 forces GG, to contain a Sylow 2-subgroup
of G, which is impossible. With the same argument we exclude the case where G, ~ S5 and || = 21.
Finally suppose that z is a 2-element. Then G, contains a Sylow 2-subgroup of G by Lemma 2.15 (a)
and hence 3 € 7(G,) by Lemma 2.2. This means that 24 divides |G| and the only new case is G, = Ag.
But then G acts as it does naturally on seven points; this is impossible because one conjugacy class of
3-elements has four fixed points in this action.

It follows that the only possibility is that G, =2PSLs(7). Then Lemma 2.2 and the fact that 9 does not
divide |G| imply that the three point stabilizer contains a Sylow 2-subgroup of G. O

Corollary 3.6. Suppose that G = S;. Then there is no set Q is a set such that (G, Q) satisfies Hypothesis
2.4.

Proof. Let E := F*(G) = A;. Then Lemma 2.23 is applicable and we see that (¢) holds. Let a € Q
be such that (E,aF) satisfies Hypothesis 2.4. Then Lemma 3.5 yields that E, ~PSLy(7) and that a
Sylow 2-subgroup of F is contained in a three point stabilizer, or that F, is a Sylow 7-subgroup of G.
In the first case, as |G : E| = 2, Lemma 2.2 implies that a Sylow 2-subgroup of G is contained in a
point stabilizer. Therefore |Go| =2 |E,| =2*-3-7. Let t € G, \ E, be an involution. Then |Cg(t)] is
divisible by 5, and this contradicts Lemma 2.2 because 5 ¢ 7(Gy,).
In the second case, as |G : E| = 2, Lemma 2.2 implies that G, contains an involution ¢. However then
Lemma 2.2 yiels that C(t) N E, # 1, contradicting the fact that E, € Syl7(G).

O

Lemma 3.7. Suppose that Hypothesis 2.4 holds and that G is an alternating group of degree at least 8.
Let o € Q. Then G, has odd order or it contains a Sylow 2-subgroup of G.

Proof. This follows immediately from Lemma 2.18. O

Lemma 3.8. Suppose that G = Ag and that § is a set such that (G,$) satisfies Hypothesis 2.4. Then
|| = 2880. The action of G is as on the set of cosets of a Sylow 7-subgroup.

Proof. Let o € Q and x € G, be such that |fixq(z)| = 3. First we suppose that G, has odd order and
we choose z of prime order p. Then p I/ 2 by Lemma 2.27. If p = 7, then |Q2] = 3 modulo 7 and || > 5,
so in this case we only have the possibilities that |G| = 45 or |G| = 2880. The former is impossible,
whereas the latter yields our example.

As 5F 2 and 3+ 2, we see that p # 5 and p # 3, so this case is finished.

Using Lemma 3.7 we now have that G, contains a double transposition ¢. Then Lemma 2.2 yields that
32 divides |Gq|. Now we look at the normalizer of a fours group in G, and deduce that 3 € 7(G,). This
gives two possibilities: G, is contained in a subgroup isomorphic to 2% :PSL3(2) or to 2% : (S3 x S3).
Hence || € {35,105,210}. However in all of these cases the involutions have at least six fixed points,
so this does not occur. O

Corollary 3.9. Suppose that G = Sg. Then there is no set Q such that (G, Q) satisfies Hypothesis 2.4.
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Proof. Let E := F*(G) = Ag. First we note that Lemma 2.23 (c) holds and we let a € Q be such that
(E, o) satisfies Hypothesis 2.4. Moreover G, N E is a Sylow 7-subgroup of G.

Thus, as |G : E| = 2, Lemma 2.2 implies that G, contains an involution ¢. However then Lemma 2.2
implies that Cg(t) N E, # 1, contradicting the fact that E, € Syl7(G). O

Lemma 3.10. Suppose that G is isomorphic to Ag or Sg. Then there is no set Q such that (G,Q)
satisfies Hypothesis 2.4.

Proof. First suppose that G = Ag and assume that ) is a set such that (G, ) satisfies Hypothesis 2.4.
We let a € © and begin as follows:

(%) G, does not contain a 3-cycle.

Proof. Assume otherwise. Then G, contains an Ag (by Lemma 2.2), in particular Lemma 3.7 yields
that G contains involutions from both conjugacy classes. Then Lemma 2.2 implies that 2° - 33 -5 divides
|G| But there is no maximal subgroup of G that could contain G, now. g

Suppose first that G, has odd order. Let & € G, be of prime order p and such that |fixq(x)| = 3. We
will use that p I/ 2 by Lemma 2.27. Then p # 7 because 7 F 2 and similarly p # 5. Hence p = 3 and z is
not the product of two 3-cycles, by Lemma 2.2. If = is the product of three 3-cycles, then z is 3-central
and therefore G, contains a subgroup of order 33. In particular G,, contains a 3-cycle, contrary to (x).
Lemma 3.7 yields that G, contains a double transposition. Applying Lemma 2.2 to its centralizer gives
that G, has a subgroup isomorphic to As, contrary to (x).

Now suppose that G = Sg and let F := F*(G) = Ag. Then by Lemma 2.23 there is some « € ) such
that (E,a”) also satisfies Hypothesis 2.4. But this is impossible by the previous paragraph. (I

Lemma 3.11. Suppose that G is isomorphic to Ajg or Sio. Then there is no set Q such that (G,Q)
satisfies Hypothesis 2.4.

Proof. Assume otherwise and let o € Q.
As in the previous lemma, we begin with the case where G = A;o. The special role of 3-cycles will be
key once more.

(%) G, does not contain a 3-cycle.

Proof. Assume otherwise. Then G, contains a subgroup H = A; (by Lemma 2.2). In particular || <
24.32.5. Let 8 € Q be such that 8 # « and let A := ¥ In its action on A, every nontrivial element
of H has at most two fixed points, and moreover H does not act regularly. But we proved in Lemma
3.5 in [19] that A7 does not allow such an action. Hence this is impossible. O

Now we suppose that G, has odd order and we let € G, be of prime order p. Then p t/ 2 by Lemma
2.27. In particular p # 7 and p # 5. If p = 3, then we first look at the case where x is a product of
three 3-cycles. Here x is 3-central and therefore G, contains a subgroup of order 3. In particular G,
contains a 3-cycle, contrary to (x).

If x is the product of two 3-cycles, then Lemma 2.2 yields that G, has even order, contrary to our
assumption in this case. By (x) x is not a 3-cycle. So this case is finished and by Lemma 3.7 it remains
to consider the case where G, contains a Sylow 2-subgroup of G. Then Lemma 2.2, applied to a double
transposition, yields that G, contains an 4g. But this is impossible by (x).

If G =2 Sy, then the previous paragraph and Lemma 2.23 give the result. O

Lemma 3.12. Suppose that n > 11, that G = S,, or A, and that Q is a set such that (G,Q) satisfies
Hypothesis 2.4.
Then the order of a point stabilizer in G is not divisible by 3.
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Proof. Assume otherwise and let a € €. We show that our hypothesis implies that G, contains a 3-cycle.
Throughout we use that, if m > 5, then A4,,, does not have subgroups of index 2 or 3. This will play a
role when applying Lemma 2.2.

We first note that G, contains a 3-cycle if it contains a double transposition, by Lemma 2.2, because
the centralizer of a double transposition in G contains A7. Thus it is left to prove our statement in the
case where G, has odd order, by Lemma 3.7.

Let x € G, be an element of order 3 and suppose that £ > 2 is such that x is a product of k cycles of
length 3. If n — 3+ k > 4, then Cg(z) contains a fours group or a subgroup isomorphic to As, which is
impossible. Therefore n — 3 - k < 3. The structure of C4, () is ((3* : Sp) x S_3.1) N A, and thus, if
k > 4, then again Cg(x) contains a fours group. Thus k < 3 and we obtain that n < 3 4+ 3k < 12.

If n = 12, then Cg(z) contains a subgroup of structure ((3% : S3) x S3) N A2 and hence Lemma 2.2
implies that G, contains a 3-cycle or a double 3-cycle. In the second case we change x to such a double
3-cycle. Its centralizer contains an As, so this is a contradiction. If n = 11, then Cg(z) still contains
a subgroup of structure (3% : S3) and thus, with Lemma 2.2, it follows once more that G, contains a
3-cycle.

As G contains a subgroup isomorphic to Ajg, it is ninefold transitive, and so we may suppose that
z = (1,2,3). Tt follows from Lemma 2.2 that G, contains a subgroup isomorphic to A, _3 and hence,
without loss, the 3-cycle y := (4,5,6). The same argument yields that Cg(y) < Go. Now we deduce
that G4 > (Cg(x), Ca(y)) = A, which contradicts the fact that G acts faithfully on €. O

Theorem 3.13. Suppose that n > 11 and that G = A,, or S,,. Then there is no set Q such that (G,Q)
satisfies Hypothesis 2.4.

Proof. Assume that 2 is a set such that (G, Q) satisfies Hypothesis 2.4. Let « € €, let p be a prime and
let x € G, be a p-element. Then there exists & € N such that x is a product of k cycles of length p. Now
Cg(z) contains a subgroup of structure p* : S x A,,—,.x if p is odd and of structure (2¥ : S xS, —2.5)NA,
otherwise.

Assume that n —p -k > 3. Then Lemma 2.2 implies that Ci(z) N G, contains a 3-cycle, contrary to
Lemma 3.12.

Therefore n —p-k < 2,80 11 <n <2+ p-k. First we assume that p = 2. Then G, contains a double
transposition ¢ by Lemma 3.7. As n > 11, we see that Cg(t) contains a subgroup isomorphic to Az,
which is a perfect group of order divisible by 3. Together with Lemma 2.2 this contradicts Lemma 3.12.
This means that G, has odd order.

With Lemma 3.12 it follows that p > 3. Then Lemma 2.15 (c) implies that G, N A, contains a full
Sylow p-subgroup P of G. Thus G, N A,, contains a p-cycle, say y. If n — p > 3, then C¢_ (y) contains
a double transposition by Lemma 2.2, and this contradicts the fact that G, has odd order.

Therefore n — p < 3 and this property holds for all prime divisors p of |G|

As n > 11, the above property forces p > 8. But p is prime and so we have that p > 11. In particular
INa((z)) : ()] > p%l > 5 and it follows that |G, N Ng((z))| is divisible by a prime r such that
2.7 <p-—1<mn. This implies r < n — r. We know that r # 2 and r # 3 (by Lemma 3.12 and because
G, has odd order), so 5 < r < n —r. We proved in the previous paragraph that r satisfies n —r < 2.
Now this is impossible. O

The next result collects all the information from this chapter.

Theorem 3.14. Let n € N and suppose that G is isomorphic to A, or to S,. If Q is a set such that
(G, Q) satisfies Hypothesis 2.4, then n € {5,6,7,8} and one of the following holds:
(1) n=5, G= As, | =15 and the action of G is as on the set of cosets of a Sylow 2-subgroup.
(2) n=5,G=Ss5, | =5 and G acts naturally.
(3) n=16, G= Ag, |2 =6 and G acts naturally.
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(4) n=06, G Ag, | =15 and G acts as on the set of cosets of a subgroup of order 24.

(5) n=17, G Az, | =15 and the action of G is as on the set of cosets of a subgroup isomorphic
(6) n=7, G Az, | =360 and the action of G is as on the set of cosets of a Sylow T-subgroup.
(7) n=28, G Ag, | = 2880 and the action of G is as on the set of cosets of a Sylow T-subgroup.

Proof. Theorem 3.13 and Lemma 3.1 imply that n € {5,6,7,8}. Moreover S; and Sg do not occur by
Lemmas 3.4, 3.6 and 3.9.
The possibilities are then listed in Lemmas 3.2, 3.3, 3.5 and 3.8. ([l

4. LIE TYPE GROUPS

We organize our analysis around Lemma 2.18 and begin with the almost simple groups where the
normalizers of Sylow 2-subgroups are strongly embedded. Then we consider groups with dihedral or
semidihedral Sylow 2-subgroups and finally those groups where we know from the outset that |G| is

odd.
We record a general lemma, which is a consequence of Lemma 2.1 for use in this section.

Lemma 4.1. Suppose that (G, Q) satisfies Hypothesis 2.4 with |Q| > 7 and suppose that o, 3,y € Q are
pair-wise distinct and such that 1 # H := Go N Gg N Gy. Then there exists a subgroup 1 # X < H and
an element g € Ng(X)\ X such that 3 divides o(g), or G, has even order.

Proof. The nonidentity subgroups X of H fix the elements of A := {«, 8,7} and act semiregularly on
O\ A. Thus for every such X we see that Ng(X) acts on A with kernel Ny (X), and |[Ng(X) : Ng(X)| <
3 by Lemma 2.2 (c).

Suppose, for all nontrivial subgroups X of H, that (|Ng(X) : Ng(X)|,3) = 1.

If 1 # X < H is such that |[Ng(X) : Ng(X)| = 2, then Ng(X) has even order and a fixed point on A
which is one of our conclusions.

If H has no nontrivial subgroup X such that |Ng(X) : Ng(X)| = 2, then for all these subgroups
Ng(X) < H. Since 1 # H # G, it follows with Lemma 2.1 that G is a Frobenius group. But this
contradicts Hypothesis 2.4. O

4.1. Groups with strongly embedded Sylow 2-subgroup normalizers. The simple groups of
Lie type considered in this section are those where the normalizers of Sylow 2-subgroups are strongly
embedded. We consider them in individual lemmas.

Lemma 4.2. Suppose that q is power of 2 and that G =PSLs(q). If ¢ # 4, then there is no set Q such
that (G, Q) satisfies Hypothesis 2.4.

Proof. We note that PSLy(4) =PSLy(5) = As (which has been treated in Lemma 3.2) and that
PSL2(2) =2 S5 (which does not satisfy Hypothesis 2.4). Therefore we may suppose that ¢ > 8. We
assume that the lemma is false and let Q be such that (G, ) satisfies Hypothesis 2.4. Let w € Q.

First we suppose that || is odd. Then G, contains a Sylow 2-subgroup S of G. Now |Ng(S5)/S| =
g—12>7> 3, so Lemma 2.2 implies that G,, contains an element = of order (¢ — 1)/(¢ — 1,3). If
(¢ —1,3) = 1, then G, = Ng(S), as N¢g(95) is maximal in G. If (¢ — 1,3) # 1, then we note that
N¢g((z)) is dihedral of order 2(¢ — 1). Lemma 2.2 implies that either |G, N Ng({z))| = ¢ — 1, in which
case G, = Ng(S), or |G, N Ng({x))| = 2(¢ — 1)/3, in which case G, contains an involution which does
not lie in S. As S together with any involution ¢ € S generates G, we see that the latter cannot happen
and that G, = Ng(S). Thus (G, Q) appears in the conclusion of Theorem 1.2 of [19], and in particular
no nonidentity element of G has three fixed points on €. This is a contradiction.
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Thus we may now suppose that |Q| is even. If S € Syly(G), then S is elementary abelian of order at
least 8 and thus Lemma 2.18 implies that G,, has odd order. Inspection of the maximal subgroups of G
yields that G, is cyclic of order dividing ¢ — 1 or ¢ + 1. This means that, if z € G,,, then

g—1, qg+1

2 }.

Gol ™ |Gl

But |Fqo(z)| < 3 and therefore |G,,| € {g — 1,q + 1}. This means that (G, Q) appears in the conclusion
Theorem 1.2 of [19]. In particular no nonidentity element of G has three fixed points on 2, contrary to
our assumption. O

[Fa(z)] = [Na((x)) : Gu| > [N (Gu) : Gul € {2

As a corollary of Lemma 2.25 we obtain:

Lemma 4.3. Let q be a power of 2 such that ¢ > 8, and suppose that G =Sz(q). Then there is no set
O such that (G, ) satisfies Hypothesis 2.4.

Prior to proving our next lemma we note that the group PSU3(2) is a Frobenius group of order 72, and
in particular it does not lead to any examples for Hypothesis 2.4.

Lemma 4.4. Let ¢ > 4 be a power of 2 and let G =PSUs(q).
Let A be the set of cosets of a cyclic subgroup of order ¢*> —q+1/(3,q+ 1) of G. Then (G, \) satisfies
Hypothesis 2.4, and this is the unique example for G.

Proof. Let § be such that (G, ) satisfies Hypothesis 2.4. We show that the point stabilizers are cyclic
of order ¢*> — ¢+ 1/(3,q + 1) and that the action described in the lemma does in fact give an example.
Let w € 2. We first consider the situation where |Q| is odd; i.e. S < G, for some S € Syl (G).

The group Ng(S)/S is cyclic of order ¢? — 1, which implies by Lemma 2.2 that G,, also contains a
subgroup of order ((¢ +1)/(q + 1,3))? # 1. However Ng(S) is strongly embedded in G, so the proper
overgroups of S in G are contained in Ng(S). Thus G, = G, which is impossible. Now || is even.
Next we note that S is neither dihedral nor semidihedral, so Lemma 2.18 implies that G,, has odd order.
The elements of G of odd order are conjugate to elements of tori of orders ¢> — 1, (¢ +1)?/(¢ + 1,3) or
(¢ —q+1)/(g+1,3).

First suppose that p € 7(G,,) is such that p divides ¢ — 1. Then p - r for all divisors r of ¢+1/(3,q+1)
and Lemma 2.27 yields that all these primes r divide |G, |. Thus if p € 7(G,,) divides (¢*> — 1), then
Lemma 2.2 implies that ((¢ + 1)/(g + 1,3))? divides |Gy|. This means that G, contains an element y
with Cg(y) of structure (¢ + 1)xPSUsz(g) and hence G, contains a subgroup isomorphic to PSUs(q).
This contradicts the fact that |G| is odd.

Thus no p € 7(G,,) divides ¢? — 1, which implies that all p € 7(G,,) divide ¢> — ¢+ 1/(3,q + 1). Now if
x € G, has prime order p, then Cg(z) is cyclic of order ¢> —q+1/(3,q+1), and |Ng((z)) : Cg(z)| = 3.
As 3 divides ¢ — 1, but not |G|, this yields that G, = Cg(x).

The previous arguments show that there is at most one possibility for the action of G on 2. Now let A be
the set of cosets of C(x) in G. We show that this actually gives an example. Since (¢+1,¢>+1) = 3(g+1),
we see that Cg(y) = Cg(x) for all y € Co(x)*.

Therefore |fixa(y)| = [Na((y)) : Ca(x)| = |[Na(Cq(x)) : Ca(z)| = 3, which shows that (G, A) satisfies
Hypothesis 2.4 as claimed. O

4.2. Groups with dihedral or semidihedral Sylow 2-subgroups. The simple groups of Lie type
considered in this section are those whose Sylow 2-subgroups are dihedral or semidihedral. Again we
look at the corresponding series of groups in individual lemmas.

Lemma 4.5. Suppose that q is a power of an odd prime and that G =PSLs(q). Then (G, Q) satisfies
Hypothesis 2.4 if and only if one of the following is true:
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(i) G =2PSLy(7) 2PSL3(2) with |Q] =7 and G, =2 S4.
(il) G 2PSLy(7) =PSL3(2) with | =24 and G, is cyclic of order 7.
(ifi) G 2=PSLy(11) with |Q = 11 and G, = As.

Proof. We note that PSLa(5) & As, PSL2(9) = Ag and that PSLy(3) = A4 does not give rise to any
example by Lemma 3.1. Therefore we may assume that ¢ = 7 or ¢ > 11. We also assume that (G, )
satisfies Hypothesis 2.4.

The full table of marks of PSLy(7) and PSLy(11) is available in GAP (see [23]) and these confirm our
claim. Thus we may assume that ¢ > 13. Let w € Q.

If r € m(Gy,) is a divisor of (¢+1)/2 and if z € G,, has order r, then Ng((z)) is dihedral of order ¢ + 1.
As in the proof of Lemma 4.2 this implies that G,, is cyclic of order (¢ + 1)/2 or (¢ — 1)/2. This action
occurs in the conclusion of Theorem 1.2 of [19], contradicting Hypothesis 2.4.

Now if r € 7(Gy) and (¢,7) # 1, then r F p for all divisors p of (¢ — 1)/2. Thus we assume that G,
contains an element x of order dividing (¢ — 1)/2. As Ng((z)) is dihedral of order (¢ — 1), Lemma
2.2 implies that G, contains a subgroup of index at most 3 of this normalizer. Now assume that G,
contains an involution ¢ inverting . Then Cg,_ (x) and Cg_ (t) generate G (by the subgroup structure of
G). This is impossible. The only overgroups of (x) are conjugates of B, the Borel subgroup of G, or the
dihedral group of order (¢ — 1). The latter possibility is ruled out because no involution in G,, inverts
x, and the possibility G,, = B is ruled out because the action of G' on the set of cosets of B occurs in
the conclusion of Theorem 1.2 of [19]. Thus G,, is cyclic of order (¢ — 1)/2 but again this possibility
occurs in the conclusion of the main theorem of [19]. This proves that PSLy(q) for ¢ > 13 does not yield
examples satisfying Hypothesis 2.4. |

Lemma 4.6. Suppose that p is an odd prime, that ¢ = p* with a € N and that G =PSUs(q). Let A be
the set of cosets of a cyclic subgroup of order ¢*> —q+1/(3,q+1) of G. Then (G, A) satisfies Hypothesis
2.4, and this is the unique example for G.

Proof. Let §2 be such that (G, ) satisfies Hypothesis 2.4. We show that the point stabilizers are cyclic
of order ¢*> — ¢+ 1/(3,q + 1) and that the action described in the lemma does in fact give an example.
Let w € Q. For ¢ = 3 our claim follows from inspection of the table of marks in GAP (see [23]). So we
may suppose that ¢ > 5.

If t € G, is an involution, then Cg(t) contains a subgroup isomorphic to SLa(g). But SLa(q) is perfect
because ¢ > 5, and therefore Lemma 2.2 implies that G, has a subgroup isomorphic to SLa(g). Let
P < G, be such that P is isomorphic to a Sylow p-subgroup of SLs(g). Then G, contains an index
three subgroup of N¢(P), again by Lemma 2.2.

If p > 3, then Lemma 2.15 (c¢) implies that G, contains a Sylow p-subgroup of G, and if p = 3, then a
straightforward computation shows that a torus in Ng(P) acts transitively on the commutator factor
group of Syl,(Ng(P)). In this case G, contains a Sylow p-subgroup of Ng(P), and hence of G, again.
This is impossible because a subgroup of G isomorphic to SLa(g) together with a Sylow p-subgroup
generates all of G.

So we may now suppose that |G| is odd. If p € 7(Gy,), then p  r for every prime divisor r of
q®> —1/(9,¢*> — 1) and hence Lemma 2.27 implies that all these primes r divide |G,,|. From the existence

of tori of order (g2 —1)/(3,¢+1) and (g+1)?/(3,¢+1) it follows that ((g];;li) )? divides |G, |, whenever

p or a divisor of ¢? — 1 divides |Gy|. Thus there exist commuting elements z1, x5 € G, with centralizers
containing a subgroup isomorphic to SLa(g) and such that G = (Cg(x1)’, Ca(z2)’). However, Lemma
2.2 then forces G = G,,. This is a contradiction.

We deduce that no prime p € 7(G,,) divides ¢>—1. This means that they all divide ¢>—q+1/(3,¢+1). Let
x € G, be of prime order p. Then Cg(x) is cyclic of order ¢ —q+1/(3,q+1), and |Ng({(z)) : Cg(x)| = 3.
But 3 does not divide G, so this implies that G, = Cg(z).
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These arguments show that there is at most one possibility for the action of G on Q2. Now let A be the
set of cosets of Cg(z) in G.

As (¢ +1,¢® +1) = 3(q + 1), it follows that Cg(y) = Cg(z) for all y € Cg(z)#. Therefore |fixa(y)| =
INc¢((y)) : Ca(z)] = |Na(Ca(x)) : Cq(z)| = 3 which shows that (G, A) satisfies Hypothesis 2.4. O

Lemma 4.7. Let G =PSL3(q) with q odd. If (G,Q) satisfies Hypothesis 2.4, then for all w € Q the
group G, is cyclic of order (¢> +q+1)/(3,q — 1). Moreover |Ng(G,,)| =3 |G| and (|G,|,3) = 1.

Proof. Inspection of the table of marks in GAP establishes our claim for ¢ = 3. Thus we may assume
that ¢ > 5. Let w € Q.

If r € 7(G,) and r is a divisor of q(¢?> — 1), then r I s for all prime divisors s of ¢ — 1. Thus in every
such case a subgroup of index at most 3 of a split torus T of order (¢ — 1)?/(3,q — 1) will be contained
in G,. But this implies, as in the proof of Lemma 4.6, that G, has commuting elements x1,zs with
centralizers containing a subgroup isomorphic to SLa(g) and so that G = (Cg(x1)’, Cg(x2)’). But then
Lemma, 2.2 forces G = G, which is a contradiction.

Thus the only possibilities for r € n(G,,) are divisors of (¢ + ¢+ 1)/(3,¢ — 1). If € G,, has order r
dividing (¢*+q+1)/(3,g—1), then Cg(x) is cyclic of order ¢>+q+1/(3,g+1), and |Ng((z)) : Cg(z)| = 3.
As 3 divides p(¢®—1), but not |G,,|, this implies that G,, = Cg(z). Moreover (¢—1,¢>—1) = 3(¢—1) and
so we see that Cg(y) = Cg(z) forally € Ce(x)*. Thus |fixqg(y)| = |Na((y) : Gu| = [Na(G.) : Gu| = 3.
This shows all assertions of the lemma. O

4.3. Point Stabilizers of odd order. The groups treated in the previous sections were those whose
Sylow 2-subgroups fell into conclusions (2) or (3) of Lemma 2.18. In what follows, we therefore work
under the following hypothesis:

Hypothesis 4.8. Suppose that (G, Q) satisfies Hypothesis 2.4 and that G is a simple group of Lie type,
but none of the groups PSLy(q), Sz(q) or PSUs(q) where q is even, or PSLy(q), PSUs(q) or PSL3(q)
where q is odd. Moreover we suppose that G, has odd order.

Lemma 4.9. If (G,Q) satisfies Hypothesis 4.8, then G %5S5p4(3).

Proof. We first observe that 5 - 2 and thus G, is a 3-group by Lemma 2.27. The centralizers of elements
of order 3 in G have order divisible by 27, so Lemmas 2.2 and 2.20 imply that |G,| > 27. Moreover
the Sylow 3-subgroups of G are isomorphic to a wreath product 3?3, therefore we see that G, contains
3-central elements whose centralizer order is divisible by 4. Together with Lemma 2.2 this contradicts
Hypothesis 4.8. O

Lemma 4.10. Suppose that (G,Q)) satisfies Hypothesis 4.8 and let o, B,y € Q be pair-wise distinct and
such that 1 # H := Go N GgNG,. Then |Ng(X) : Ng(X)| € {1,3} for all 1 # X € H and there exists
a nontrivial subgroup X of H such that |[Ng(X) : Ng(X)| = 3.

Proof. Hypothesis 4.8 implies that || > 7. For all nontrivial subgroups X of H, we know by Lemma
2.2 that [Ng(X) : Ng(X)| < 3. There exists some 1 # X < H such that Ng(X) £ H by Lemma 2.1,
and for this subgroup |Ng(X) : Ny(X)| € {2,3}. However, index 2 cannot occur because otherwise
some 2-element in Ng(X) fixes one of «, 3,7, contrary to Hypothesis 4.8. O

We recall that, in a simple group G of Lie type of characteristic p, an element g is called semisimple if
and only if its order is coprime to p. A semisimple element is called regular semisimple if and only if
(ICa(g9)],p) = 1. We note that the centralizer of a nonregular semisimple element contains a subgroup
which is isomorphic to either SLa(q) or PSLy(g) and is generated by root elements of G. Recall that
SLa(q) is a perfect group when ¢ > 4, and hence does not contain subgroups of index less than or equal
to 4. Moreover SL3(3) = Qs : 3 and SL3(2) =PSLy(2) = Ss.
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Lemma 4.11. If (G, Q) satisfies Hypothesis 4.8, then all non-identity elements in point stabilizers are
regular semisimple elements.

Proof. Let w € Q) and suppose that some non-identity element g € G, is not regular and semisimple.
Then either ¢ is semisimple and Cg(g) contains a subgroup isomorphic to SLa(gq) or PSLa(g) and is
generated by root elements of G, or ¢ is not semisimple.

If g € G, is not semisimple, then g powers to a p-element, so Hypothesis 4.8 implies that p is odd. If
p # 3, then Lemma 2.15 yields that G, contains a full Sylow p-subgroup of G. Thus G, contains a long
root element r and also Cg(r) which, under Hypothesis 4.8, is a perfect group containing a subgroup
isomorphic to SLs(q). Thus G, has even order which is a contradiction to Hypothesis 4.8.

If p = 3 and G, contains a 3-element, then Lemma 2.20 yields that G, either contains an index 3
subgroup of a Sylow 3-subgroup of GG, or the Sylow 3-subgroup of G is of maximal class. The latter
is excluded by Hypothesis 4.8, so we may assume that G, contains an index 3 subgroup of a Sylow
3-subgroup P of G. The Chevalley commutator relations imply that any index 3 subgroup of P must
contain Z(P) and thus Z(P) < G,. If G %% G3(q), then it follows from Lemma 2.2 that an index
3 subgroup of Cg(Z(P)) is contained in G,. But |Cq(Z(P))|2 > 8, so now |G,| has even order,
contradicting Hypothesis 4.8. Finally if G =2 G5(q), then Ng(Z(P)) has structure P : (¢ — 1) which
implies that an element h of order (¢ —1)/2 lies in G,,. Now |Ng({h))|2 = 4 which by Lemma 2.2 forces
|G| to be even, again contradicting Hypothesis 4.8.

Thus we have shown that the elements of G, are semisimple.

If ¢ > 4 and g is semisimple, but not regular, then Cs(g) contains a subgroup isomorphic to SLy(q) or
PSLy(g) which is perfect. Hence Lemma 2.2 forces |G,,| to be even, which violates Hypothesis 4.8.

If ¢ = 3 and g is semisimple, but not regular, then C(g) contains a subgroup isomorphic to SLa(3). As
|SL2(3)]2 = 8, Lemma 2.2 implies that G, has even order, contradicting Hypothesis 4.8.

If ¢ = 2, and g is semisimple, but not regular, then C¢(g) has a subgroup isomorphic to SLy(2). Since
this group has order 6, Lemma 2.2 shows that (|G,|,6) # 1. So under Hypothesis 4.8 this means
that G, contains a 3-element whose centralizer contains the centralizer R of a root subgroup SLa(2).
Hypothesis 4.8 implies that G is not of rank 2, because PSL3(2) 2PSLy(7), Sps(2) =PSL2(9) = Ag,
PSU4(2) 2PSp4(3), and G3(2)) 2PSU3(2). Therefore G has rank at least 3 and we see that |R|y > 4.
But this means that |G| is even, again contradicting Hypothesis 4.8. O

Having established that every element in a point stabilizer is regular, we now consider centralizers of
regular semisimple elements in groups satisfying Hypothesis 4.8. We note that such a centralizer is a
torus. Moreover the order of a torus is a polynomial in ¢ of degree equal to the untwisted Lie rank of G.

Lemma 4.12. If q is a prime power, ¢ > 3 and G =2 G(q), then there is no set 0 such that (G,)
satisfies Hypothesis 2.4.

Proof. Assume otherwise and let w € Q. If g € G7, then |Ca(g)| € {g— 1, + 3¢+ 1,q — /3¢ + 1}.

If |Ca(g)| = ¢ — 1, then |Ng({g))|2 = 4 which implies that |G| is even, a contradiction to Hypothesis
48.1f |Cs(9)| = ¢+ v/3q+ 1 or ¢ — /3q+ 1, then Lemma 2.2 implies that Cz(g) < G,,. Next we recall
that |[Ng(Ca(g))/Ca(g)| = 6, so Lemma 2.2 yields that 2 or 3 divides |G|. The former contradicts
Hypothesis 4.8 whereas the latter contradicts Lemma 4.11. O

Hypothesis 4.13. From now on until the end of this subsection we suppose that (G, Q) satisfies Hypoth-
esis 4.8 and that G is of Lie rank at least 2, but not isomorphic to PSL3(2), G2(2),Sp4(2),PSUs(2) =Sp4(3)
or PSL4(2) = As. Moreover all nonidentity elements of G, are reqular and semisimple.

We denote the natural module of G by N. By ¢4(z) we denote the irreducible cyclotomic polynomial
dividing z¢ — 1, but not z* — 1 for all k < d.

Lemma 4.14. Suppose that (G, ) satisfies Hypothesis 4.13 and let w € Q. If g € G, then the following
are true:
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(1) Cqs(g) is a mazimal torus of G.

(2) If G is a classical group, then dim(N) — dim([N, ¢']) < 2 for all i < o(g). Moreover if ¢pa(q) is
a diwvisor of |Ca(g)|, then |Ng(T)/T)| is divisible by d.

(3) If G is a classical group, then (3,|Gy|) = 1.

(4) If G is an exceptional group and Cg(g) is not a 3-group, then 4 divides |Na(Ca(g))/Ca(9g)l.

(5) If G is an exceptional group, then for all 3-elements the centralizer has order divisible by 8.

Proof. The conclusion of Lemma 4.11 is that g is regular and semisimple. This implies that Cg(g) is a
maximal torus; i.e. (1) follows.
Suppose now that G is classical and that C(g) is not cyclic. Recall that N denotes the natural module
of G. If ¢4(q) is a divisor of |G|, then G possesses an element x4 such that dim([N,z4]) € {d,2d} and
[N, z4] is nondegenerate with respect to the form defining G.
This is clear if G = SL(IV) as there exists a d x d matrix with characteristic polynomial ¢4(z). For Sp(N)
and SU(N) we embed the element via the overfield groups SLa(q?) : d, and if G is orthogonal, then we
use the overfield groups O (¢%) : d. The embeddings show that d is a divisor of Ng((z4))/Ca(x4). Next
we note that, if G is not orthogonal and dim(Cx(x4)) > 2, or if G is orthogonal and dim(Cp(x4)) > 3,
then |Cg(xq)| is divisible by 4.
So if r > 3 is a prime divisor of (|Cg(9g)|, #a(q)), then Lemma 2.2 implies that G, contains a Sylow
r-subgroup of G and thus a conjugate of a suitable power of the element x4 above. In light of Lemma
2.2 we must have that |Cg(z4)]2 < 2 which implies that dim(N) — dim([N, x4]) = 0 if G is symplectic,
dim(N) —dim([N, z4]) < 1if G is linear or unitary, and dim(N) —dim([N, z4]) < 2 if G is orthogonal. If
dim(N)—dim([N, ¢']) > 2 for some proper power g of g, then the element ¢* is not regular, contradicting
Hypothesis 4.13. Thus (2) is proved.
If r = 3 and G, contains an element ¢ of order 3, then Hypothesis 4.13 implies that ¢ is semisimple,
and hence (3,q) = 1. Thus if ¢ = 1 mod 3, then ¢ is contained in a maximal split torus T of G, and if
g = —1 mod 3, then ¢ is contained in a torus T~ of order (q+ 1)dim(N)/2. If¢g=1mod 3 and ¢g—1 > 3,
then Lemma 2.2 implies that 7t N G, contains every element of order (¢ — 1)/3 of TT. If ¢ # 4, then,
since the rank of G is at least 2, some element of T of order (¢ — 1)/3 is not regular and contained
in G,. This contradicts Hypothesis 4.13. Similarly if ¢ = —1 mod 3 and ¢ + 1 > 3, then Lemma 2.2
implies that T+ N G, contains every element of order (q + 1)/3 of TT. If ¢ # 2, then, as the rank of
G is at least 2, some element of Tt of order (¢ + 1)/3 is not regular and contained in G,,. Again this
contradicts Hypothesis 4.13.
If ¢ = 2, then either |T7| > 27 and Ng(7T~) has a subgroup isomorphic to Sz ! Sgim(n) 2] or G is
PSL5(2). In all cases |[Ng((t))|2 > 4 for every element ¢ € T~ and hence Lemma 2.2 implies that |G,,|
is even, which is a contradiction.
If ¢ = 4, then either |T"| > 27 or the rank of G is 2. In the former case G,, contains elements ¢ with
|NG((t))|]2 > 4 (choose t in a suitable rank 2 subgroup of 7). So Lemma 2.2 forces that |G| is even,
again contradicting Hypothesis 4.13. The classical groups of rank 2 over the field of 4 elements are
PSL3(4), PSp4(4), PSU4(4) and PSU;5(4). The group PSp4(4) is a subgroup of PSU4(4) =SU4(4) and
SU4(4) is isomorphic to a subgroup of PSU;5(4). As |PSps(4)|3 = |PSU4(4)]5 = |PSU5(4)|3 = 9 we see
that every 3-element of PSU4(4) and PSU5(4) fuses to a 3-element in PSpy(4).
If ¢ is a 3-element in PSp4(4), then its centralizer in PSpy(4) has order divisible by 4.
If G =PSL3(4), then for every 3-element ¢ € G we have that |Ng({t))| = 18.
Now we suppose that t € G, is of order 3. Then Lemma 2.2 implies that |G| is even (see previous
paragraph) or that G, contains a Sylow 3-subgroup of G. The first case contradicts Hypothesis 4.13. If,
in the second case, T is a Sylow 3-subgroup of G with T' < G, then, as |[Ng(T)/T|2 = 4, Lemma 2.2
implies that |G| is even. This is again a contradiction. We conclude that 3 ¢ n(G,,) and hence (3) is
proved.
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Statement (4) can be deduced from Tables 5.1 and 5.2 of [17], whereas Statement (5) can be deduced
from the tables in [18]. O

Corollary 4.15. If (G, Q) satisfies Hypothesis 4.13, then G is not an exceptional group.

Proof. Assume otherwise and let w € Q. If g € G7, then Lemma 4.14 (1) says that T := Cg(g) is a
maximal torus. Let r be an odd prime and let R be a Sylow r-subgroup of T'. If r = 3, then R < G,
by Lemma 2.15 (c) and thus |Ng(R) : (G, N Ng(R))| < 3 by Lemma 2.2. Tt follows with Lemma
4.14 (4) that |[Ng(R)| is divisible by 4 and hence G, has even order, contrary to Hypothesis 4.13. If
r = 3, then G, contains a 3-element and so Lemma 4.14 (5) implies that |G| is even again. This is a
contradiction. (]

Lemma 4.16. If (G, ) satisfies Hypothesis 4.13 and w € 2, then one of the following is true:

(
(1) G =PSL3(q) with q even, Gy, is cyclic of order (¢*> +q+ 1)/(3,q — 1) (in particular of order
coprime to 3) and |Q| = (¢ — 1)%(¢ + 1)¢®. Moreover |[Ng(Gy,) : Gu| = 3.
(2) G =PSL4(3), G, is cyclic of order 13, and |Q| =27 35 . 5.
(3) G =PSL4(5), G, is cyclic of order 31, and || =27 -32.56.13.
(4) G =PSU4(3), Gy, is cyclic of order 7, and |Q| =27 -3¢ - 5.

Proof. By (1) of Lemma 4.14 Cg(g) is a maximal torus for every 1 # g € G,,. Also Lemma 2.2 and (3)
of Lemma 4.14 imply that |Cq(g)|s < 3. Let d := dim(N)/2.
If G is symplectic, then the proof of (2) of Lemma 4.14 showed that Cn(g) = 0 for every g € G7. On
the other hand, using the fact that g is contained in a subgroup of G' isomorphic to SLa(¢?) : d, we see
that [Ng((g))/Ca(g)| = 2d.
It follows from Hypothesis 4.13 that |[Ng({g)) : G, N Ng({g))| is even, which implies that G, contains
an element h of order d which induces a Galois automorphism of order d on (g). Now dim(Cn(h)) = 2,
which means that h is not regular, contrary to Hypothesis 4.13. So G is not symplectic.
We observe that Lemma 4.10 yields that 3 must divide Ng((X)) for some X < G,,. It follows with
Lemma 2.2 that X lies inside some three point stabilizer H.
Now if for all ¢ € H# and all h € (g)# we have that Ng((h)) < H, then Lemma 2.1 implies that
G is a Frobenius group, contrary to our main hypothesis. Therefore we find some g € H? such that
INa((g)) : Nia({g))] = 3. |
If G is linear or unitary, then the elements g € G7 satisfy dim(N) — dim([N,g]) < 1. Thus the
order of every such g is a divisor of ¢@™(N) — 1 or (¢@™(M=1 _ 1), Now using the fact that some
nontrivial subgroup of H has to have a normalizer whose order is divisible by 3 implies that either
dim(N) = 0mod 3 or dim(N)—1 = 0 mod 3. On the other hand Lemma 4.14 shows that if o(g) is a
divisor of ¢1™V) -1, of ¢1m(N) — 1 or of (¢™(N)=1 £ 1), then |Na({g))/Ca(g)| is divisible by dim(N)
or dim (V) — 1, respectively.
An element h € Ng({(g)) \ Cc(g) whose order is one of dim(N) or dim(N) — 1 and is divisible by 3
has the property that dim(Cx(h?®)) > 3. Therefore it does not lie in G, by Hypothesis 4.13. Thus
INc({(g)) : Gu, N Ng({(g))| > dim(N) — 1 which implies that dim(N) < 4 and o(g) is a divisor of ¢* + 1
or ¢ — 1. Then also Cg(g) < G
If dim(N) = 4 and G is linear, then |Cq(g)| = (¢* —1)/(4,q — 1). If ¢ ¢ {3,5}, then Cg(g) contains
elements of order dividing (¢ — 1) whose centralizer in G contains a subgroup isomorphic to SLs(g). But
then Lemma 2.2 implies that G, contains such a subgroup, which is a contradiction. If ¢ € {3,5}, then
Ca(g) is cyclic of order (g3 —1)/(4,q—1) = ¢> + ¢+ 1 and Ng((g))/Cq(g) is cyclic of order 3. Thus we
obtain examples (2) and (3) from the lemma.
If dim(N) = 3 and G is linear, then ¢ is even, |Cg(g)| = (¢> + ¢+ 1)/(3,q — 1) and Ng({g))/Cc(g) is
cyclic of order 3.
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As 3 divides (g2 — 1), but not |Cg(g)|, this implies that G, = Cg(g). Moreover (¢—1,¢% —1) = 3(g—1)
and so we see that C(y) = Cg(g) for all y € Cg(g)*.

Thus |Fa(y)| = [Na((v)) : G| = |[Nc(Gy,) : G| =3 as in (1).

If G is unitary, then dim(N) > 4 and ¢ > 2 by Hypothesis 4.13, and hence dim(N) = 4. In this case
ICc(g)| = (¢ +1)/(4,q¢ + 1). If ¢ > 3, then Ci(g) contains elements of order dividing (¢ + 1) whose
centralizer in G has a subgroup isomorphic to SU3(¢). But then Lemma 2.2 implies that G, contains
a subgroup isomorphic to SUs(q), which is a contradiction. Note that PSU4(2) =PSp4(3) does not
give any examples by Lemma 4.9. Finally if G =PSU,(3), then |Cg(g)| = (3% +1)/(4,3+ 1) = 7 and
IN¢({g9))/Cc(g)| = 3, which yields example (4) in the conclusion of our lemma.

If G is orthogonal, then dim(N) > 7 and dim([V, ¢]) is even. Therefore |Ng({9))/Cc(g)| > 6, which
implies that G, = C(g). This means that G, contains an involution, contradicting our hypothesis that
|G| is odd. O

4.4. Summary.

Theorem 4.17. Suppose that G is simple and of Lie type and that G is not isomorphic to an Alternating
Group. Suppose further that (G,<Q) satisfies Hypothesis 2.4. Then one of the following is true:
(1) G =PSLs3(q), G, is cyclic of order (¢*> + q+1)/(3,q— 1), and | = (¢ — 1)%(¢ + 1)¢>.
2) G =PSL4(3), Gy, is cyclic of order 13, and || =27 - 3% . 5.
3) G =PSLy(5), Gy, is cyclic of order 31, and || =27 .32 .56.13.
4) G =PSUs(q) with q > 3, G, is cyclic of order (¢*> —q+1)/(3,q+1) and |Q| = (¢—1)(g+1)3¢>.
5) G =PSU4(3), G, is cyclic of order 7, and |Q] = 27 - 35 . 5.
6) G =PSLy(7) =PSL3(2) with | =7 and G, = S4.
7) G =PSLy(11) with |2 =11 and G, = As.

We note that in (1) and (4) the point stabilizers have order coprime to 6.

Proof. The groups with strongly 2-embedded subgroups were considered in Lemmas 4.2, 4.3 and 4.4.
The only examples arising here are the groups PSUs(q) where ¢ is even, as described in (4).

The groups with dihedral or semidihedral Sylow 2-subgroups were considered in Lemmas 4.5, 4.6 and
4.7. The examples arising here are the groups PSU3(¢) with ¢ odd, which are accounted for in (4), the
groups PSL3(¢q) with ¢ odd, which appear in (1), and the groups PSLy(7) and PSLs(11) which are listed
in (6) and (7).

The groups for which the normalizer of a Sylow 2-subgroup is not strongly embedded and where the
Sylow 2-subgroups are neither semidihedral nor dihedral satisfy Hypothesis 4.8. In fact all but PSp4(3)
and 2G4 (q) satisfy Hypothesis 4.13. Lemma 4.9 shows that the group PSp4(3) does not give any example
and Lemma 4.12 shows the same for the groups 2Gz(q).

The exceptional groups of Lie type which satisfy Hypothesis 4.13 do not lead to examples, as we have
seen in Corollary 4.15. The classical groups of Lie type which satisfy Hypothesis 4.13 are treated in
Lemma 4.16 and here the examples involving PSL3(q) with ¢ even, PSL4(3), PSL4(5), PSU4(3) arise.
These are accounted for in (1), (2), (3) and (5), respectively. O

For convenience we remind the reader that PSLy(7) =PSL3(2) gives rise to two examples which are
listed in (1) and (6) above.

Before analyzing the almost simple groups with socle PSL3(q) and PSUs(q) (which play a role for
Theorems 1.2 and 1.3), we need a preparatory lemma.

Lemma 4.18. Suppose that p is a prime and let a € N and q := p® > 4, and let E :=PSL3(q). Then
|Out(E)| =2a- (¢ —1,3).
Now suppose that G is a group such that E < G <Aut(FE) and that (G,Q) satisfies Hypothesis 2.4. Let
w € Q and suppose that E,, is cyclic of order ¢> + g+ 1/(q — 1,3). Then the following are true:
(1) Ng(E,)/Ng(E,) =2 G/E.
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(2) If ¢ > 4, then (¢ —1,3) = 3, G/E is cyclic of order 3, and no element of G\ E induces a field
automorphism on E.

Proof. The order of the outer automorphism group of E is well known and is as claimed. The outer
automorphisms are diagonal, field or graph automorphisms and their products. All of this can be found
in Theorem 2.5.12 of [11].

Now (1) follows from a Frattini argument, using the fact that G acts transitively on the set of point
stabilizers in F.

We know from Lemmas 4.7 and 4.16 that |[Ng(E,)| = 3 - |E,| and that (|E,[,3) = 1. Thus (1) implies
that |G, : E,| = |G/E|.

To prove (2) we suppose to the contrary that 1 # |Ng(E,)/Ng(E,)| =: b. Then Lemma 2.2 implies that
G,, contains a subgroup of order b. Now if (b,3) = 1, then all elements h € Ng(E,) \ Ng(E,) of prime
order dividing b are either graph, field or graph-field automorphisms. Thus, as ¢ > 4, it follows that
Cg(h) = PSO3(q), PSL3(qo) or PSU3(qp), where ¢o divides g. As no proper subgroup of F contains
both E, and Cg(h)’, we see that Ng(E,)/E,, is a 3-group.

Next we note that if (3,¢ — 1) = 1, then PGL3(¢) =PSL3(¢) = E and hence every element ¢ of order 3
in G\ F is a field automorphism such that Cg(t)’ 2PSL3(go). Now (1) forces a conjugate of ¢ into G.,,.
However, as no proper subgroup of F can contain E,, and Cg(t)’ we see that 3 = (¢ — 1, 3).

Thus Ng(E,)/E, is a 3-group and (3,q — 1) = 3 and, with [ denoting the highest power of 3 dividing
a (from our hypothesis), we see that G/FE is a 3-group of order at most 3 - [.

If G/E contains field automorphisms of order 3, then (1) implies that G, contains a field automorphism
t of order 3 such that Cg(t) =PSL3(qo). As before Lemma 2.2 forces E < G,,, which is impossible. The
fact that no element of G \ E is allowed to induce a field automorphism of E implies that |G/E| = 3,
which is our claim. ]

Lemma 4.19. Suppose that G is almost simple and not simple and that E = F*(G) =PSL3(q). If (G,Q)
satisfies Hypothesis 2.4, then (3,q — 1) = 3, G =PGL3(q) and G, is cyclic of order (¢> —1)/(q —1).

Proof. If F*(G) =PSL3(q) with ¢ < 4, then the table of marks for the almost simple groups of this type
are in [23]. Inspection of these tables yields exactly our claimed example; i.e. PGL3(4) acting on the
cosets of a cyclic group of order 21.

So without loss we may assume that ¢ > 4. Let w € ). First we note that E,, is cyclic of order
(¢>+q+1)/(3,qg— 1) by Theorem 4.17 (1). Moreover by Lemma 4.18 we know that 3 = (¢ — 1,3) and
either G 2PGL3(q) or ¢ = ¢§ and G 2PGL%(q) = (E, d) where d induces a diagonal-field automorphism
on F.

In the latter case we see, by direct computation, that any g €PGL%(q) \ E has order divisible by 9. Thus
if g € G, \ E, then g has order 9 which implies that 3 divides | E,|, contradicting Theorem 4.17. Hence
G ~PGLj3(q). We note that G, < Ng(E,), but that G,, £ E by Lemma 4.18 (1).

We also note that a Singer cycle in GL3(q) has order (¢ — 1) and maps via the natural projection to
a cyclic subgroup C of order (¢* —1)/(¢ — 1) = ¢*> + ¢+ 1 of PGL3(q). It follows from the subgroup
structure of PGL3(q) that C N E is conjugate to E,. (They have the same order and are both cyclic.)
So we may suppose that E, < C < Ng(E,) = (C,t) where t € Ng(E,) is an element of order 3. We
note that Ng(E,)/E, is elementary abelian of order 9 and now we let d € C be of order 3 and such
that (d,t) is a Sylow 3-subgroup of Ng(E,). In particular C = (E,, d).

There are four possibilities for G,, (< Ng(E,)) because (d,t) has four subgroups of order 3.
The first possibility is that G,, = (E,,, t). But this is impossible because t € E and G, ﬁ E. Now we
assume that G,, € {(E,,dt), (E,,d t)}.
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Let h € {dt,d~'t} (depending on G,,) and choose g € K :=GL3(q) to be a 3-element that projects onto
h. Then |Ck(g)| > (g — 1)?, which implies that |Cg(h)| > (¢ — 1) > 3 (because ¢ > 4). Now h € G\ E
and so Ng((h)) = Cg(h). Hence |Ng((h))| = |Ca((h))| = 3|Cg(h)] > 3(¢ — 1) > 9 and Lemma 2.2
implies that Ng((h)) < Ng(C). It follows that Cg(h) = Cg(h). On the other hand |Co(h)| = 3 because
t acts fixed point freely on F,,. Therefore 9 = |Cy(h)| < |C(h)|, which is a contradiction.

Now there is only one possibility left, namely that G, = (E,,,d) = C.

Finally we observe that the possibility G, = C leads to an example. To see this it suffices to observe
that Ng((c)) < Ng(C) for all 1 # ¢ € C'\ E,,. The latter is clear as Cg(c) < Cg(d) = C. O

Lemma 4.20. Suppose that q is a prime power, q # 2, and that G is almost simple, but not simple,
with F*(G) 2PSUs(q). If (G,Q) satisfies Hypothesis 2.4, then (3,q+ 1) = 3, G =PGUs(q) and G, is
cyclic of order (¢> +1)/(q+1).

Proof. Theorem 4.17 in combination with Theorem 1.2 of [19] implies that the only possible action
for F*(G) is the action on the set of cosets of a cyclic group C of order (¢> — ¢+ 1)/(3,q + 1). By
observing that GU3(q) lies naturally in GL3(g?) such that the group C lies naturally in the cyclic group
E,, <PSL3(¢?) of order (¢* +¢®>+1)/(3,¢*> — 1) from Lemma 4.19 above, we may use the computations
from Lemma 4.18 and Lemma 4.19 to establish our claim. We omit the details. O

Lemma 4.21. Suppose that (G, Q) satisfies Hypothesis 2.4 and that G is almost simple such that F*(G)
is one of PSL4(3), PSLy(5) or PSU4(3). Then G is simple.

Proof. Let w € Q and suppose that F*(G) is one of PSL4(3), PSLy(5) or PSU4(3). Then P := G,NF*(G)
is a Sylow 13-, 7- or 31-subgroup of G, respectively. Now we note that P < Np-(g)(P) by Theorem 4.17,
but also G = F*(G)-Ng(P) by Frattini. Hence Lemma 2.2 forces an involution ¢t € Ng(P) into G,,. Then
the structure of Cp- () (t) and Lemma 2.2 imply that F*(G) N G, # P, which is a contradiction. [

5. THE SPORADIC SIMPLE GROUPS

In this section we adapt the notation in the ATLAS ([5]) for the names of the sporadic groups.

Lemma 5.1. Suppose that G is My, or Mo and that (G,Q) satisfies Hypothesis 2.4. Then G = My
in its 4-fold sharply transitive action on 11 points.

Proof. Let « € Q and H := G,,. Let € H and X := (z). For maximal subgroups of G and information

about local subgroups we refer to Tables 5.3a and 5.3b in [11].

First assume that x has order 11. Then Ng(X) has order 11 -5 and therefore Lemma 2.2 yields that H

contains a subgroup Y of order 5. In both cases, |Ng(Y)] is divisible by 4 and hence H has even order,

again by Lemma 2.2. Then let ¢t € H be an involution. Lemma 2.2 implies that H contains a subgroup

of index at most 3 of C(t). As |H| is also divisible by 11 and by 5, the lists of maximal subgroups yield

that H = G. This is impossible.

If x has order 5, then Ng(X) has order divisible by 4 and hence H contains a subgroup of index at most

3 of an involution centralizer (applying Lemma 2.2 twice). This is possible if G = Mj; and 2 has 11

elements, and we already know that this is in fact an example for Hypothesis 2.4. In M5, we see that

H lies in the centralizer of an involution from class 24 and hence H contains a 3-element. Lemma 2.2

implies that 9 divides |H|, but this is false.

So from now on we consider the case where H is a {2, 3}-group.

Let us assume that z is an involution and that |fixq(z)| € {1,3}. Then all involutions have an odd

number of fixed points and hence Lemma 2.15 (or 2.2 (a)) yields that H has odd index. In M5 we
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immediately have 3 € w(H) via Cg(x) and Lemma 2.2. In M;; we look at a fours group in H and apply
Lemma 2.2 to it in order to see that 3 € 7(H). Let Y < H be a subgroup of order 3.

If G = M, looking at the list of maximal subgroups, we see that H does not contain a Sylow 3-
subgroup of G in this case. So we may suppose that |fixq(Y)| = 3 by Lemma 2.2 (a) and (b). It follows
that H = Cg(x). Let a € H be an element of order 8. As |Q2| = 165, we see that = has either one fixed
point, one orbit of length 4 and regular orbits or three fixed points, one orbit of length 2 and regular
orbits on €. In both cases a* is an involution that has too many fixed points.

If G is Mjo, then H contains a full involution centralizer. This implies that 5 € #«(H), which is a
contradiction. Suppose that o(x) = 3. Then N¢(X) has order divisible by 4 and hence Lemma 2.2 yields
that H has even order. Let ¢ € H be an involution. We already treated the case where some involution
in H has one or three fixed points, so |fixq(t)| = 2 and in particular || is even. Lemma 2.2 (b) yields
that H contains an index two subgroup of an involution centralizer, which in the case Mj, implies
that H contains involutions from all conjugacy classes (see Lemma 2.18). In particular H contains a
Sylow 2-subgroup of G, contrary to the fact that || is even. If G = My, then H contains subgroups of
structure SLo(3) and S5 x 2, which is also impossible.

This finishes the proof. (I

The remaining sporadic groups do not have dihedral or semidihedral Sylow 2-subgroups. This makes
Lemma 2.18 very useful again.

Lemma 5.2. Suppose that Hypothesis 2.4 holds and that G is a sporadic group, but not Mi,. Let a € §Q.
Then G, contains a Sylow 2-subgroup of G or it has odd order. In the second case there exists no prime
p € G, such that pt 2.

Proof. This is a combination of Lemmas 2.18 and 2.27. O

Lemma 5.3. Suppose that G is Moo, Mag or May and that S is a set such that (G, ) satisfies Hypothesis
2.4. Then G = Msy and the action of G on ) is as the action of G on the set of cosets of a subgroup of
order 7.

Proof. Let « € Q, let x € H := G, and X := (x). We may suppose that z has prime order p. For
maximal subgroups of G and information about local subgroups we refer to Tables 5.3c-e in [11].

We first suppose that H has odd order, in particular p is odd and p I/ 2 by Lemma 5.2. In all groups
considered here, 11 F 5 and 5 F 2, so p is neither 11 nor 5. Moreover 23 - 11 and hence p # 23. If p = 7,
then this either leads to Mso and the example that is stated in the lemma, or, in the larger groups,
we have that 7 F 3. But also 3 F 2, so this leads to a contradiction. Lemma 5.2 leaves the case where
H contains a Sylow 2-subgroup of G. Looking at centralizers of involutions (and in Mss, also at the
normalizer of an elementary abelian subgroup of order 8), we see that 3 € w(H) by Lemma 2.2.

If G = Msy, then H lies in a maximal subgroup of structure 2% : 4 or 2% : S5, so by Lemma 2.2 it is
equal to one of these groups. But this does not agree with Lemma 2.2.

If G is M3 or Msy, then H contains a full involution centralizer. In M3 this means that H is a maximal
subgroup of structure 2* : A;. Then by congruence modulo 3, all 3-elements must have a unique fixed
point and Lemma 2.2 forces H to contain a subgroup of structure (3 x Ajs) - 2. This is a contradiction.
In My, we see that H contains a Sylow 2-subgroup of G, hence |Q] is odd. It is also coprime to 5 and
7, and in the only remaining possible case it follows that elements of order 5 in H have too many fixed
points. O

Lemma 5.4. Suppose that G is a Janko Group. Then there is no set Q0 such that (G,Q) satisfies
Hypothesis 2.4.

Proof. Assume that 2 is such a set, let « € Q and H := G,,. For information about local subgroups of
G we refer to Tables 5.3f-i in [11] whereas we use the lists of maximal subgroups of G from Tables 5.4
and 5.11 in [25].
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First suppose that H has odd order and let z € H be of prime order p. We note that 3+ 2 and 5 - 2,
so p > 7 by Lemma 5.2. Then the tables yield that also p ¢ {7,19}. Moreover 11 - 5, 17+ 2, 23 F 11,
29 F 7 and 43 - 7. The only remaining primes are 31 and 37, but they are also impossible because 31 I 5
and 37 | 2. Hence this case does not occur at all.

With Lemma 5.2 we know that H contains involutions from all conjugacy classes. In particular 3,5 €
m(H) whence, by Lemma 2.15, we see a Sylow 5-subgroup of G in H.

If G = Ji, then Lemma 2.2 yields that H contains a subgroup of shape 3 x D1y or S3 x 5 and a subgroup
isomorphic to As. There is no maximal subgroup that could contain H now.

If G = J, then H is contained in a maximal subgroup of structure As x Dyg or 5% : D1 (by its index
in G). Both cases are impossible because 9 divides |H| by Lemma 2.2.

If G = Js, then there is only one type of maximal subgroup that contains a Sylow 5-subgroup and a
subgroup of order 3%, and it has structure (3 x Ag) : 2. But its order is only divisible by 2% and not by
26 50 it cannot contain H. In the last case G = .J,, we see that the centralizer of an involution involves
the group Mas. Hence Lemma 2.2 yields that |H| is divisible not only by 2,3 and 5, but also by 7 and
11, hence by 113 (using Lemma 2.15 (c)). There are only two types of maximal subgroups that have
order divisible by 112, and in both cases their order is not divisible by 7. This is a contradiction. O

Lemma 5.5. Suppose that G is a Conway Group. Then there is no set Q) such that (G,Q)) satisfies
Hypothesis 2.4.

Proof. Assume otherwise, let Q denote such a set, let & € Q and H := G,. For information about
local subgroups of G we refer to Tables 5.3j-1 in [11] and for lists of maximal subgroups of G and their
indices we use [5]. The tables yield that for all prime divisors p of G, we have that p — 2. Hence it is
impossible that H has odd order, by Lemma 2.27. Lemma 5.2 implies that H contains involutions from
all conjugacy classes. This yields that 3,5 € «(H). In particular H contains a full Sylow 5-subgroup
of G by Lemma 2.15 (c). Inspection of the lists of maximal subgroups of G shows that all maximal
subgroups have index divisible by 5 or by 2, which is a contradiction. (]

The proof of the previous lemma indicates a general approach for most of the remaining sporadic groups.

Theorem 5.6. Suppose that G is one of the following sporadic simple groups:
HS,McL,Suz, He, Ly, Ru,O'N, Fisg, Fiss, F3,, HN,Th, BM.
Then there is no set Q such that (G, Q) satisfies Hypothesis 2.4.

Proof. Assume otherwise and let 2 be such that (G, ) satisfies Hypothesis 2.4. Let o € Q and H := G,,.
For information about local subgroups of G we refer to Tables 5.3m-y in [11] and for lists of maximal
subgroups of G and their indices we use [5] unless stated otherwise.

(1) 2,3,5 € n(H).

Proof. In all groups we see that for all odd p € n(G), we have that p — 2 and hence H has
even order. It contains involutions from all conjugacy classes by Lemma 5.2 and so we see that
also 3,5 € 7(H) by Lemma 2.2. O

(2) H is contained in a maximal subgroup of index that is odd and coprime to 5.

Proof. We know from (1) and from Lemma 2.15 (c) that H contains a Sylow 5-subgroup of G.
Moreover H contains a Sylow 2-subgroup of G by (1) and Lemma 5.2. The same holds for a
maximal subgroup containing H and hence the statement about the index follows. O

We inspect the lists of maximal subgroups of the groups and in particular their indices. In most cases,
this already contradicts (2). For lists of maximal subgroups of the Fischer sporadic simple groups we
refer to Table 5.5 in [25] (particularly because there is a mistake in the list of subgroups of Fipg in [5]).
For BM, we refer to Table 5.7 in [25].
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For Th, there is one maximal subgroup missing in the ATLAS, namely PSL3(3) (see Table 5.8 in [25]).
Its index is divisible by 2! and by 52, so this possibility contradicts (2). For Fiy,, we also note that the
maximal subgroups of structure PSU3(3) : 2 and PGL2(13) cannot contain H because of (2).

However, there are a few exceptions.

If G = O'N, then H could be contained in a maximal subgroup of structure 4'PSL3(4) : 2. Then H
contains subgroups of order 5 and 7, so by Lemma 2.15 (c) it follows that H contains a Sylow 7-subgroup
of G. This has order 73, which is impossible.

If G =Fis3, then H could be contained in an involution centralizer of structure 2Fiss. In particular H

contains a subgroup of order 3° and hence a 3-central element of G. Lemma 2.2 implies that 3'2 divides
|H|, but this is false. O

Lemma 5.7. There is no set Q such that (M,Q) satisfies Hypothesis 2.4.

Proof. Assume otherwise and let G denote the Monster sporadic group M. Let Q be such that (G, Q)
satisfies Hypothesis 2.4, let o € Q and let H := G,. We refer to Table 5.3z in [11] for information about
local subgroups and to Table 5.6 in [25] for the list of known maximal subgroups of G.

First we show that H has even order. This follows easily because, if p is any odd prime divisor of GG, then
inspection of the tables shows that p — 2. Then we use Lemma 2.27. It follows from Lemma 5.2 that
H contains involutions from both conjugacy classes, so looking at the involution centralizers in Table
5.3z in [11], Lemma 2.2 tells us that H contains a subgroup isomorphic to BM and to Coy. Checking
the list of known maximal subgroups of G, we already see that this does not occur.

On page 258 in [25] it is noted (quoting work of Holmes and Wilson) that if U is any other maximal
subgroup of G, then there exists a group F isomorphic to one of PSLy(13), PSU5(4), PSU3(8), Sz(8),
PSL2(8), PSLy(16) or PSL5(27) such that E < U <Aut(FE). Checking the possibilities for U with these
constraints, we see that U does not have a subgroup isomorphic to BM or to Co; and therefore H
cannot be contained in a maximal subgroup U of G of this kind. (]

All results of this section together yield the following:

Theorem 5.8. Suppose that G is a sporadic simple group and that Q0 is such that (G,Q) satisfies
Hypothesis 2.4. Then G = My and |2] =11 or G = May and || =27-32-5-11.

6. PROOFS OF THE MAIN RESULTS

Lemma 6.1. Suppose that N is an elementary abelian normal subgroup of G and that H is a t.i.
subgroup of G of order coprime to 6. Suppose further that |[Ng(X) : Ng(X)| = 3 for all subgroups
1# X < H and that |Cn(H)| = 3. Then H has a normal complement K in G.

Proof. Our hypotheses imply that N is a 3-group. As 3 ¢ n(H), it follows that H acts coprimely on
N and therefore N = Cny(H) x [N, H]. Moreover |Ng(H) : H| = 3, again by hypothesis. Now Cy(H)
has order 3 and it is not contained in H, so we have that Ng(H) = Cn(H) x H. Moreover [N, H| is an
H-invariant subgroup of N, in particular [N, H|H is a subgroup of NH. Let h € H# and let = € [N, H]
be such that 2" = 2. Then h € HN H*, so H = H® because H is a t.i. subgroup. This means that
[H,z] < HN N =1 and therefore x € Cn(H) N[N, H|. This forces x = 1 and we deduce that [N, H|H
is a Frobenius group with complement H. As |H| is odd, the Sylow subgroups of H are cyclic and in
particular H is metacyclic (see 8.18 in [12]). Also we see that Z(NH) = Cn(H).

Let n € N and let py,..,p, be pair-wise distinct prime numbers such that #(H) = {p1,...,pn} and
p1 < -+ < pp. Let P, € Syl,, (H). We recall that H is a {2, 3}'-group, so we know that p; > 5 and hence
P, €8Syl,, (G) by Lemma 2.15 (c).
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As Py is cyclic and p; is the smallest element in 7(H) we see that [Aut(P)|,; = p1 — 1 is strictly
smaller than the numbers po, ..., p,. This means that Ny (P;) = P;. Moreover |[Ng(Py) : Ng(Py)| = 3
by hypothesis and it follows that Ng(Py) = Cn(H) X Ny (Py) = Cy(H) x P;. Burnside’s p-complement
theorem implies that P; has a normal p;-complement M7 in G. We recall that p; > 5 and hence N < M.
Moreover Hy := H N M is characteristic in H and so Ng(Hy) = Cn(H) x H.

We show that M;, H; and N satisfy the hypotheses of the lemma instead of G, H and N. Of course N
is an elementary abelian normal subgroup of M; and Hj is a {2,3}/-group. Let g € M; be such that
Hy N H{ # 1. Then 1 # H N M; N HY, in particular H N HY # 1. This forces H = HY because H is a
t.i. subgroup by hypothesis. Therefore H; N H{ = HN M; N HY = H N M; = Hy, which means that
Hj is a t.i. subgroup of M;. If 1 #Y < Hy, then Ng(Y) = Ny (Y) x Cn(H) by hypothesis and hence
N (Y) = Ny, (V) x Cn(H). In particular [Ny, (V) : Ny, (V)] = 3.

We continue in this way: po > 7 and hence H; contains a Sylow pe-subgroup P, of G, hence of M;
(by Lemma 2.15 (c)). Arguing for M;, Hy; and P, as for G, H and P; before, we find a normal po-
complement My in M. Then M, is characteristic in G, in fact My = Oy, p,1/(G) and My contains N,
so we may repeat these arguments until we reach the largest prime divisor of |H|. This way we find a
normal complement for H in G, namely Oy gy (G). |

In light of the results of the previous sections, the proofs of Theorem 1.1 and 1.2 are basically an
application of the Classification of Finite Simple Groups (CFSG). The main point of this section is to
prove Theorem 1.3, which requires a bit more work.

Proof of Theorem 1.1. Let 2 be a set such that (G, Q) satisfies Hypothesis 2.4 and such that G is simple.
Then we apply the CFSG and Theorems 3.14, 4.17 and 5.8. This gives exactly the possibilities that are
listed in Theorem 1.1. O

Proof of Theorem 1.2. Let € be a set such that (G,(Q) satisfies Hypothesis 2.4 and suppose that G is
almost simple, but not simple. Then Lemma 2.23 implies that either F*(G) =PSLo(2P) with p a prime,
which is conclusion (1), or (F*(G), Q) satisfies Hypothesis 2.4. If F*(G) is an Alternating Group, then
Theorem 3.14 yields that S5 acting on 5 points is the only example. But in light of the isomorphism
Ss 2Aut(PSLa(4)) we see that this example is a special case of conclusion (1). If F*(G) is of Lie type,
then Lemmas 4.19, 4.20 and 4.21 show that (2) and (3) are the only possible examples.

Finally if F*(G) is sporadic, then F*(G) is isomorphic to Mj; or to Mas. Our hypothesis that G is
not simple implies that only the latter case can occur and in fact G =2Aut(Maz). Let w € . Then G,,
contains a Sylow 7-subgroup S of G and Np«(g)(S) NG, = S. Now |Ng(S)/Np- ) (S)| = 2 and thus
Lemma 2.2 forces an involution ¢ into G,. However |Cp+()(t)| = 1344 and then Lemma 2.2 gives that
Np+()(S) NGy, # S, which is a contradiction. O

We already proved in Section 2 that, if (G, ) satisfies Hypothesis 2.4, then 3 € 7 (G). For the additional
details in our main results, we split our analysis in two parts.

Proposition 6.2. Let Q be a set such that (G,) satisfies Hypothesis 2.4 and let w € Q. If |G| is
even, then one of the following is true:

(1) G has a normal 2-complement.

(2) G has dihedral or semidihedral Sylow 2-subgroups and 4 does not divide |G,,|. In particular G,
has a normal 2-complement.

(3) G, contains a Sylow 2-subgroup S of G and G has a strongly embedded subgroup.

(4) |G : G| is even, but not divisible by 4 and G has a subgroup of index 2 that has a strongly
embedded subgroup.

Proof. By hypothesis one of the cases (2), (3) or (4) from Lemma 2.17 holds. Case (2) leads to possibility
(2) of our proposition. In Case (4) we apply Lemma 2.19, where one of the possibilities (2), (3) or (4)
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holds. They lead to the cases (3), (1) and (4) of our proposition. Finally we suppose that Lemma 2.17 (3)
holds. Then either S is cyclic, which leads to (1), or some elements of S# act as odd permutations on
Q and hence G has a subgroup Gg of index 2. Let Sy := Gy N S. Then Sy fixes exactly two points a, w
on Q. Let M denote the set-wise stabilizer of {«,w} in Go.

Let g € Gy and let x € M N M9 be a nontrivial 2-element, without loss x € Sy. Then x fixes a and w
and it is contained in a Sylow 2-subgroup of MY, so we may suppose that it fixes a9 and w9. Lemma
2.15 (a) implies that x does not have three fixed points, so {a,w} = {a?,w?} and therefore g € M. This
shows that M is a strongly embedded subgroup of Gy as stated in (4). g

We say that G is a (0, 3)-group on  (as in [20]) if and only if G acts as a transitive permutation group
on Q and all elements in G* fix either 0 or 3 points.

Proposition 6.3. Let Q be a set such that (G, Q) satisfies Hypothesis 2.4 and let w € Q. Suppose that
|Gy is odd. If |fizg(Gw)| = 3, then one of the following is true:

(1) G has a normal subgroup R of order 27 or 9, and G/R is isomorphic to S3, A4, S4, to a fours
group or to a dihedral group of order 8.

(2) G has a regular normal subgroup.

(3) G has a normal subgroup F of index 3 which acts as a Frobenius group on its three orbits.

(4) G has a normal subgroup N which acts semiregularly on Q such that G/N is almost simple and
G, s cyclic.

Proof. If Gy, is not t.i., then the main theorem of [21] implies that G has a regular normal subgroup of
order 27 or 9. The structure of G/R as described in (1) is given in the corollary to the main theorem of
[21].
On the other hand if G,, is t.i. and 3 € 7(G,,), then Proposition 6.5 of [20] implies that G has a normal
subgroup N of index 3. If the action of N on ( is transitive, then by induction over the order of an
example we can see that N contains a regular normal subgroup Ny, or a normal index 3 Frobenius group
Fy. In the first case a Frattini argument implies that G = NG, = G Ny and thus Ny is normal in G,
proving that G possesses a regular normal subgroup. In the second case the Frobenius kernel Ky of Fy
is a characteristic subgroup of Fp, and is hence also normal in G. The number of Fy-orbits on {2 is equal
to 3, thus the orbit stabilizer Gy in G of one of the Fj-orbits acts as a Frobenius group on its fixed
orbit, and hence on all Fj orbits. Thsi means that Gy is a Frobenius group of index 3 in G. As G/Fy
has order 9, every index three subgroup of G/Fy is normal. Thus Gy < G, which is one of our possible
conclusions.
Finally we consider the case where G, is still a t.i. subgroup and moreover |G| is coprime to 6. If G is
solvable, then Proposition 3.1 of [20] shows that either (2) or (3) holds. Thus we may assume that G is
not solvable.
Suppose that r is a prime and that N is a minimal normal subgroup of G which is an elementary abelian
r-group. If r ¢ {2,3}, then NNG,, =1 by Lemma 2.15. Otherwise N NG, = 1 because |G| is coprime
to 6. In both cases N acts semiregularly on Q. If r # 3, then Lemma 1.9 in [20] implies that G, has at
most one fixed point on w™¥. If r = 3, then N is an elementary abelian 3-group and thus so is Cx(G.,).
As |Cn(G,,)| is the number of fixed points of N on w?, we see that either fixq(G,,) Nw? = {w} (as
desired) or that [fixq(G,) Nw™| =3 and thus |Cn(G,,)| = 3.
If |Cn(Gy,)| = 3, then Lemma 6.1 implies that G, has a normal complement K in G. As |K||Gq| =
|G| = |9]|G,|, we obtain that K N G, = 1 and thus that K is a regular normal subgroup. This is one
of our conclusions.
So if H does not possess a normal complement in G, then every abelian minimal normal subgroup N
of G acts semiregularly on Q and fixo(G,,) intersects an N-orbit in at most one point. If r # 3 and
conclusion (3) does not hold, then Lemma 1.9 of [20] asserts that the action of G/N on €, the set of
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N-orbits on €, is faithful. Let & denote the element of € containing w. Then G5 = G, and every z € G
fixes either three or no points of Q. So (G/N, Q) satisfies Hypothesis 2.4 and it is a (0, 3)-group.

If 7 = 3, then we saw that Cy(x) = 1 for all x € G7. Thus z fixes exactly 3 orbits of N. On each of
these the action of NG,, is Frobenius. If |Q| = 3, then NG,, is an index three Frobenius subgroup of G
and G acts on  as a cyclic group or as Ss. The latter case cannot happen because G, has odd order.
So NG, is the kernel of the action of G on € and hence it is normal in G. So if || = 3, then conclusion
(3) holds. Thus we may assume that |2] > 3. The kernel of the action of G on Q lies in the stabilizer of
w™ which is NG,,. As NG,, is a Frobenius group with complement G,, the kernel of the action must lie
inside N, which implies that G/N acts faithfully on Q. Also G5 = G, and every z € G/N fixes either
three or no points of €.

Thus if conclusion (3) does not hold, then (G/N, ) satisfies Hypothesis 2.4 and G/N acts as a (0, 3)-
group. If neither (2) nor (3) holds for G and if N has an abelian minimal normal subgroup, then by
induction on |G| we may conclude that (4) holds for (G/N,Q). In turn this implies that conclusion
(4) holds for G. On the other hand if neither (2) nor (3) holds for G and N does not have an abelian
minimal normal subgroup, then by Theorem 2.24 we see that G is almost simple and the action on 2
must satisfy Hypothesis 2.4. (The case with F*(G) =PSL2(2?P) implies that |G| is even, hence it is not
allowed here.) Inspection of the simple and almost simple examples now yields that G, is cyclic. Thus
again conclusion (4) holds and our proof is complete. O

Proof of Theorem 1.3. Let  be a set such that (G,) satisfies Hypothesis 2.4. Then G has order
divisible by 3 by Lemma 2.25. If w € €0, then we first consider the case where G, has even order. Then
Lemma 6.2 gives exactly the possibilities in Theorem 1.3 (i). Next we suppose that G, has odd order.
Then Corollary 2.6 reduces our situation to the case of (0, 3)-groups, so Proposition 6.3 is applicable. It
yields the details in Theorem 1.3 (ii). O

We now consider the situation where G, is a Frobenius group of odd order. We note that Corollary 2.6
implies that G acts as a (0,3)-group on the set of cosets of a nontrivial three point stabilizer H and
therefore one of the conclusions of Proposition 6.3 holds. Conclusion (4) is impossible because G, is a
Frobenius group by hypothesis, so in particular it is not cyclic. Conclusions (1) and (3) pin down the
structure of G as best as possible and thus we now consider the situation where G has a regular normal
subgroup.

Lemma 6.4. Let Q be a set such that (G,Q) satisfies Hypothesis 2.4 and let w € Q. Suppose further
that |G| is odd and that |fizg(Gy)| # 3. If G has a normal subgroup N that acts regularly on the set
of cosets of a three point stabilizer H, then G is solvable. More precisely it is one of the groups from
Lemma 2.10.

Proof. As |fixq(Gy)| # 3, Lemma 2.5 implies that G,, is a Frobenius group with complement H. We
denote the Frobenius kernel by K and we remark that K N H = 1, so that all elements of K# fix at
most two points in 2. By hypothesis N acts transitively on G/H and therefore G = N - H by a Frattini
argument. In particular K < N.

We will show that N is a Frobenius group with complement K, using Lemma 2.1. Hence assume that
1 # X < K is such that Ny(X) £ K. Then Lemma 2.2 implies that X fixes exactly two points and
INN(X) : Ng(X)| = 2. In particular there exists a 2-element ¢ € N \ K that interchanges the two fixed
points of X. We recall that K <G, and G = N-H = NG, so Ng(K) = Ny(K)-G,, = Ny(K)-K-H =
Ny (K)- H.

It follows that t € Ng(H).
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Therefore Ny(X) < K for all 1 # X < K, establishing that N is a Frobenius group. This also implies
that every nontrivial element of K fixes a unique point in €.

As K is a Frobenius complement in N of odd order (because K < G,) and Frobenius kernels are
nilpotent, it follows that N is solvable. Then G = N - H is also solvable. Let wy,ws € € be such that
ﬁXQ(H) = {w,wl,wg}.

Let I be a nonregular G,-orbit on Q such that |I'| > 2. Then there are y € G7 and v € I such that
y fixes . Since y also fixes w and all elements of K# have a unique fixed point, we see that y ¢ K.
Without loss y € H, which means that v € {w,w;,wa}. We recall that G, = K - H, so wla‘” = w{( and
w§ = W We deduce that {w}, wi and wi are the only nonregular G,,-orbits.

Thus G satisfies the hypotheses of Lemma 4.3 in [21], and this lemma implies that G has a normal
subgroup A which is isomorphic to the additive group of a finite field of order 3P (where p is prime).
Moreover K is a subgroup of the multiplicative group of this field and H is the Galois group of the field.
This coincides with the series of examples in Lemma, 2.10. ([l

The final two lemmas give additional information for conclusion (2) of Proposition 6.3.

Lemma 6.5. Let Q be a set such that (G,)) satisfies Hypothesis 2.4. Let w € Q and suppose that |G|
is odd. If |fizg(Gy)| = 3 and G contains a reqular normal subgroup N, and if moreover G, is not a
3-group, then N is solvable and N = O3 3/ (N)Cn(zx) for some x € G, with |Cn(z)| = 3.

Proof. As G, has odd order and is not a 3-group, there exists = € G,, of prime order p > 3. Now Lemma
2.15 implies that G, contains a Sylow p-subgroup of G and hence N is a p’-group. In particular o(x)
and |N| are coprime, so the hypotheses of Lemma 2.13 are satisfied and this implies our conclusion. O

Lemma 6.6. Suppose that Hypothesis 2.4 holds and let w € ). Suppose that G, is a 3-group and
that |fizg(Gw)| = 3. If G has a regular normal subgroup N, then G, is cyclic, N is solvable and
G =033 (N)G,.

Proof. We set H := G, and, by hypothesis, we let P € Syl3(G) be such that H < P. As N acts
regularly on , a Frattini argument implies that G = N x H = N - P. We also note that |fixq(H)| =3
and therefore |Cn(H)| = 3. In particular 3 € 7(N) and therefore PN N # 1. This implies that P # H.
Lemma 2.15 tells us that |P : H| < 3 or that |H| = 3 and P has maximal class. In the first case
|P : H| = 3 and therefore P N N (a Sylow 3-subgroup of N) has order 3. We recall that H < P and
that, therefore, H normalizes Ny (P N N) and Cn(P N N).
Assume that Cy(PNN) # Ny(PNN). Then |[Ny(PNN)/Cn(PNN)| =2 and therefore H centralizes
this quotient. This means, conversely, that Cy(H) has even order. But any non-trivial 2-element of
Cn(H) has a fixed point on fixq(H), contrary to our hypothesis that H is a 3-group.
It follows that Cn(P N N) = Ny(P N N), so by Frobenius’ p-complement Theorem N has a normal
3-complement K. This means that G = N-P = K - P. Since |N : K| = 3 and N acts regularly on €, we
obtain that K has three orbits on (2 and that K - H is a Frobenius group with Frobenius complement
H. As H is a 3-group, we see that H is cyclic and that N = Os 3 (IV), which is our conclusion. This
finishes the first case.
In the second case |H| = 3 and P has maximal class. Lemma 1.9 of [20] implies that Os (N) acts
semiregularly on € and that the action of G/Os (N) is faithful on the set € of Os (N)-orbits. Now,
since no almost simple group can satisfy Hypothesis 2.4 with point stabilizer a 3-group (see Theorem
1.2), we deduce that F*(G/Os(N)) = F(G/Os/(N)) = O3(G)(G/0O3/(G)) and that O3(G)(G /03 (G))
acts semiregularly on Q. Thus one of the following could happen:
05(G)(G /03 (G)) acts regularly on €, or it acts semiregularly with at least three orbits on €.
The latter possibility does not occur because a 3-group never acts fixed point freely on a 3-group and
hence H fixes three points on any H-invariant O3(G)(G/Os:(G))-orbit. Thus the first possibility occurs,
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which means that N/Os (G) acts regularly on Q. Then G/Os (G) is a 3-group because |G/Ox (G)| =

Q| - |[H| = |N/O3/(G)| - |H|. Again our claim follows. O
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